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Chapter1
Introduction
ǳh2HH K2 M/ A 7Q`;2iX h2+? K2 M/ A `2K2K#2`X AMpQHp2 K2 M/ A H2`MXǴ
[Benjamin Franklin]
AK;BM2  7mim`2 BM r?B+? b2`pB+2 `Q#Qib bbBbi mb BM
R
KQbi Q7 Qm` /BHv ibFbX AM Q`/2` iQ #2 ?2HT7mH- bm+?
`Q#Qib `2 `2[mB`2/ iQ #2 2[mBTT2/ rBi? KQiQ` bFBHHb
b r2HH b +QKKmMB+iBp2 #BHBiB2b BM Q`/2` iQ +i M/
`2+i rBi? mb BM Qm` 2MpB`QMK2MibX 1bT2+BHHv BM /Q@
KBMb bm+? b ?2Hi?+`2- 7Q` 2tKTH2- BM r?B+? i?2v
+HQb2Hv BMi2`+i rBi? ?mKMb-  ?B;? /2;`22 Q7 `2HB@
#BHBiv BM i?2 `Q#Qib bFBHHb Bb +`m+BHX h?2`27Q`2- bm+?
`Q#Qib M22/ iQ #2 T`2@i`BM2/ BM M TT`QT`Bi2 rv-
bQ i?2v +M bQHp2 bm+? ibFb ~rH2bbHvX
>Qr2p2`- Bi Bb BKTQbbB#H2 iQ T`2@i`BM i?2K 7Q` 2p2`v
TQbbB#H2 bBimiBQMX AMbi2/- Bi rQmH/ #2 /2bB`#H2 i?i
i?Qb2 `Q#Qib `2 +T#H2 Q7 /TiBM; iQ M2r 2MpB`QM@
K2Mib M/ M2r bBimiBQMbX h?2 `Q#Qi Bb +QM7`QMi2/
rBi?  +QMiBMmQmb /i bi`2K Q7 BM7Q`KiBQM i?i Bi
Q#b2`p2b BM i?2 2MpB`QMK2MiX q?BH2 r2 b ?mKMb iQ
bQK2 /2;`22 +M T`QpB/2  bmT2`pBbBQM #v i2+?BM; i?2
`Q#Qi bQK2i?BM; #Qmi i?2 `2H2pMi Q#D2+ib M/ K2+?MB+b Q7 i?2 mMFMQrM 2MpB`QMK2Mi-
i?2 `Q#Qi Bb KQbiHv `2[mB`2/ iQ +QMiBMmQmbHv H2`M rBi?Qmi  /2/B+i2/ bmT2`pBbBQM BM  HB72@
HQM; H2`MBM; T`Q+2bbX 6m`i?2`KQ`2- BM +QMi`bi iQ i?2 }t2/ /ib2i mb2/ 7Q` T`2@i`BMBM;
Q7 i?2 `Q#Qi- H2`M2/ +QM+2Tib +QMbiMiHv 2pQHp2 M/ Kv +?M;2 Qp2` iBK2- r?B+? KF2b
i?2 H2`MBM; ibF 2p2M KQ`2 +?HH2M;BM;X
R?iiT,ffH2ibKF2`Q#QibX+QKfMQ/2fj8ddj (HH l_G HBMFb ?p2 #22M ++2bb2/ i yNfjyfkyRj)

&KDSWHU ,QWURGXFWLRQ
q?BH2 i?2 /2b+`B#2/ b2`pB+2 `Q#Qib +M MQi #2 2tT2+i2/ iQ #2+QK2 `2HBiv BM i?2 p2`v M2`
7mim`2- i?2 mM/2`HvBM; T`BM+BTH2b Q7 HB72@HQM; H2`MBM; H`2/v `2 ?B;?Hv `2H2pMi iQ/vX
LQr/vb- i?2 T`Q+2bbBM; Q7 /i bi`2Kb Bb +`m+BH BM KMv /QKBMb- bm+? b r2# b2`+?
2M;BM2b (".>yj)- +Q;MBiBp2 `Q#QiB+b (aCye)- bm`p2BHHM+2 bvbi2Kb ("_*+yd)- /`Bp2` bbBbiMi
bvbi2Kb (qGohye)- K#B2Mi BMi2HHB;2M+2 (L"EGye)- 2i+X 6m`i?2`KQ`2- r2 HBp2 BM M ;2
Q7 BM7Q`KiBQM r?2`2 i?2 KQmMi Q7 /i +QKBM; 7`QK /QKBMb bm+? b M2rb 722/b- bQ+BH
K2/B- Q` b2MbQ`v M2irQ`Fb- 2i+X- `TB/Hv BM+`2b2b 2p2`v /v (:Jy8)X q?BH2 TT`Q+?2b
+QKBM; 7`QK /i KBMBM; ?p2 #22M r2HH 2bi#HBb?2/ BM `2+2Mi v2`b- KQbi Q7 i?2K /Q MQi
b+H2 mT iQ H`;2` M/ KQ`2 +QKTH2t ibFb- b i?2v `2 /2bB;M2/ iQ H2`M  7mM+iBQM 7Q`
 bBM;H2 BbQHi2/ ibF rBi?Qmi  #`Q/2` +QMi2tiX AM i?2 7QHHQrBM;- i?2 +?`+i2`BbiB+b Q7
HB72@HQM; H2`MBM; M/ i?2 `2bmHiBM; +?HH2M;2b r?2M i`Mb72``BM; i?Qb2 iQ  i2+?MB+H bvbi2K
rBHH #2 /Bb+mbb2/ BM KQ`2 /2iBHX
 &KDUDFWHULVWLFVRIOLIHORQJOHDUQLQJ
b ?mKMb r2 `2 +T#H2 Q7 H2`MBM; i?`Qm;?Qmi Qm` 2MiB`2 HB72X q?BH2 i?Bb #BHBiv Bb bQ
Mim`H iQ mb- Bi Bb /B{+mHi iQ }M/  T`2+Bb2 /2}MBiBQM Q7 r?i HB72@HQM; H2`MBM; K2MbX Ab
Bi Dmbi i?2 bmK Q7 bBM;H2 BbQHi2/ H2`MBM; 2tT2`B2M+2b BM Qm` HB72 iBK2\ >Qr +M r2 /Ti
iQ M2r ibFb `2HvBM; QM Qm` 2tBbiBM; FMQrH2/;2\ .Q i?2 H2`M2/ +QM+2Tib `2Hi2 iQ 2+?
Qi?2`\ AM i?2 `2 Q7 2/m+iBQMH T?BHQbQT?v- /Bz2`2Mi T2`bT2+iBp2b iQ i?Bb iQTB+ ?p2 #22M
/Bb+mbb2/ BM i?2 HBi2`im`2X AM i?2 7QHHQrBM;- bQK2 `2H2pMi bT2+ib Q7 i?Qb2 `iB+H2b #Qmi
HB72@HQM; H2`MBM; rBHH #2 /Bb+mbb2/,
Ç ǳ*QMbiMi `2Q`;MBxiBQM Q` `2+QMbi`m+iBM; Q7 2tT2`B2M+2Ǵ (.""38), 6Q`
KQbi Q7 i?2 +QM+2Tib r2 H2`M /m`BM; Qm` HB72 iBK2 r2 T2`KM2MiHv b22 M2r 2tKTH2b
2p2`v /v- r?B+? ?2HT mb iQ `2}M2 i?Qb2 +QM+2TibX 1p2`v iBK2 r2 b22  ǳ#MMǴ- 7Q`
2tKTH2- +mb2b mb iQ mT/i2 Qm` +QM+2Ti Q7 ǳi?2 #MMǴX Ai ?2HTb mb iQ b?`T2M
+QM+2Tib Q` 2p2M 2tTM/  +QM+2Ti- 2X;X BM +b2 Bi Bb  ǳ;`22M #MMǴ r?BH2 r2 ?p2
QMHv b22M ǳv2HHQr #MMbǴ bQ 7`X h?2 #BHBiv iQ mT/i2 Qm` +QM+2Ti FMQrH2/;2
QM@i?2@~v Bb +`m+BH- b Bi HHQrb mb iQ T`Q+2bb i?Bb ?m;2 KQmMi Q7 BM7Q`KiBQM r2
T2`+2Bp2 /m`BM; Qm` HB72 iBK2X h?Bb `2Q`;MBxiBQM bQK2iBK2b 2p2M +mb2b mb iQ K2`;2
Q` `2KQp2 2tBbiBM; +QM+2TibX q2 `2Q`;MBx2 Qm` +QM+2TimHBxiBQM Q7 i?2 rQ`H/ b
HQM; b r2 H2`M M/ i?mb b HQM; b r2 HBp2X
Ç :`Qri? M/ /2p2HQTK2Mi (.""38- qB3d- ";yy), Ai ?b #22M b?QrM BM Tbv@
+?QHQ;B+H 2tT2`BK2Mib i?i r2 b ?mKMb `2 #H2 iQ +[mB`2 +QKTH2t +QM+2Tib- BX2X
HM;m;2 +QM+2Tib- #b2/ QM  bBM;H2 i`BMBM; 2tKTH2 ("JNk)X h?Bb Bb  ;QQ/ 2t@
KTH2 /2KQMbi`iBM; Qm` #BHBiv iQ ;2M2`HBxBM; 7`QK 2tBbiBM; FMQrH2/;2 iQ  MQp2H
+QM+2TiX 1bT2+BHHv BM7Mib 2tT2`B2M+2 M2r +QM+2Tib /BHv M/ 2tTM/ QM i?2B` FMQrH@
2/;2 #Qmi i?2 `2H2pMi T`QT2`iB2b Q7 i?Qb2 +QM+2TibX Ai iF2b iBK2 mMiBH i?2 BM7Mi

 7HFKQLFDOFKDOOHQJHV
+M B/2MiB7v  ǳ#HHǴ M/ /BbiBM;mBb? Bi 7`QK  ǳ#QQFǴ Q`  ǳ+?B`ǴX 6m`i?2`KQ`2- r2
`2 +T#H2 Q7 i`Mb72``BM; H`2/v H2`M2/ T`QT2`iB2b 7`QK QM2 iQ MQi?2` +QM+2TiX
>pBM; H2`M2/ i?i i?2 ǳ#MMǴ Bb ǳv2HHQrǴ i?mb ?2HTb mb iQ B/2MiB7v i?2 +QHQ` Q7 
ǳH2KQMǴ- 7Q` 2tKTH2X
Ç LQM@HBM2`Biv, Ai Bb BKTQ`iMi iQ TQBMi Qmi i?i r2 KQbiHv /Q MQi H2`M +QM+2Tib BM
 HBM2` rv- K2MBM; +QM+2Ti 7i2` +QM+2TiX AMbi2/- Qm` +QM+2TimHBxiBQMb ;`Qr
MQM@HBM2`Hv BM i?2 b2Mb2 i?i b2p2`H +QM+2Tib M/ i?2B` T`QT2`iB2b `2 H2`M2/ i
i?2 bK2 iBK2X hQ /BbiBM;mBb? #2ir22M  ǳ#MMǴ M/  ǳ+?2``vǴ HbQ BKT`Qp2b Qm`
+QM+2TimHBxiBQM Q7 i?2B` T`QT2`iB2b ǳv2HHQrǴ M/ ǳ`2/Ǵ- M/ i?2 Qi?2` rv `QmM/X
h?Bb biM/b BM +QMi`bi iQ KQbi 2tBbiBM; K+?BM2 H2`MBM; T`/B;Kb- b i?2v `2
i`BM2/ M/ 7m`i?2`KQ`2 T`Q+2bb /i BM  HBM2` rvX M 2t+2TiBQM BM i?i b2Mb2
Bb ;Bp2M #v `2+m``2Mi M2m`H M2irQ`Fb (CQ`3e- 1HKNy) M/ H;Q`Bi?Kb +QKBM; 7`QK
`2b2`pQB` +QKTmiBM; (C2yk)X h?2v T`QpB/2  MQM@HBM2` bB;MH ~Qr #v 722/BM; 
i`Mb7Q`K2/ BMTmi bB;MH #+F BMiQ i?2 M2irQ`FX >Qr2p2`- i?Qb2 `2+m``2Mi M/ `2b2`@
pQB` +QKTmiBM;@#b2/ H;Q`Bi?Kb `2 MQi 2[mBTT2/ rBi? K2+?MBbKb HHQrBM; i?2K
iQ H2`M BM M BM+`2K2MiH 7b?BQM M/ #mBH/ mTQM 2tBbiBM; FMQrH2/;2X L2p2`i?2H2bb-
MQM@HBM2` `+?Bi2+im`2b `2 /2bB`#H2 b  `2HBbiB+ HB72@HQM; H2`MBM; 2MpB`QMK2Mi
/2T2M/b QM MQM@HBM2` /vMKB+bX
 7HFKQLFDOFKDOOHQJHV
6QHHQrBM; i?2 BMimBiBQM M/ +?`+i2`BbiB+b Q7 HB72@HQM; H2`MBM;-  MmK#2` Q7 +?HH2M;2b
TT2` r?2M i`Mb72``BM; i?2 +QM+2Ti Q7 HB72@HQM; H2`MBM; iQ  i2+?MB+H bvbi2KX AM `2+2Mi
v2`b- i?2`2 ?b #22M  HQi Q7 rQ`F BM i?2 }2H/ Q7 BM+`2K2MiH H2`MBM; M/ QMHBM2 H2`MBM;-
r?B+? `2 2bT2+BHHv BKTQ`iMi BM i?2 +QMi2ti Q7 H`;2 /ib2ibX h?Qb2 irQ `2b #mBH/
 7QmM/iBQM 7Q`  i2+?MB+H TT`Q+? iQ HB72@HQM; H2`MBM; b i?2v T`iBHHv 7mH}HH i?2
+?`+i2`BbiB+b i?i ?p2 #22M /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQM Ua2+iBQM RXRVX AM+`2K2MiH
H2`MBM;- QM i?2 QM2 ?M/- /2Hb rBi? i?2 BM+Q`TQ`iBQM Q7 M2r FMQrH2/;2 BMiQ M 2tBbiBM;
KQ/2HX h?2`27Q`2- K2+?MBbKb `2 T`QpB/2/ r?B+? /Ti i?2 2tBbiBM; KQ/2H ++Q`/BM;HvX
lbmHHv- i?2 /TiiBQM Bb /QM2 BM  #i+? KQ/2- r?B+? K2Mb i?i //BiBQMH biQ`;2 7Q`
i`BMBM; 2tKTH2b M22/b iQ #2 T`QpB/2/X >Qr2p2`- H;Q`Bi?Kb +QKBM; 7`QK BM+`2K2MiH
H2`MBM; `2 /2bB;M2/ iQ i?2Q`2iB+HHv T`Q+2bb M BM}MBi2 MmK#2` Q7 /i TQBMibX
PM i?2 Qi?2` ?M/- BM QMHBM2 H2`MBM; i?2 KQ/2H Bb mT/i2/ bi2TrBb2 M/ /Q2b MQi M22/ iQ
2tTHB+BiHv biQ`2 i`BMBM; 2tKTH2b- b i?2v `2 QMHv b22M QM+2X >Qr2p2`- KQbi H;Q`Bi?Kb
+QKBM; 7`QK QMHBM2 H2`MBM; `2 MQi /2bB;M2/ iQ ?M/H2 M BM}MBi2 /i bi`2K M/ i?mb
/Q MQi HHQr i?2 KQ/2H iQ ;`Qr ++Q`/BM; iQ Bib ibF Q7 +HbbB7vBM; bm+? /iX

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AM Q`/2` iQ 7QHHQr i?2 BMimBiBQM Q7 HB72@HQM; H2`MBM; b /2b+`B#2/ #27Q`2- i?2 7QHHQrBM;
+?HH2M;2b `Bb2,
UBV G2`MBM; rBi?  +QMiBMmQmb /i bi`2K, AM +QMi`bi iQ biM/`/ H2`MBM; M/
/i KBMBM; ibFb- /i bi`2Kb /2KM/ i?2 //BiBQMH `2[mB`2K2Mib Q7 QM2@Tbb /i
T`Q+2bbBM;- QMHBM2 mT/i2b Q7 i?2 H2`MBM; KQ/2H- M/ BM KMv TTHB+iBQMb 2p2M  7bi
`2bTQMb2fT`2/B+iBQM QM /2KM/X
UBBV G2`MBM; rBi? r2F bmT2`pBbBQM, AM KMv TTHB+iBQMb QMHv  HBKBi2/ KQmMi Q7
bmT2`pBbBQM M/ 2tT2`i FMQrH2/;2 Bb pBH#H2- r?B+? `2[mB`2b i?2 H2`MBM; H;Q`Bi?K
iQ KF2 mb2 Q7 H#2H2/- BM/B`2+iHv H#2H2/ M/ mMH#2H2/ /i BM i?2 +HbbB}+iBQM ibFX
6m`i?2`KQ`2- bm+? bvbi2K b?QmH/ #2 #H2 iQ ;2M2`HBx2 7`QK +i2;Q`B2b 7Q` r?B+? H#2Hb
`2 ;Bp2M i  Hi2` TQBMi BM iBK2X
UBBBV G2`MBM; rBi? MQM@biiBQM`v /i, AM +QMi`bi iQ +HQb2/@rQ`H/ +HbbB}+iBQM
b+2M`BQb 7Q` r?B+? i?2 ibF Bb iQ +HbbB7v  }t2/ MmK#2` Q7 biiB+ +i2;Q`B2b- /i
bi`2Kb `2[mB`2 i?2 H2`MBM; KQ/2H iQ [mB+FHv /Ti iQ +?M;BM; /i /Bbi`B#miBQMb i?i
BMpQHp2 +QM+2Ti@/`B7i- /2i2+iBM; M2r 2pQHpBM; +i2;Q`B2b QM@i?2@~v- r?BH2 `2;mHiBM; Bib
KQ/2H bBx2 BM Q`/2` iQ biBHH T`QpB/2  7bi T`2/B+iBQMX
UBpV G2`MBM; rBi? KmHiB@pB2r /i, AM KMv /i bi`2K TTHB+iBQMb- /i Bb +QK@
BM; 7`QK KmHiBTH2 /QKBMb M/ Bb T`QpB/2/ BM /Bz2`2Mi 7Q`Kb M/ 7Q`KibX 1+?
Q7 i?Qb2 /QKBMb `2M/2`b  mMB[m2 pB2r QM i?2 /i M/ BMpQHp2b  mMB[m2 b2i Q7
bm#+i2;Q`B2bX AM Q`/2` iQ bi`m+im`2 M/ +HbbB7v bm+? /i- Bi Bb `2[mB`2/ iQ H2`M
i?2 `2H2pMi bm#+i2;Q`B2bfT`QT2`iB2b 7Q` 2+? +i2;Q`v BM 2+? pB2rX h?2`2#v- Bi Bb
/2bB`#H2 iQ T`QpB/2  +QKT+i M/ mMB7Q`K `2T`2b2MiiBQM BM Q`/2` iQ KBMiBM i?2
#BHBiB2b Q7  7bi T`2/B+iBQM M/ K2KQ`v 2{+B2Mi `+?Bi2+im`2X
q2 2tTHBM i?2b2 +?HH2M;2b BM KQ`2 /2iBH BM r?i 7QHHQrb,
L/HDUQLQJZLWKDFRQWLQXRXVGDWDVWUHDP
h`/BiBQMHHv BM K+?BM2 H2`MBM;- bmT2`pBb2/ H2`MBM; Bb T2`7Q`K2/ BM Q`/2` iQ bQHp2 
+HbbB}+iBQM ibFX h?2`2#v- Bi Bb bbmK2/ i?i i?2 ibF Bb iQ H2`M  7mM+iBQM f : X → Y
#v bbB;MBM;  }MBi2 b2i Q7 ;Bp2M +i2;Q`B2b Y iQ /i TQBMib 7`QK bQK2 bT+2 XX .i
H#2H2/ rBi? i?2b2 +i2;Q`B2b Bb mb2/ iQ H2`M  KQ/2H 7Q` i?Bb 7mM+iBQM i?i KBMBKBx2b
i?2 2KTB`B+H `BbF Q7 KFBM; M 2``QM2Qmb bbB;MK2MiX H;Q`Bi?Kb #b2/ QM biiBbiB+H
K2i?Q/b- `iB}+BH L2m`H L2irQ`Fb ULLV Q` amTTQ`i o2+iQ` J+?BM2b UaoJV `2 p2`v
2z2+iBp2 BM i?i ibFX >Qr2p2`- i?2`2 `2 b2p2`H `2[mB`2K2Mib r?B+? mMB[m2Hv TTHv iQ
/i bi`2Kb,
Ç PM2@Tbb /i T`Q+2bbBM;, aiM/`/ H2`MBM; `+?Bi2+im`2b mbmHHv `2[mB`2 i?2
2tTHB+Bi biQ`;2 Q7 i?2 +QKTH2i2 i`BMBM; /i- b /i Bb ivTB+HHv T`Q+2bb2/ BM KmHiB@
TH2 Tbb2bX AM i?2 T`Q+2bb Q7 HB72@HQM; H2`MBM;-  i?2Q`2iB+HHv BM}MBi2 KQmMi Q7 /i

 7HFKQLFDOFKDOOHQJHV
M/ +QM+2Tib `2 H2`M2/X h?2`27Q`2- Bi Bb BKTQbbB#H2 iQ biQ`2 i?2 /i- r?B+? H2/b
iQ i?2 `2[mB`2K2Mi Q7 ?pBM; iQ T`Q+2bb /i BM QM2@TbbX h?Bb ?b #22M `2H2pMi
BM i?2 +QMi2ti Q7 KMv TTHB+iBQMb BM r?B+? r2 }M/ KbbBp2 bi`2Kb Q7 /i i?i
+MMQi #2 biQ`2/ QM biM/`/ ?`/r`2 MvKQ`2 Ub22 :#2` 2i HX (:Jy8)VX
Ç PMHBM2 mT/i2b, q?2M T`Q+2bbBM; bm+? bi`2K /i BM QM2@Tbb- mT/i2b Q7 i?2
KQ/2H M22/ iQ #2 T2`7Q`K2/ QMHBM2 BM Q`/2` iQ BKT`Qp2 i?2 KQ/2H ;`/mHHvX PMHBM2
+Hmbi2`BM; H;Q`Bi?Kb Ub22 "`#F? 2i HX ("6y3)V i?mb #2+QK2 2bT2+BHHv `2H2pMi BM
i?2 +QMi2ti Q7 bi`2K /i KBMBM;- b /i +MMQi #2 T`Q+2bb2/ BM #i+? KQ/2 Q`
BM b2p2`H Tbb2b M/ i?2 KQ/2H M22/b iQ #2 mT/i2/ QM@i?2@~v BMbi2/X Ai 2p2M ?b
#22M b?QrM i?i QMHBM2 H2`MBM; +M `2M/2` i?2 i`BMBM; KQ`2 2{+B2Mi #v mbBM; i?2
KQ/2H iQ ;2M2`i2 M2r i`BMBM; 2tKTH2b r?B+? `2 +HQb2` iQ i?2 /2bB`2/ bQHmiBQM-
i?mb HHQrBM;  KQ`2 2{+B2Mi 2tTHQ`iBQM Q7 i?2 T`K2i2` b2`+? bT+2 Ub22 _QH7 2i
HX (_:RR)VX
Ç 6bi `2bTQMb2fT`2/B+iBQM, 6m`i?2`KQ`2- i?2`2 `2 b+2M`BQb U2X;X AMi2`+iBp2
G2`MBM;V M/ i`+FBM; TTHB+iBQMb BM r?B+? MQi QMHv #i+? H2`MBM; Bb bBKTHv mM@
bmBi#H2 Ub22 ai2BH 2i HX (ai2yd) M/ JM/B+ 2i HX (J:y3)V- #mi HbQ  7bi `2bTQM@
b2fT`2/B+iBQM Q7 i?2 KQ/2H Bb +`m+BHX h?`Qm;?Qmi M BM+`2K2MiH H2`MBM; T`Q+2bb i?2
KQ/2H ;`Qrb M/ i?2 T`2/B+iBQM iBK2 BM+`2b2bX h?mb- K2+?MBbKb `2 `2[mB`2/ r?B+?
`2/m+2 M/ QTiBKBx2 i?2 bi`m+im`2 Q7 i?2 KQ/2H BM Q`/2` iQ T`QpB/2 7bi T`2/B+iBQMb-
r?BH2 KBMiBMBM; Bib +HbbB}+iBQM T2`7Q`KM+2X
LL/HDUQLQJZLWKZHDNVXSHUYLVLRQ
qBi? i?2 i`2K2M/Qmb ;`Qri? Q7 /i BM KMv `2b- Bi Bb BKTQbbB#H2 iQ F22T mT rBi? H#2HH2/
BM7Q`KiBQM 7Q` HH Q7 i?2b2 /iX AM KMv +b2b 2tT2`i FMQrH2/;2 Bb M2+2bb`v iQ T`QpB/2
 +Q``2+i M/ /2iBH2/ /2b+`BTiBQM Q7 i?2 /iX q?BH2 BM K+?BM2 H2`MBM; QM2 mbmHHv
/BbiBM;mBb?2b #2ir22M bmT2`pBb2/ M/ mMbmT2`pBb2/ H2`MBM; TT`Q+?2b- i2+?MB[m2b 7`QK
a2KB@bmT2`pBb2/ G2`MBM; UaaGV Ub22 *?T2HH2 2i HX (*?ye)V ?p2 #Hm``2/ i?2 /BbiBM+iBQM
#2ir22M i?2b2 irQ H2`MBM; T`/B;Kb M/ ?p2 #2+QK2 2bT2+BHHv BMi2`2biBM; b KQ`2 M/
KQ`2 /i #2+QK2b pBH#H2 Q7 r?B+?- ?Qr2p2`- QMHv  bKHH 7`+iBQM +M #2 KMmHHv
H#2H2/ /m2 iQ i?2 ?B;? +Qbi BM+m``2/X PM i?2 QM2 ?M/- b2KB@bmT2`pBb2/ H2`MBM; ?b #22M
b?QrM iQ BKT`Qp2 i?2 T2`7Q`KM+2 Q7 bmT2`pBb2/ +HbbB}+iBQM TT`Q+?2b #v 7+iQ`BM; BM
mMH#2H2/ /i Ub22 LB;K 2i HX (LB;yy)VX PM i?2 Qi?2` ?M/- b2KB@bmT2`pBb2/ H2`MBM;
?b HbQ #22M b?QrM iQ BKT`Qp2 +Hmbi2`BM; #v 7+iQ`BM; BM H#2H2/ /i i?i +M #2 mb2/
b +QMbi`BMib iQ ;mB/2 i?2 b2`+? 7Q` M QTiBKH +Hmbi2`BM; Q7 i?2 /i Ub22 q;biz 2i
HX (qE**_ayR)VX >Qr2p2`- i?2`2 `2 b2p2`H `2[mB`2K2Mib r?B+? mMB[m2Hv TTHv iQ r2F
bmT2`pBbBQM BM /i bi`2Kb,

&KDSWHU ,QWURGXFWLRQ
Ç *HbbB}+iBQM rBi? H#2H2/ M/ mMH#2H2/ /i, JQbi Q7 b2KB@bmT2`pBb2/ +Hb@
bB}+iBQM H;Q`Bi?Kb BMi`Q/m+2 M //BiBQMH i`BMBM; T?b2 iQ BM+Q`TQ`i2 mMH#2H2/
/i M/ i?mb T`Q+2bb /i BM #i+? KQ/2X h?2`2#v- i?2 BMBiBHHv i`BM2/ KQ/2H Bb
mb2/ iQ H#2H mMH#2H2/ /i M/ `2i`BM 7i2`r`/bX h?Bb Bb mMbmBi#H2 r?2M Bi +QK2b
iQ bi`2K /i- b i?2 T`Q+2bbBM; M22/b iQ #2 T2`7Q`K2/ BM QM2@TbbX h?mb- H#2H2/
M/ mMH#2H2/ /i b?QmH/ #2 mb2/ iQ mT/i2 i?2 +HbbB}2` KQ/2H BM Q`/2` iQ biBHH
T`QpB/2  bvbi2K H2`MBM; BM M BM+`2K2MiH QMHBM2 7b?BQMX
Ç :2M2`HBxiBQM 7`QK mMbmT2`pBb2/ +i2;Q`B2b, q?2M H2`MBM; rBi? H#2H2/ M/
mMH#2H2/ /i- Q7i2M 2pQHpBM; bi`m+im`2b BM i?2 KQ/2H `2+2Bp2  /2Hv2/ H#2H 7i2`
?pBM; b22M KMv mMH#2H2/ 2tKTH2b Q7 i?2 bK2 +i2;Q`v #27Q`2X  H2`MBM; KQ/2H
Bb `2[mB`2/ iQ T`QT;i2 i?Qb2 bT`b2Hv `2+2Bp2/ H#2Hb Qp2` i?2 r?QH2 KQ/2H M/ i?mb
;2M2`HBx2 Qp2` i?2 mM/2`HvBM; +i2;Q`B2b TT`QT`Bi2HvX
LLL/HDUQLQJZLWKQRQVWDWLRQDU\GDWD
PM2 Q7 i?2 F2v +?HH2M;2b BM HB72@HQM; H2`MBM; Bb i?2 THbiB+Biv@bi#BHBiv /BH2KK- r?B+?
`272`b iQ i?2 #BHBiv Q7 +[mB`BM; M2r FMQrH2/;2 UTHbiB+BivV r?BH2 `2iBMBM; QH/ K2KQ`v
Ubi#BHBivVX h?Bb +M #2 [mBi2 +?HH2M;BM; b r2 HBp2 BM  `TB/Hv +?M;BM; rQ`H/ BM r?B+?
BM7Q`KiBQM +?M;2b [mB+FHvX ai`2Kb Q7 /i MQr/vb 2K2`;2 BM  MmK#2` Q7 TTHB+iBQM
/QKBMbX h?2 /i Q`B;BMiBM; BM i?Qb2 TTHB+iBQMb Bb Q7i2M ǳMQM@biiBQM`vǴ BM i?2 b2Mb2
i?i M2r +QM+2Tib 2K2`;2 r?BH2 Qi?2`b /BbTT2`X AM i?Qb2 +b2b- Bi Bb Q7i2M /2bB`#H2 iQ
T`2/B+i M2r +i2;Q`B2bfi`2M/b BM i?2 /i M/- i?2`27Q`2- H2i i?2 i`BM2/ KQ/2H 7QHHQr i?2
/i /Bbi`B#miBQMX AM i?Qb2 b+2M`BQb i?2 7QHHQrBM; `2[mB`2K2Mib `2 +`m+BH,
Ç 6bi /TiiBQM iQr`/b +?M;BM; /i /Bbi`B#miBQMb, u2i- K+?BM2 H2`MBM;
TT`Q+?2b `2 mbmHHv /2bB;M2/ 7Q` ǳbiiBQM`v /iǴ BM r?B+? i?2 +QM+2Ti /Bbi`B@
#miBQM Bb }t2/- /m2 iQ i?2 7+i i?i i?2v `2Hv QM T`BQ` FMQrH2/;2 #Qmi i?2 MmK#2`
Q7 +QM+2Tib r?B+? +MMQi #2 bbmK2/ iQ #2 }t2/ M/ ;Bp2M BM  HB72@HQM; H2`MBM;
b+2M`BQX AM Q`/2` iQ T`Q+2bb M/ T`2/B+i +QM+2Tib rBi?BM MQM@biiBQM`v b2iiBM;b-
i?2 KQ/2H M22/b iQ [mB+FHv /Ti iQ i?2 M2r /i /Bbi`B#miBQMX
Ç .2i2+iBQM Q7 M2r +QM+2Tib QM@i?2@~v, hvTB+HHv- BM KQbi K+?BM2 H2`MBM; ibFb
QMHv  }t2/ MmK#2` Q7 +i2;Q`B2b `2 iQ #2 H2`M2/X >Qr2p2`- i?Bb KQbiHv /Q2b MQi
TTHv iQ MQM@biiBQM`v /i r?2`2 M2r +i2;Q`B2b Kv TT2` r?BH2 Qi?2` +i2;Q`B2b
/BbTT2`X h?2 H2`MBM; KQ/2H Bb `2[mB`2/ iQ /Ti iQ bm+? M2r 2pQHpBM; +i2;Q`B2b
TT`QT`Bi2HvX
Ç _2;mHiBQM Q7 `2bQm`+2 `2[mB`2K2Mib, b  i?2Q`2iB+HHv BM}MBi2 MmK#2` Q7 /i
TQBMib M/ +i2;Q`B2b `2 `2[mB`2/ iQ #2 T`Q+2bb2/- Bi Bb +`m+BH iQ `2;mHi2 i?2 `2@
bQm`+2b Q7 i?2 KQ/2H BM Q`/2` iQ biBHH #2 2{+B2Mi r?2M T`Q+2bbBM; M/ T`2/B+iBM; M2r
UmMb22MV /i TQBMibX

 $ EDVLFPRGHOIRUOLIHORQJOHDUQLQJ
LY/HDUQLQJZLWKPXOWLYLHZGDWD
MQi?2` BKTQ`iMi bT2+i Q7 KMv /i bi`2K TTHB+iBQMb- bm+? b r`2?Qmb2b BM 2@
#mbBM2bb (>*.+y8)- Bb i?i i?2 /i Bb T`QpB/2/ BM b2p2`H 7Q`Kb M/ 7Q`KibX AM KMv
+b2b i?2 /2bB`2/ +i2;Q`B2b KMB72bi BM b2p2`H /Bz2`2Mi 7Q`Kib- +QKBM; 7`QK /Bz2`2Mi
/QKBMbX h?2 /i Mim`HHv ;`QmTb BMiQ KmHiBTH2 pB2rb ++Q`/BM; iQ i?Qb2 /QKBMbX
q?2M +HbbB7vBM; i?2 mM/2`HvBM; +i2;Q`B2b- Bi Bb Q7i2M `2[mB`2/ iQ +QMbmHi b2p2`H pB2rb
BM Q`/2` iQ }M/ i?2 `2H2pMi T`QT2`iB2b i?i b2i i?2 +i2;Q`B2b T`iX A7 i?2 ibF Bb iQ
+HbbB7v /Bz2`2Mi FBM/b Q7 7`mBib- 7Q` 2tKTH2- M/ i?2 pB2rb Q7 ǳ+QHQ`Ǵ- ǳb?T2Ǵ M/ ǳibi2Ǵ
`2 ;Bp2M- i?2M Bi rQmH/ #2 BMbm{+B2Mi iQ /BbiBM;mBb? #2ir22M  ǳ#MMǴ M/  ǳH2KQMǴ
QMHv #v i?2B` +QHQ`X AMbi2/- HbQ i?2B` T`QT2`iB2b BM i?2 /QKBM Q7 ǳb?T2Ǵ Q` ǳibi2Ǵ `2
+`m+BH iQ /Bb+`BKBMi2 i?2 irQ +i2;Q`B2bX >Qr2p2`- BM Q`/2` iQ i+FH2 i?2b2 +?HH2M;2b-
i?2 7QHHQrBM; `2[mB`2K2Mib M22/ iQ #2 7mH}HH2/,
Ç G2`MBM; Q7 `2H2pMi T`QT2`iB2b, AM Q`/2` iQ T`QpB/2  bm{+B2Mi /2b+`BTiBQM Q7
bm+? KmHiB@pB2r +i2;Q`B2b- Bi Bb `2[mB`2/ iQ H2`M T`QT2`iB2b BM 2+? Q7 i?2 `2H2pMi
pB2rbX q?BH2 mbmHHv bm+?  +HbbB}+iBQM ibF /2+QKTQb2b BMiQ  T2`@pB2r +HbbB}@
+iBQM- i?2 +QKTQbBiBQMH Mim`2 Q7 i?2 mM/2`HvBM; +i2;Q`B2b `2[mB`2b iQ H2`M i?2B`
T`QT2`iB2bfbm#+i2;Q`B2b i i?2 bK2 iBK2X am+? T`QT2`iB2b i?mb 2K2`;2 T`HH2H BM
i?2 +HbbB}+iBQM KQ/2H r?BH2 #2BM; T`Q+2bb2/ M/ i?2`27Q`2 ;`Qr MQM@HBM2`HvX
Ç *QKT+i M/ mMB7Q`K `2T`2b2MiiBQM, AM Q`/2` iQ T`QpB/2  bvbi2K i?i Bb
+T#H2 Q7 b+HBM; mT iQ  HB72@HQM; H2`MBM; ibF- Bi Bb /2bB`#H2 iQ `2T`2b2Mi BM7Q`K@
iBQM +QKBM; 7`QK b2p2`H pB2rb BM M mMB7Q`K M/ +QKT+i rv- BX2X BM QM2 KQ/2HX
h?2 /pMi;2 Q7 bm+?  KQ/2H HB2b BM i?2 7+i i?i Bi HHQrb iQ KBMiBM i?2 #BHBiv
Q7  7bi T`2/B+iBQMb- r?BH2 T`QpB/BM;  K2KQ`v 2{+B2Mi +HbbB}+iBQM KQ/2H i?i
`2T`2b2Mib +i2;Q`B2b +QKBM; 7`QK KmHiBTH2 pB2rbX
 $ EDVLFPRGHOIRUOLIHORQJOHDUQLQJ
AM Q`/2` iQ i+FH2 i?2 +?HH2M;2b Q7 HB72@HQM; H2`MBM;-  #bB+ H2`MBM; `+?Bi2+im`2 Bb `2@
[mB`2/ iQ #mBH/ mTQMX h?Bb `+?Bi2+im`2 M22/b iQ 7mH}HH i?2 T`QT2`iB2b Q7 HB72@HQM; H2`MBM;
M/ i?2`27Q`2 #2 M BM+`2K2MiH QMHBM2 H2`MBM; H;Q`Bi?KX :`QrBM; L2m`H :b U:L:V-
b BMi`Q/m+2/ #v 6`BixF2 (6`BN8)- Bb M H;Q`Bi?K r?B+? T`iBHHv 7mH}HHb i?2b2 `2[mB`2K2MibX
Ai #2HQM;b iQ i?2 7KBHv Q7 iQTQHQ;B+H 72im`2 KTb- bm+? b a2H7@Q`;MBxBM; JTb UaPJV
(EQ?3k)- L2m`H :b UL:V (J`NR) M/ G2`MBM; o2+iQ` ZmMiBxiBQM UGoZV (EQ?N8)X
h?2b2 72im`2 KTb `2 `iB}+BH M2m`H M2irQ`Fb M/ `2Hv QM i?2 >2##BM H2`MBM; `mH2-
r?B+? `2M/2`b i?2K B/2HHv 7Q` QMHBM2 H2`MBM; ibFbX h?2`2#v- +i2;Q`B2b `2 T`QiQivTB+HHv
`2T`2b2Mi2/ #v  MmK#2` Q7 M2m`QMb i?i HHQr  bi`B;?i7Q`r`/ pBbmHBxiBQM M/ i?mb
7+BHBii2b i?2 BMi2`T`2iiBQM Q7 i?2 KQ/2H #v ?mKMbX Ai Bb HbQ i?2 `2bQM r?v iQTQHQ;B+H

&KDSWHU ,QWURGXFWLRQ
72im`2 KTb `2 HbQ mb2/ BM pBbmHBxiBQM ibFb Ub22 q2#aPJ (Ehyy)V- #2bB/2b +Hmbi2`BM;
M/ +HbbB}+iBQMX >Qr2p2`- 7Q` KQbi Q7 i?2b2 H;Q`Bi?Kb i?2 M2irQ`F bBx2 Bb }t2/ M/ M22/b
iQ #2 /2i2`KBM2/ BM /pM+2X AM +QMi`bi- :L: T`QpB/2b  ;`QrBM; bi`m+im`2 M/ i?2`2#v
BM+Hm/2b K2+?MBbKb 7Q` BMb2`iBM;- K2`;BM; M/ `2KQpBM; M2m`QMb M/ Bb i?mb B/2Hv bmBi2/
7Q` BM+`2K2MiH QMHBM2 H2`MBM;X AM T`iB+mH`- :L:Ƕb HB72@HQM; H2`MBM; T`QT2`iB2b +M #2
HBbi2/ b 7QHHQrb,
Ç h?2 L2irQ`F ;`Qrb ++Q`/BM; iQ i?2 /i /Bbi`B#miBQMX
Ç  /i KMB7QH/ Bb `2T`2b2Mi2/ #v  M2m`QM /Bbi`B#miBQMX
Ç JQ/2H mT/i2b `2 T2`7Q`K2/ QMHBM2X
Ç avMTiB+ HBMFb /2i2`KBM2 i?2 `2HiBQM #2ir22M M2m`QMbX
Ç L2m`QMb M/ HBMFb `2 BMb2`i2/ M/ `2KQp2/ ++Q`/BM; iQ i?2B` `2H2pM+2X
Ç  biQ`;2 Q7 i?2 i`BMBM; /i Bb MQi M2+2bb`vX
>Qr2p2`- :L: Bb  +Hmbi2`BM; H;Q`Bi?K M/ i?mb +MMQi bQHp2  +HbbB}+iBQM ibF- b
+i2;Q`v H#2Hb `2 bBKTHv B;MQ`2/X h?2`27Q`2- i?Bb i?2bBb 7Q+mb2b QM i?2 bi2TrBb2 2ti2MbBQM
Q7 :L: iQ K22i i?2 /Bb+mbb2/ `2[mB`2K2Mib Q7 HB72@HQM; H2`MBM;X AM T`iB+mH`- i?2 7QHHQrBM;
2ti2MbBQMb `2 `2[mB`2/ iQ TTHv :L: iQ  HB72@HQM; +HbbB}+iBQM ibF,
RX PMHBM2 +HbbB}+iBQM, :L: T`QpB/2b M QMHBM2 +Hmbi2`BM; `+?Bi2+im`2 i?i HHQrb
i?2 ;`QmTBM; Q7 bBKBH` bi`m+im`2b 7QmM/ BM +QMiBMmQmb /i bi`2KbX >Qr2p2`- BM
Q`/2` iQ TTHv :L: iQ KQbi HB72@HQM; H2`MBM; TTHB+iBQMb- Bi Bb `2[mB`2/ iQ HbQ
BM+Q`TQ`i2 +i2;Q`v H#2H BM7Q`KiBQM M/ i?mb 2ti2M/ :L: iQ M QMHBM2 +HbbB}2`X
kX a2KB@bmT2`pBb2/ G2`MBM;, qBi? i?2 T`BQ` 2ti2MbBQM Q7 :L: iQ M QMHBM2 +HbbB@
}2`- mMH#2H2/ 2tKTH2b QMHv +QMi`B#mi2 iQ i?2 +Hmbi2`BM; T`Q+2bbX AM Q`/2` iQ 7mHHv
miBHBx2 HH pBH#H2 /i 7Q` i?2 +HbbB}+iBQM ibF- i?2 H#2Hb 7Q` i?Qb2 2tKTH2b M22/
iQ #2 T`2/B+i2/X
jX LQM@biiBQM`v /i, Hi?Qm;? :L: Bb +T#H2 Q7 /TiBM; iQ Mv /i KMB7QH/-
Bi Bb MQi /2bB;M2/ iQ 7QHHQr  `TB/Hv +?M;BM; /i /Bbi`B#miBQMX L2r K2+?MBbKb
`2 `2[mB`2/ iQ H2i i?2 M2irQ`F ;`Qr M/ /Ti ++Q`/BM; iQ i?2 +?M;BM; /i /Bb@
i`B#miBQM M/ i?2`2#v bQHpBM; i?2 ǳTHbiB+Biv@bi#BHBiv@/BH2KKǴ BM i?2 #2bi TQbbB#H2
rvX
9X JmHiB@pB2r /i,  :L:@#b2/ +HbbB}2` +M `2T`2b2Mi KMv +i2;Q`B2b BM  +QK@
T+i 7Q`KX _2T`2b2MiBM; KmHiB@pB2r /i +QKBM; 7`QK KmHiBTH2 /QKBMb rQmH/ mbm@
HHv `2[mB`2 i?2 mb2 Q7 QM2 :L: T2` pB2r M/ rQmH/ BM+`2b2 i?2 +QKTH2tBiv Q7 i?2
`+?Bi2+im`2 /`KiB+HHvX AM Q`/2` iQ biBHH T`QpB/2  +QKT+i KQ/2H BM 7Q`K Q7 
bBM;H2 :L: M2irQ`F- bi`i2;B2b `2 `2[mB`2/ iQ BM+Q`TQ`i2 i?2 H#2H BM7Q`KiBQM
+QKBM; 7`QK i?Qb2 KmHiBTH2 pB2rbX

 &RQWULEXWLRQV
 &RQWULEXWLRQV
AM i?Bb i?2bBb :`QrBM; *QM+2TimH JTb 6`K2rQ`F b 7`K2rQ`F 7Q` HB72@HQM; H2`MBM; Bb
BMi`Q/m+2/ Ub22 6B;m`2 RXRV- T`QpB/BM; bQHmiBQMb 7Q` i?2 /Bb+mbb2/ +?HH2M;2b BM i?2 T`2pBQmb
b2+iBQMbX AM Q`/2` iQ /Q bQ- i?2 :`QrBM; *QM+2TimH JTb 7`K2rQ`F Bb #b2/ QM :`QrBM;
L2m`H :b M/ 2ti2M/b Bi ++Q`/BM;Hv iQ K22i i?2 `2[mB`2K2Mib /2b+`B#2/ 2`HB2` BM i?Bb
b2+iBQMX AM T`iB+mH`- i?2 7QHHQrBM; +QMi`B#miBQMb `2 T`QpB/2/,
)LJXUH  *URZLQJ&RQFHSWXDO0DSV)UDPHZRUN
Ç G2`MBM; rBi?  +QMiBMmQmb /i bi`2K, M H;Q`Bi?K Bb BMi`Q/m+2/ i?i
2ti2M/b :`QrBM; L2m`H :b iQ M QMHBM2 +HbbB}2` UBX2X- PMHBM2 :`QrBM; L2m`H :b
UP:L:VV #v M //BiBQMH bi2T i?i mb2b M TT`QT`Bi2 H#2HBM; 7mM+iBQM iQ bbB;M
Q` `2@+QKTmi2 i?2 H#2Hb Q7 M2m`QMb- b r2HH b M TT`QT`Bi2 T`2/B+iBQM 7mM+iBQM
i?i HHQrb iQ bbB;M H#2Hb iQ mMb22M /iX Ai rBHH #2 b?QrM i?i i?2b2 H#2HBM; M/
T`2/B+iBQM 7mM+iBQMb /Q MQi /2i2`BQ`i2 i?2 +HbbB}+iBQM T2`7Q`KM+2 r?2M +QKT`2/
iQ +Q``2bTQM/BM; Q|BM2 K2i?Q/bX
Ç G2`MBM; rBi? r2F bmT2`pBbBQM, PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b
UPaa:L:VV Bb BMi`Q/m+2/ b 2ti2MbBQM Q7 PMHBM2 :`QrBM; L2m`H :bX Paa:L: T`2@
/B+ib H#2Hb 7Q` mMH#2H2/ 2tKTH2b M/ BM+Q`TQ`i2b i?2b2 /i TQBMib BMiQ i?2 KQ/2H

&KDSWHU ,QWURGXFWLRQ
QM@i?2@~vX Ai rBHH #2 b?QrM i?i Paa:L: QmiT2`7Q`Kb 2tBbiBM; b2KB@bmT2`pBb2/ 2t@
i2MbBQMb Q7 :L:- b r2HH b P:L: QM b2KB@bmT2`pBb2/ #2M+?K`F /ib2ibX q2 rBHH
7m`i?2`KQ`2 b?Qr i?i Paa:L: Bb +QKT2iBiBp2 iQr`/b biM/`/ aaG +HbbB}2`bX
Ç G2`MBM; rBi? MQM@biiBQM`v /i, .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V
Bb BMi`Q/m+2/ b 2ti2MbBQM Q7 P:L:X .uL: miBHBx2b +i2;Q`v H#2H BM7Q`KiBQM M/
BMi`Q/m+2b irQ MQp2H M2m`QM BMb2`iBQM bi`i2;B2b BM Q`/2` iQ ;`Qr rBi? Bib ibF b HQM;
b Bib +HbbB}+iBQM T2`7Q`KM+2 BM+`2b2bX Ai rBHH #2 b?QrM i?i .uL: #2ii2` bQHp2b
i?2 THbiB+Biv@bi#BHBiv /BH2KK +QKT`2/ iQ M QMHBM2 +HbbB}2` #b2/ QM M 2tBbiBM;
:L: 2ti2MbBQM UBX2X :`QrBM; L2m`H :b rBi? liBHBiv (6`BNd)V- BM i?i Bi T`QpB/2b 
#2ii2` T2`7Q`KM+2 r?BH2 `2iBMBM;  `2HiBp2Hv bKHH M2irQ`FX 6m`i?2`KQ`2- r2 rBHH
b?Qr i?i .uL: QmiT2`7Q`Kb P:L: M/  HBM2` KmHiB@+Hbb aoJ- r?2M mbBM; 
+QKT`#H2 KQmMi Q7 K2KQ`vX
Ç G2`MBM; rBi? KmHiB@pB2r /i, JmHiB@pB2r PMHBM2 :`QrBM; L2m`H :b UoPL:V
Bb BMi`Q/m+2/ b KmHiB@pB2r 2ti2MbBQM Q7 P:L: i?i Bb +T#H2 Q7 H2`MBM; rBi? /i
+QKBM; 7`QK KmHiBTH2 /QKBMb M/- 7m`i?2`KQ`2- mMB7Q`KHv biQ`2b i?2b2 /i BM 
bBM;H2 +QKT+i M2irQ`FX q2 rBHH b?Qr i?i oPL: QmiT2`7Q`Kb  MBp2 KmHiB@H#2H
2ti2MbBQM Q7 P:L: UP:L:+V- r?BH2 #2BM; +T#H2 Q7 T`2/B+iBM; +i2;Q`v H#2Hb 7Q`
2+? pB2r BM/2T2M/2MiHvX
h?2b2 2ti2MbBQMb Q7 :L: `2 MQi HBKBi2/ iQ :L:- #mi +QmH/ HbQ #2 TTHB2/ iQ bBKBH`
`+?Bi2+im`2b 7mH}HHBM; i?2 K2MiBQM2/ :L: T`QT2`iB2bX
 &RPSRQHQWVRIWKH*URZLQJ&RQFHSWXDO0DSV
)UDPHZRUN2YHUYLHZ
AM i?Bb b2+iBQM-  HBbi2/ Qp2`pB2r Q7 2+? +QKTQM2Mi Q7 i?2 :`QrBM; *QM+2TimH JTb
7`K2rQ`F Bb ;Bp2M- BM+Hm/BM; Bib +?HH2M;2b- Bib +QMi`B#miBQMb- i?2 BMpQHp2/ /ib2ib M/
2pHmiBQMb- M/  HBbi Q7 Tm#HB+iBQMb BM r?B+? Bi H`2/v ?b #22M Tm#HBb?2/X

 &RPSRQHQWVRI*&0 2YHUYLHZ
/HDUQLQJZLWKFRQWLQXRXVGDWDVWUHDPV
*?HH2M;2b
Ç QM2@Tbb /i T`Q+2bbBM;
Ç QMHBM2 KQ/2H mT/i2b
Ç 7bi `2bTQMb2fT`2/B+iBQM
PMHBM2 :`QrBM; L2m`H :b UP:L:V
Ç 2ti2M/b :L: iQ BM+`2K2MiH QMHBM2 +HbbB}2`
Ç //BiBQMH H#2HBM; M/ T`2/B+iBQM bi`i2;B2b
.ib2ib
Ç aSA_GR- _h U`iB}+H /ib2ibV
Ç a1:- P_G U#2M+?K`F b2ibV
Ç _2mi2`b_*oRpk- hrBii2`GG U`2H bi`2K /ib2ibV
1pHmiBQM
Ç PMHBM2 pbX Q|BM2 H#2HBM; bi`i2;B2b
Ç P:L: pbX UQ|BM2V :L: +HbbB}2` pbX aoJ
Ç P:L: pbX P:L:top
Sm#HB+iBQMb
Ç PMHBM2 H#2HBM; bi`i2;B2b 7Q` :`QrBM; L2m`H :b
("*RR- "*Rk)
Ç >mKM +iBpBiv *HbbB}+iBQM rBi? P:L: (S"*Rj)
/HDUQLQJZLWKZHDNVXSHUYLVLRQ
*?HH2M;2b
Ç T`Q+2bbBM; H#2H2/ M/ mMH#2H2/ /i 7Q` +HbbB}+iBQM
Ç ;2M2`HBxiBQM 7`QK mMbmT2`pBb2/ +i2;Q`B2b
PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b
UPaa:L:V
Ç 2ti2M/b P:L: iQ b2KB@bmT2`pBb2/ +HbbB}2`
Ç miBHBx2b mMH#2H2/ /i 7Q` Bib +HbbB}+iBQM KQ/2H
.ib2ib
Ç aSA_GR U`iB}+H /ib2ibV
Ç ;k9R+- ;k9R/- .B;BiR U`iB}+H aaG #2M+?K`F b2ibV
Ç laSa- *PAG- "*A U`2H aaG #2M+?K`F b2ibV
1pHmiBQM
Ç Paa:L: pbX P:L: pbX aoJ
Ç Paa:L: pbX biM/`/ aaG H;Q`Bi?Kb
Ç Gi2 H#2HBM; Q7 +i2;Q`B2b
Sm#HB+iBQMb
Ç PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b ("*RR#-
"*Rk)

&KDSWHU ,QWURGXFWLRQ
/HDUQLQJZLWKQRQVWDWLRQDU\GDWD
*?HH2M;2b
Ç 7bi /TiiBQM iQr`/b +?M;BM; /i /Bbi`B#miBQMb
Ç /2i2+iBQM Q7 M2r +i2;Q`B2b QM@i?2@~v
Ç `2;mHiBQM Q7 `2bQm`+2 `2[mB`2K2Mib
.vMKB+ P:L: U.uL:V
Ç 2ti2M/b P:L: iQ M QMHBM2 +HbbB}2` 7Q` MQM@
biiBQM`v /i M/ +QM+2Ti /`B7i
Ç irQ //BiBQMH M2m`QM BMb2`iBQM bi`i2;B2b
Ç T2`7Q`KM+2 i`+FBM; 7Q` +i2;Q`B2b BM i?2 M2irQ`F
.ib2ib
Ç aSA_GR U`iB}+H /ib2iV
Ç _2mi2`b_*oRpk- hrBii2`GG U`2H bi`2K /ib2ibV
1pHmiBQM
Ç .uL: pbX P:L: pbX aoJ pbX RLL
Ç .uL: pbX .uL:−imp
Sm#HB+iBQMb
Ç .uL:, .vMKB+ PMHBM2 :`QrBM; L2m`H :b 7Q`
ai`2K .i ("*Rj)
/HDUQLQJZLWKPXOWLYLHZGDWD
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h?Bb i?2bBb Bb bi`m+im`2/ b 7QHHQrb, AM *?Ti2` k- /2iBH2/ BM7Q`KiBQM #Qmi :`QrBM;
L2m`H :b M/ Bib 2tBbiBM; p`BiBQMb M/ 2ti2MbBQMb Bb ;Bp2MX 6m`i?2`KQ`2- M Qp2`pB2r
Qp2` 2tBbiBM; rQ`F iQr`/b H2`MBM; rBi? /i bi`2Kb- b2KB@bmT2`pBb2/ H2`MBM;- H2`MBM;
rBi? MQM@biiBQM`v /i M/ H2`MBM; rBi? KmHiB@pB2r /i Bb ;Bp2MX
AM *?Ti2` j- PMHBM2 :`QrBM; L2m`H :b UP:L:V Bb BMi`Q/m+2/ b }`bi 2ti2MbBQM Q7
:L:X qBi? P:L:  MmK#2` Q7 QMHBM2 H#2HBM; M/ T`2/B+iBQM bi`i2;B2b `2 BMi`Q/m+2/
M/ +QKT`2/ iQ 2tBbiBM; Q|BM2 H#2HBM; bi`i2;B2bX PM 7Qm` /ib2ib- r2 rBHH b?Qr i?i
i?2 QMHBM2 H#2HBM; bi`i2;B2b /Q MQi /2i2`BQ`i2 i?2 +HbbB}+iBQM T2`7Q`KM+2 +QKT`2/ iQ
Q|BM2 H#2HBM; bi`i2;B2b- rBi? i?2 #2M2}i Q7 MQ //BiBQMH `2[mB`2/ biQ`;2X 6m`i?2`KQ`2-
r2 rBHH b?Qr i?i P:L: 2p2M bB;MB}+MiHv QmiT2`7Q`Kb  HBM2` KmHiB@+Hbb aoJ QM irQ
Q7 i?2 /ib2ib mb2/ 7Q` 2pHmiBQMX
AM *?Ti2` 9- PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b UPaa:L:V Bb BMi`Q/m+2/ b
b2KB@bmT2`pBb2/ 2ti2MbBQM Q7 P:L:X Paa:L: Bb +T#H2 Q7 mbBM; H#2HH2/ M/ mMH#2H2/
/i 7Q` +HbbB}+iBQM #v 2ti2M/BM; P:L: rBi? M //BiBQMH H#2H T`2/B+iBQM bi2TX PM M
`iB}+BH /ib2i M/ bBt biM/`/ b2KB@bmT2`pBb2/ H2`MBM; /ib2ib r2 rBHH b?Qr i?i Pa@
a:L: QmiT2`7Q`Kb 2tBbiBM; b2KB@bmT2`pBb2/ :L:@#b2/ TT`Q+?2b- BX2X a2KB@bmT2`pBb2/
:`QrBM; L2m`H :b Uaa:L:V Ub22 a2+iBQM 9XjXRV M/ 7m`i?2`KQ`2 /2HBp2`b +QKT`#H2
`2bmHib +QKT`2/ iQ bii2@Q7@i?2@`i b2KB@bmT2`pBb2/ H2`MBM; TT`Q+?2bX
AM *?Ti2` 8- .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V b 2ti2MbBQM Q7 P:L: Bb
BMi`Q/m+2/X h?2 /pMi;2 Q7 .uL: HB2b BM Bib #BHBiv iQ [mB+FHv /Ti iQ MQM@biiBQM`v
/i i?i HbQ BMpQHp2b  +?M;BM; +QM+2Ti /Bbi`B#miBQMX 1tT2`BK2Mib rBi? MQM@biiBQM`v
bi`2K /ib2ib b?Qr i?i .uL: QmiT2`7Q`Kb P:L:- 2bT2+BHHv BM ?B;?Hv MQM@biiBQM`v
T?b2b r?2M  H`;2 MmK#2` Q7 M2r +i2;Q`B2b Bb BMi`Q/m+2/X 6m`i?2`KQ`2- Qm` 2pHmiBQM
rBHH b?Qr i?i .uL: #2ii2` bQHp2b i?2 THbiB+Biv@bi#BHBiv /BH2KK +QKT`2/ iQ P:L:@
l- M QMHBM2 +HbbB}2` #b2/ QM :L:@l- #v T`QpB/BM;  #2ii2` +HbbB}+iBQM T2`7Q`KM+2
r?BH2 `2iBMBM;  +QKT+i KQ/2HX
AM *?Ti2` e- JmHiB@pB2r PMHBM2 :`QrBM; L2m`H :b UoPL:V b 2ti2MbBQM Q7 P:L: Bb
BMi`Q/m+2/X oPL: Bb +T#H2 Q7 bQHpBM;  KmHiB@pB2r +HbbB}+iBQM T`Q#H2K #v BMi`Q/m+BM;
 MQp2H KmHiB@pB2r H#2HBM; M/ KmHiB@pB2r T`2/B+iBQM bi`i2;v M/ i?2`2#v KBMiBMBM; 
+QKT+i M/ mMB7Q`K `2T`2b2MiiBQMX PM irQ `iB}+BH KmHiB@pB2r /ib2ib- Bi rBHH #2 b?QrM
i?i oPL: +H2`Hv QmiT2`7Q`Kb  MBp2 P:L:@#b2/ KmHiB@pB2r +HbbB}2` UP:L:+X q2
rBHH 7m`i?2`KQ`2 b?Qr i?i- 7Q` i?2 H#2HBM; b r2HH b 7Q` i?2 T`2/B+iBQM bi`i2;v- oPL:Ƕb
+HbbB}+iBQM T2`7Q`KM+2 #2M2}ib 7`QK  r2B;?i2/ KbFBM; Q7 i?2 `2H2pMi /BK2MbBQMb T2`
pB2rX
AM *?Ti2` d- i?2 :`QrBM; *QM+2TimH JTb 7`K2rQ`F Bb TTHB2/ iQ i?`22 /ib2ib 7`QK
i?2 /QKBM Q7 i2ti /Q+mK2Mi bi`2K /i +HbbB}+iBQM M/ ?mKM +iBpBiv +HbbB}+iBQMX
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AM T`iB+mH`- r2 rBHH 2pHmi2 i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 .uL: QM i?2 /Q+mK2Mi
bi`2K /i M/ b?Qr i?i .uL: 2p2M QmiT2`7Q`Kb  HBM2` KmHiB@+Hbb aoJ mM/2` +QK@
T`#H2 K2KQ`v mb;2X 6m`i?2`KQ`2-  M2r :*J@#b2/ QMHBM2 ?mKM +iBpBiv +HbbB}2`
rBHH #2 BMi`Q/m+2/ M/ 2pHmi2/ QM  biM/`/ ?mKM +iBpBiv /ib2iX q2 rBHH 2tT2`@
BK2MiHHv b?Qr i?i i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 i?Bb MQp2H TT`Q+? Bb +QKT`#H2
iQ i?Qb2 Q7 M 2tBbiBM; bii2@Q7@i?2@`i UQ|BM2V ?mKM +iBpBiv +HbbB}2`X AM //BiBQM- 
pBbmHBxiBQM b+?2K 7Q` :*J@#b2/ M2irQ`Fb rBHH #2 BMi`Q/m+2/ M/ r2 rBHH /2KQMbi`i2
Bib miBHBiv #2 TTHvBM; Bi iQ i?2 M2irQ`Fb mb2/ BM i?2 TTHB+iBQMb Q7 i?Bb +?Ti2`X
AM *?Ti2` 3- r2 bmKK`Bx2 Qm` `2bmHib M/ +QM+Hm/2X AM M QmiHQQF r2 rBHH 7m`i?2`KQ`2
/Bb+mbb TQbbB#H2 :*J 2ti2MbBQMb- b r2HH b TQbbB#H2 M2r TTHB+iBQM `2b 7Q` i?2 :*J
7`K2rQ`FX
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`iB}+BH +Q;MBiBp2 bvbi2Kb r?B+? 7Q+mb QM K2i?Q/QHQ;B2b 7Q` HB72@HQM; H2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b Uaa:L:V Ub22 a2+iBQM 9XjXRV M/ :`QrBM; L2m`H
:b rBi? miBHBiv U:L:@lV Ub22 a2+iBQM 8XkXRV rBHH #2 pBH#H2 BM i?2B` `2Hi2/ +?Ti2`bX
AM i?Bb +?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i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i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i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`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i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H2`MBM; BM Q`/2` iQ #2 2z2+iBp2X h?2M r2 /Bb+mbb TT`Q+?2b i?i 7Q+mb QM i?2 T`Q+2bb@
BM; Q7 /i r?B+? BMpQHp2b MQM@biiBQM`Biv M/ +QM+2Ti@/`B7i- BM i?2 b2Mb2 i?i i?2 /i
b r2HH b i?2 +i2;Q`v /Bbi`B#miBQM +?M;2b Qp2` iBK2X 6BMHHv- r2 /Bb+mbb i?2 T`Q#H2K
Q7 KmHiB@pB2r /i-  b+2M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i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TT`Q+?2b #b2/ QM iQTQHQ;B+H 72im`2 KTb- 2X;X a2H7@P`;MBxBM; JTb UaPJbV (EQ?3k)-
G2`MBM; o2+iQ` ZmMiBxiBQM UGoZV (EQ?N8)- L2m`H :b UL:V (J`NR)- Q` :`QrBM; L2m@
`H :b U:L:V (6`BN8)- ?p2 #22M bm++2bb7mHHv TTHB2/ iQ +Hmbi2`BM; T`Q#H2Kb #v `2T`2@
b2MiBM;  ?B;?@/BK2MbBQMH BMTmi bT+2 BM  HQr@/BK2MbBQMH 72im`2 KTX M BKTQ`iMi
T`QT2`iv Q7 i?Bb 7KBHv Q7 H;Q`Bi?Kb Bb i?i i?2v +M #2 pBbmHBx2/ bi`B;?i7Q`r`/Hv #v
T`QD2+iBM; i?2 KT BMiQ  irQ@/BK2MbBQMH bT+2 Q`- b b?QrM BM *?Ti2` d- #v  bBKTH2
BMi2`T`2iiBQM Q7 Bib iQTQHQ;vX :`QrBM; L2m`H :b- 7Q` 2tKTH2- r?2M mb2/ rBi? mMH@
#2H2/ /i- rBHH H2`M ǳMim`H +i2;Q`B2bǴ M/ i?mb i?2 BM?2`2Mi iQTQHQ;v Q7 i?2 /i BM
M BM+`2K2MiH 7b?BQMX :L: 72im`2b i?2 /pMi;2b Q7 mMbmT2`pBb2/ TT`Q+?2b i?i
+M H2`M +i2;Q`B2b 7Q` r?B+? MQ H#2H2/ /i Bb ;Bp2MX TT`Q+?2b bm+? b :L: `2
B/2H BM HB72@HQM; H2`MBM; b2iiBM;b r?2`2 M2Bi?2` i?2 +i2;Q`B2b +M #2 bbmK2/ iQ #2 }t2/
 T`BQ`B- MQ` H#2Hb +M #2 bbmK2/ iQ #2 pBH#H2 7Q` HH +i2;Q`B2bX hQTQHQ;B+H KTb
HbQ ?p2 #22M bm++2bb7mHHv TTHB2/ iQ  MmK#2` Q7 pBbmHBxiBQM ibFb BM b2p2`H /QKBMb
(>vQNe- Ehyy- 6oy3- >6y3) b i?2 M2m`QMb- r?B+? `2T`2b2Mi T`QiQivT2b- `2 2bv iQ mM/2`@
biM/ M/ BMi2`T`2iX GBF2 aPJ M/ L:- :L: Bb  *QKT2iBiBp2 G2`MBM; TT`Q+? #b2/
QM i?2 rBMM2`@iF2b@Bi@HH UqhV T`BM+BTH2X h?2`27Q`2- BM 2p2`v Bi2`iBQM bi2T i?2 H;Q@
`Bi?K /2i2`KBM2b i?2 M2m`QM r?B+? Bb +HQb2bi iQ i?2 T`2b2Mi2/ BMTmi biBKmHmb M/ /Tib
Bi ++Q`/BM;HvX AM 6B;m`2 kXR-  irQ@/BK2MbBQMH pBbmHBxiBQM Q7 :L: Bb b?QrM b M 2t@
KTH2 Q7 bm+? iQTQHQ;B+H 72im`2 KTbX h?2 BK;2 b?Qrb i?2 2pQHmiBQM M/ /TiiBQM Q7
 :L: M2irQ`F iQr`/b M BMTmi /Bbi`B#miBQM- r?B+? Bb BM/B+i2/ #v i?2 #Hm2 `BM;X h?2
M2irQ`F bi`ib rBi? irQ +QMM2+i2/ M2m`QMb M/ ;`/mHHv BM+`2b2b Bib MmK#2` Q7 M2m`QMb
7i2` b22M y@9yyy biBKmHBX
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:`QrBM; L2m`H :b Bb M BM+`2K2MiH b2H7@Q`;MBxBM; TT`Q+? r?B+? Bb +T#H2 Q7 `2T`2@
b2MiBM;  ?B;?@/BK2MbBQMH BMTmi bT+2 BM  HQr /BK2MbBQMH 72im`2 KTX Hi?Qm;? i?2
KBM B/2 #2?BM/ aPJ- L: M/ :L: Bb bBKBH`- i?2`2 `2 bQK2 BKTQ`iMi /Bz2`2M+2b
r?B+? b2i :L: T`iX 6B`bi Q7 HH- :`QrBM; L2m`H :b +QK#BM2b i?2 B/2b Q7 :`QrBM;
*2HH ai`m+im`2b U:*aV (6`BN9) M/ *QKT2iBiBp2 >2##BM G2`MBM; U*>GV (J`Nj)X Ai b?`2b
i?2 ;`QrBM; +?`+i2` Q7 :*a BM i?2 b2Mb2 i?i- bi`iBM; 7`QK  bKHH M2irQ`F- M2m`QMb
`2 bm++2bbBp2Hv BMb2`i2/ BMiQ i?2 M2irQ`F M/ +M HbQ #2 `2KQp2/ B7 i?2v `2 B/2MiB}2/
b #2BM; bmT2`~mQmbX h?Bb Bb M /pMi;2 +QKT`2/ iQ aPJ M/ L:- b i?2`2 Bb MQ
M22/ Q7 }tBM; i?2 M2irQ`F bBx2 BM /pM+2X AMbTB`2/ #v *>G- :L: HbQ BMi2;`i2b i2K@
TQ`H bvMTiB+ HBMFb #2ir22M M2m`QMb- r?B+? `2 BMi`Q/m+2/ #2ir22M  rBMM2` M2m`QM M/
 b2+QM/ rBMM2` M2m`QMX h?2b2 HBMFb `2 i2KTQ`H BM i?2 b2Mb2 i?i i?2v `2 bm#D2+i iQ
k?iiT,ffrrrX/2KQ;M;X/2fCpST2`fMQ/2RNX?iKH
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)LJXUH  7ZRGLPHQVLRQDOUHSUHVHQWDWLRQRID*1* OHDUQLQJVHTXHQFH2
;BM; /m`BM; i?2 Bi2`iBQM bi2Tb Q7 i?2 H;Q`Bi?K M/ `2 `2KQp2/ r?2M i?2v ;2i ǳiQQ QH/ǴX
h?2 KBM /Bz2`2M+2 +QKT`2/ iQ aPJ M/ L: Bb i?2 7+i i?i i?2 /TiiBQM bi`2M;i?
Q7 i?2 M2irQ`F Bb +QMbiMi Qp2` iBK2 M/ }t2/ #v i?2 irQ T`K2i2`b eb M/ en- BX2X i?2
/TiiBQM bi`2M;i? 7Q` i?2 rBMM2` M2m`QM M/ Bib M2B;?#Q`b- `2bT2+iBp2HvX 6m`i?2`KQ`2-
QMHv i?2 #2bi@Ki+?BM; M2m`QM M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/- bm+? i?i i?2`2
Bb MQ ;HQ#H QTiBKBxiBQM Q7 i?2 M2irQ`FX
AM i?2 7QHHQrBM;- r2 rBHH #`B2~v /2b+`B#2 i?2 bBM;H2 bi2Tb Q7 i?2 :L: H;Q`Bi?K b T`QTQb2/
#v 6`BixF2 (6`BN8)X h?2 H;Q`Bi?K Bb /2TB+i2/ BM H;Q`Bi?K RX
RX AM i?2 }`bi bi2T- i?2 H;Q`Bi?K bi`ib rBi? irQ M2m`QMb- `M/QKHv TH+2/ BM i?2
72im`2 bT+2X
kX h?2 }`bi biBKmHmb x ∈ Rn Q7 i?2 BMTmi bT+2 U}`bi i`BMBM; 2tKTH2V Bb T`2b2Mi2/ iQ
i?2 M2irQ`FX
jX h?2 irQ M2m`QMb n1 M/ n2 r?B+? KBMBKBx2 i?2 1m+HB/2M /BbiM+2 iQ x `2 B/2MiB}2/
b }`bi M/ b2+QM/ rBMM2`- `2bT2+iBp2HvX
9X h?2 ;2 Q7 HH 2/;2b i?i +QMM2+i n1 iQ Qi?2` M2m`QMb Bb BM+`2b2/ #v RX
8X h?2 HQ+H 2``Q` p`B#H2 ∆error(n1) Q7 n1 Bb mT/i2/X h?Bb 2``Q` p`B#H2 rBHH #2 mb2/
Hi2` BM Q`/2` iQ B/2MiB7v i?2 TQbBiBQM 7Q`  M2rHv BMb2`i2/ M2m`QMX

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H;Q`Bi?K R :`QrBM; L2m`H :b U:L:V
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, S`2b2Mi M BMTmi p2+iQ` x ∈ Rn 7`QK i?2 BMTmi b2i Q` ++Q`/BM; iQ BMTmi /Bbi`B#miBQMX
j, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X9, AM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1X8, lT/i2 i?2 HQ+H 2``Q` p`B#H2 #v //BM; i?2 b[m`2/ /BbiM+2 #2ir22M ωn1 M/ xX
∆error(n1) = |ωn1 − x|2
e, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b UBX2X HH i?2 MQ/2b +QMM2+i2/ iQ n1 #v M 2/;2V iQr`/b x #v 7`+iBQMb Q7 eb
M/ en Q7 i?2 /BbiM+2,
∆ωn1 = eb(x− ωn1 )
∆ωn = en(x− ωn)
7Q` HH /B`2+i M2B;?#Q`b Q7 n1Xd, A7 n1 M/ n2 `2 +QMM2+i2/ #v M 2/;2- b2i i?2 ;2 Q7 i?2 2/;2 iQ y U`27`2b?VX A7 i?2`2 Bb MQ bm+? 2/;2- +`2i2 QM2X3, _2KQp2 2/;2b rBi? i?2B` ;2 H`;2` i?M amaxX A7 i?Bb `2bmHib BM MQ/2b ?pBM; MQ 2KMiBM; 2/;2b- `2KQp2 i?2K b r2HHXN, A7 i?2 MmK#2` Q7 BMTmi p2+iQ`b T`2b2Mi2/ Q` ;2M2`i2/ bQ 7` Bb M BMi2;2` Q` KmHiBTH2 Q7  T`K2i2` λ- BMb2`i  M2r MQ/2
nr b 7QHHQrb,
.2i2`KBM2 mMBi nq rBi? i?2 H`;2bi 2``Q`X
KQM; i?2 M2B;?#Q`b Q7 nq - }M/ MQ/2 nf rBi? i?2 H`;2bi 2``Q`X
AMb2`i  M2r MQ/2 nr ?H7rv #2ir22M nq M/ nf b 7QHHQrb,
ωnr =
ωnq + ωnf
2
*`2i2 2/;2b #2ir22M nr M/ nq - M/ nr M/ nf X _2KQp2 i?2 2/;2 #2ir22M nq M/ nf X
.2+`2b2 i?2 2``Q` p`B#H2 Q7 nq M/ nf #v KmHiBTHvBM; i?2K rBi?  +QMbiMi αX a2i i?2 2``Q` nr rBi? i?2 M2r 2``Q`
p`B#H2 Q7 nq XRy, .2+`2b2 HH 2``Q` p`B#H2b Q7 HH MQ/2b ni #v  7+iQ` βXRR, A7 i?2 biQTTBM; +`Bi2`BQM Bb MQi K2i- ;Q #+F iQ bi2T UkVX
eX AM i?Bb bi2T- n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/ iQr`/b x #v 7`+iBQMb eb
M/ en- `2bT2+iBp2HvX
dX ++Q`/BM; iQ i?Bb bi2T-  M2r +QMM2+iBQM #2ir22M n1 M/ n2 Bb +`2i2/ M/ i?2 ;2
Q7 i?2 2/;2 Bb b2i iQ yX
3X HH 2/;2b rBi? M ;2 ;`2i2` i?M amax b r2HH b HH M2m`QMb rBi?Qmi Mv +QMM2+iBM;
2/;2 `2 `2KQp2/X
NX AM i?Bb bi2T- /2T2M/BM; QM i?2 Bi2`iBQM M/ i?2 T`K2i2` λ-  M2r MQ/2 nr Bb
BMb2`i2/ BMiQ i?2 M2irQ`FX Ai rBHH #2 BMb2`i2/ ?H7@rv #2ir22M i?2 M2m`QM nq rBi?
i?2 ?B;?2bi HQ+H 2``Q` M/ Bib iQTQHQ;B+H M2B;?#Q` nf ?pBM; i?2 H`;2bi 2``Q` KQM;
HH M2B;?#Q`b Q7 nqX AM //BiBQM- i?2 +QMM2+iBQM #2ir22M nq M/ nf Bb `2KQp2/ M/
#Qi? M2m`QMb `2 +QMM2+i2/ iQ nrX
RyX h?2 2``Q` p`B#H2b Q7 HH MQ/2b `2 /2+`2b2/ #v  7+iQ` βX
RRX AM i?2 Hbi bi2T- i?2 H;Q`Bi?K biQTb B7 i?2 biQTTBM; +`Bi2`BQM Bb K2i- BX2X- i?2 KtBKH
M2irQ`F bBx2 Q` bQK2 Qi?2` T2`7Q`KM+2 K2bm`2 ?b #22M `2+?2/X

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 ([WHQVLRQVRI*1*
AM `2+2Mi v2`b-  MmK#2` Q7 p`BiBQMb Q7 :`QrBM; L2m`H :b ?p2 #22M Tm#HBb?2/- BK@
T`QpBM; Bib #BHBiv iQ /2H rBi? MQBbv /i U_Q#mbi :`QrBM; L2m`H :b U_:L:V (Zay9)V
M/ #v  ?B2``+?v QM iQT Q7 :L: Uh`22:L: (..y8)VX :`QrBM; L2m`H :b ?b HbQ
#22M 2ti2M/2/ iQr`/b bT2+B}+ ivT2b Q7 /i- BX2X MQM@biiBQM`v /i U:`QrBM; L2m`H
:b rBi? liBHBiv U:L:@lV (6`BNd)V- H#2HH2/ /i UamT2`pBb2/ :`QrBM; L2m`H :b Ua:L:V
(Cyd)V M/ r2FHv H#2HH2/ /i Ua2KB@bmT2`pBb2/ :`QrBM; L2m`H :b Uaa:L:V (wFy3)-
AM+`2K2MiH :`QrBM; L2m`H :b UA:L:V (S1y8)VX Hi?Qm;? i?2b2 2ti2MbBQMb //`2bb `2H@
2pMi bT2+ib- i?2v `2 mMbmBi#H2 7Q` HB72@HQM; H2`MBM; b+2M`BQb b i?2v /Q MQi K22i Bib
`2[mB`2K2MibX AM i?2 7QHHQrBM;- r2 rBHH /2b+`B#2 2+? Q7 i?2b2 :L: 2ti2MbBQMb #`B2~v,
5REXVW*URZLQJ1HXUDO*DV521*
h?Bb H;Q`Bi?K 2ti2M/b i?2 biM/`/ :L: rBi?  MmK#2` Q7  bi`i2;B2b iQ BKT`Qp2 Bib
`Q#mbiM2bb iQr`/b MQBbv /iX b }`bi 2ti2MbBQM- i?2 :L: mT/i2 `mH2 Bb KQ/B}2/ BM
Q`/2` iQ #2 H2bb b2MbBiBp2 iQr`/b MQBbv /iX b T`i Q7 i?2 KQ/B}2/ mT/i2 `mH2 M
Bi2`iBQM@/2T2M/2Mi KtBKH /TiiBQM bi`2M;i? Bb BMi`Q/m+2/ iQ HBKBi i?2 7Q`+2 Q7 QmiHB2`b
BM i?2 /TiBQM T?b2 Q7 :L:X q2 mb2  bBKBH` K2i?Q/ BM a2+iBQM jX9XR iQ HBKBi i?2
/TiiBQM `M;2 7Q` i?2 H#2HBM; Q7 M2m`QMbX  b2+QM/ KQ/B}+iBQM Bb BMi`Q/m+2/ iQ
BM+`2b2 i?2 `Q#mbiM2bb Q7 :L: #v Bib /TiBp2 H2`MBM; `i2b M/ `2TmHbBQM b+?2K2X AM
_PL:- i?2 H2`MBM; `i2b Q7 M2m`QMb /2+`2b2 BM+`2K2MiHHv iQ 7Q`+2 i?2 +QMp2`;2M+2 Q7
QH/2` M2m`QMb BM i?2 M2irQ`FX h?2`27Q`2- M BM/BpB/mH /TiiBQM `i2 7Q` 2+? M2m`QM Bb
BMi`Q/m+2/- r?B+? /2T2M/b QM i?2B` ǳ;2Ǵ BM i?2 M2irQ`F b r2HH b QM i?2 Qp2`HH MmK#2`
Q7 M2m`QMb M/  T`2/2}M2/ i?`2b?QH/X h?2 /TiBp2 H2`MBM; `i2 i2M/b iQ `2bmHi BM i?2
bi;MiBQM Q7 M2m`QMb +HQb2 iQ 2+? Qi?2`- r?B+? K2Mb i?i i?Qb2 M2m`QMb /Ti iQr`/b
M/ bi#BHBx2 i i?2 bK2 TQbBiBQM BM 72im`2 bT+2X AM Q`/2` iQ rQ`F ;BMbi i?Bb bB/2 2z2+i-
M //BiBQMH `2TmHbBM; b+?2K2 Bb mb2/ iQ /2+`2b2 i?2 /TiiBQM KQmMi 7Q` i?2 rBMM2`bǶ
M2B;?#Q`BM; M2m`QMb iQ M 2ti2Mi T`QTQ`iBQMH iQ i?2B` +HQb2M2bb iQ i?Bb rBMM2`X 6BMHHv-
_PL: BMi`Q/m+2b M QTiBKBxiBQM bi2T i?i /2i2`KBM2b i?2 QTiBKH MmK#2` Q7 M2m`QMb
#v KBMBKBxBM; i?2 /2b+`BTiBQM H2M;i? Q7 i?2 M2irQ`FX  KQ`2 /2iBH2/ 2tTHMiBQM +M #2
7QmM/ BM ZmBM M/ am;Mi?M (Zay9)X
Hi?Qm;? _PL: ?b #22M T`Qp2M iQ BKT`Qp2 i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 :L:- Bi
`2M/2`b Bib2H7 mMbmBi#H2 7Q` HB72@HQM; H2`MBM; /m2 iQ i?2 `2[mB`2K2Mib Q7 2+? Q7 i?Qb2
//BiBQMbX AM i?2 }`bi irQ //BiBQMb-  }t2/ KtBKH M2irQ`F bBx2 Bb `2[mB`2/ r?B+?
+MMQi #2 bbmK2/ BM  HB72@HQM; H2`MBM; T`Q+2bb- b i?2 M2irQ`F b?QmH/ ;`Qr M/ 2pQHp2
HQM;bB/2 rBi? i?2 +QMiBMmQmb /i Bi T`Q+2bb2bX HbQ i?2 QTiBKBxiBQM Q7 i?2 M2irQ`F bBx2
Bb /B{+mHi iQ #2 T`2bmK2/- b i?2 /i Bb QMHv T`iBHHv pBH#H2X AM ;2M2`H- Bi Bb H2;BiBKi2
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iQ +HBK i?i i?2 :L: 2ti2MbBQMb M/ KQ/B}+iBQMb Q7 _PL: `2 bT2+B}+HHv /2bB;M2/
7Q` }t2/ /ib2ib M/ 2p2M rQ`F +QmMi2` ;BMbi  +QMiBMmQmb H2`MBM; b+2M`BQX
7UHH*1*
.Q?2`iv 2i HX (..y8) BMi`Q/m+2  i`22 bi`m+im`2- r?B+? 7QHHQrb i?2 /2p2HQTK2Mi Q7 :L:
M/ `2T`2b2Mib  ?BbiQ`v Q7 i?2 2pQHpBM; bm#+Hmbi2`b BMbB/2 Q7 Bib M2irQ`FX h?2 KBM B/2
Q7 h`22:L: Bb iQ T`QpB/2  i`22- bBKBH` iQ  >B2``+?B+H ;;HQK2`iBp2 *Hmbi2`BM; U>*V
(wJ_Rj) TT`Q+? i?i `2T`2b2Mib i?2 mM/2`HvBM; ?B2``+?v Q7 i?2 BMTmi /i M/ Bb
;2M2`i2/ QM@i?2@~v- b Bi #mBH/b mTQM :L:X AM +QMi`bi iQ >*- h`22:L: Bb #mBH/ iQT@
/QrM BM i?2 b2Mb2 i?i Bi bi`ib rBi?  bBM;H2 `QQi MQ/2 M/ i?2M bm++2bbBp2Hv BMi`Q/m+2b M2r
i`22 MQ/2b M/ #`M+?2b r?BH2 7QHHQrBM; :L:bǶ iQTQHQ;vX h?2 i`22 Bb mT/i2/ `2;mH`Hv
7i2`  +2`iBM MmK#2` Q7 Bi2`iBQMb M/ `2HB2b QM  ;`Qri? M/ T`mMBM; K2+?MBbK iQ
7QHHQr :L:bǶ 2pQHmiBQMX h?2 ;`Qri? K2+?MBbK Bb i`B;;2`2/ r?2M  bm#+Hmbi2` Q7 :L: Bb
/BpB/2/ BMiQ irQ- /m2 i?2 `2KQpH Q7 i?2 Hbi +QMM2+iBM; HBMF #2ir22M #Qi? bm#+Hmbi2`b M/
i?2B` M2m`QMb- `2bT2+iBp2HvX  b2+QM/ K2+?MBbK- i?2 T`mMBM; K2+?MBbK- Bb TTHB2/ iQ
i?2 i`22 BM +b2 Q7  M2rHv 2bi#HBb?2/ HBMF #2ir22M M2m`QMb Q7 bm#+Hmbi2`b r?B+? ?p2 MQi
#22M +QMM2+i2/ #27Q`2X h?2 b?T2 Q7 i?2 i`22- b T`Q/m+2/ #v i?2 h`22:L: H;Q`Bi?K-
/2T2M/b QM i?2 bT2+B}2/ i`22 mT/i2 7`2[m2M+v M/ i?2 KtBKH HHQr2/ ;2 Q7 M 2/;2 Q7
:L:X
>Qr2p2`- b h`22:L: QMHv `2~2+ib i?2 +Hmbi2`BM; ?BbiQ`v Q7 :L: rBi?Qmi BM+Q`TQ`iBM;
2ti2`MH BM7Q`KiBQM #Qmi +i2;Q`v H#2Hb- Bi +MMQi #2 bbm`2/ i?i i?2 i`22 `2HHv `2@
~2+ib i?2 mM/2`HvBM; b2KMiB+ ?B2``+?v Q7 i?2 /iX Ai Bb i?mb QMHv Q7 HBKBi2/ mb2 BM 
+HbbB}+iBQM ibFX
*URZLQJ1HXUDO*DVZLWK8WLOLW\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:`QrBM; L2m`H :b rBi? liBHBiv U:L:@lV Bb /2bB;M2/ iQ T`Q+2bb M/ 7QHHQr MQM@biiBQM`v
/iX LQM@biiBQM`v /i Bb  T?2MQK2M r?B+? Q7i2M TT2`b BM i?2 +QMi2ti Q7 /i
bi`2Kb M/ #bB+HHv BMpQHp2b i?2 UQ7i2M mMT`2/B+i#H2V +?M;2 Q7 i?2 /i /Bbi`B#miBQMX
Ai i?mb Bb ?B;?Hv `2H2pMi 7Q` HB72@HQM; H2`MBM;X :L:@l BMi`Q/m+2b  miBHBiv 7+iQ` 7Q` 2+?
M2m`QM i?i BM/B+i2b ?Qr BKTQ`iMi 2+? M2m`QM Bb 7Q` Bib bm#+Hmbi2` BM i?2 M2irQ`FX h?2
miBHBiv 7+iQ` Bb mT/i2/ 7Q`  rBMM2` M2m`QM n1 #v ++mKmHiBM; i?2 /Bz2`2M+2 #2ir22M Bib
HQ+H 2``Q` M/ i?2 HQ+H 2``Q` Q7 i?2 b2+QM/ rBMM2` M2m`QM n2X h?2 miBHBiv i?mb BKTHB+BiHv
`2~2+ib BM ?Qr 7` i?2 HQ+H 2``Q` Q7 i?2 b2+QM/ rBMM2` n2 rQmH/ BM+`2b2 7i2` `2KQpBM;
i?2 }`bi rBMM2` M2m`QM n1X >Qr2p2`-  M2rHv BMb2`i2/ M2m`QM bi`ib rBi?  miBHBiv 7+iQ`
Q7 u = 1X AM +QMi`bi iQ :L:- :L:@l QMHv `2KQp2b M2m`QMb B7 i?2B` miBHBiv 7HHb mM/2` 
T`2/2}M2/ 7`+iBQM Q7 i?2 rQ`bi HQ+H 2``Q` i i?2 ;Bp2M bi;2 Q7 i?2 M2irQ`F /2p2HQTK2MiX

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AM a2+iBQM 8XkXR Q7 *?Ti2` 8- r2 rBHH 2tTHBM :L:@l BM KQ`2 /2iBHX AM *?Ti2` 8- r2 rBHH
BMi`Q/m+2 .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V M/ 2tT2`BK2MiHHv b?Qr i?i
.uL: #2ii2` bQHp2b i?2 THbiB+Biv@bi#BHBiv /BH2KK Ub22 a2+iBQM kX9V b Bi [mB+FHv /Tib
iQ  +?M;BM; /Bbi`B#miBQM- T`QpB/BM;  #2ii2` +HbbB}+iBQM T2`7Q`KM+2 r?BH2 `2iBMBM; 
+QKT+i KQ/2HX
6XSHUYLVHG*URZLQJ1HXUDO6*1*
CB`vmbFmH M/ mriMKQM;FQH BMi`Q/m+2/  :L: 2ti2MbBQMb +HH2/ amT2`pBb2/ :`Qr@
BM; L2m`H :b Ua:L:V- r?B+? BM+Q`TQ`i2b H#2H BM7Q`KiBQM iQ ;mB/2 i?2 +Hmbi2`BM;X h?2
KBM /Bz2`2M+2 #2ir22M :L: M/ a:L: HB2b BM a:L:Ƕb MQp2H mT/i2 `mH2 i?i /QTib
i?2 GoZk i2+?MB[m2 (EQ?Ny)- b r2HH b BMi2;`iBM; i?2 H`2/v /Bb+mbb2/ /TiBp2 H2`M@
BM; `i2b M/ `2TmHbBM; b+?2K 7`QK _PL:X 6QHHQrBM; i?Bb i2+?MB[m2- a:L: /Tib i?2
rBMM2` M2m`QM iQr`/b i?2 biBKmHmb- BM +b2 Q7 Ki+?BM; H#2Hb Q7 M2m`QM M/ biBKmHmb-
M/ /Tib i?2K rv 7`QK i?2 biBKmHmb Qi?2`rBb2X AMBiBHHv- i?2 a:L: M2irQ`F #bB+HHv
bi`ib rBi?  MmK#2` Q7 M2m`QMb 2[mH iQ i?2 MmK#2` Q7 +i2;Q`B2b BM i?2 i`BMBM; b2i- rBi?
2+? M2m`QM #2BM; mMB[m2Hv H#2H2/ rBi? QM2 Q7 i?2 +i2;Q`v H#2HbX a:L: i?2M ;`/mHHv
BMb2`ib M2m`QMb- bBKBH` iQ :L:- mMiBH  i?`2b?QH/ Bb K2i r?B+? /2i2`KBM2b i?2 KtBKH
HHQr2/ MmK#2` Q7 M2m`QMbX h?2 mi?Q`b Q7 a:L: HbQ T`QTQb2 M QTiBKBxiBQM Q7 i?2
+Hmbi2`BM; r?B+? /2T2M/b QM i?2 pHB/Biv BM/2tX h?Bb BM/2t b2ib +QKT+iM2bb M/ BKTm`Biv
Q7 i?2 +Hmbi2`BM; BM `2HiBQM iQ i?2 +Hmbi2` b2T`iBQM iQ +?B2p2 M QTiBKH #HM+2 #2ir22M
i?2KX
"2bB/2b i?2 BM+HmbBQM Q7 _PL: 2ti2MbBQMb- r?B+? r2 H`2/v /Bb+mbb2/ b #2BM; mMbmBi#H2
7Q` HB72@HQM; H2`MBM;- a:L: ?b  bi`QM; bbmKTiBQM +QM+2`MBM; i?2 `2HiBQM #2ir22M /i
/Bbi`B#miBQM M/ +i2;Q`v /Bbi`B#miBQMX Ai bbmK2b i?2 +Hmbi2` bbmKTiBQM Ub22 a2+iBQM kXjV
iQ 7mH}HH2/X h?Bb bbmKTiBQM- r?B+? rBHH #2 /2b+`B#2/ BM KQ`2 /2iBH Hi2` BM i?Bb +?Ti2`-
`2[mB`2b i?2 /i KMB7QH/ M/ +i2;Q`v KMB7QH/ iQ Ki+?- bQ i?i #bB+HHv  bBM;H2
+Hmbi2` `2T`2b2Mib  bBM;H2 +i2;Q`vX h?Bb Bb MQi M2+2bb`BHv i?2 +b2- 2bT2+BHHv r?2M `2H
/ib2ib `2 BMpQHp2/X AM bm+? b+2M`BQb- +i2;Q`B2b +M TQbbB#Hv #2 MQM@+QMp2t M/ i?mb #2
`2T`2b2Mi2/ #v b2p2`H MQi M2B;?#Q`BM; +Hmbi2`b BM i?2 72im`2 bT+2- 7Q` r?B+? a:L: rQmH/
KQbi T`Q##Hv T2`7Q`K TQQ`Hv BM  +HbbB}+iBQM ibFX AM *?Ti2` j- r2 rBHH 2tT2`BK2MiHHv
b?Qr i?i H2iiBM; i?2 +i2;Q`v H#2Hb ;mB/2 i?2 +Hmbi2`BM; +M bB;MB}+MiHv /2i2`BQ`i2 i?2
+HbbB}+iBQM T2`7Q`KM+2 Q7  :L:@#b2/ +HbbB}2`X MQi?2` /Bb/pMi;2 Bb i?2 7+i i?i
a:L: bbmK2b HH +i2;Q`v H#2Hb iQ #2 FMQrM BM /pM+2- r?B+? Bb KQbiHv MQi i?2 +b2
BM  HB72@HQM; H2`MBM; b+2M`BQ BM r?B+? +i2;Q`B2b Kv +?M;2 Qp2` iBK2X

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6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV66*1*
h?2 BM+Q`TQ`iBQM Q7 H#2H2/ M/ mMH#2H2/ /i BM  b2KB@bmT2`pBb2/ 7b?BQM ?b #22M
BMi`Q/m+2/ #v wFB 2i HX rBi? a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b Uaa:L:V (wFy3)X
aa:L: Bb BMbTB`2/ #v i?2 1tT2+iiBQM@JtBKBxiBQM U1JV TT`Q+? (>`83) M/ i?mb
Bi2`iBp2Hv T`Q+2bb2b i?2 /i BM irQ b2T`i2 T?b2bX h?2 H;Q`Bi?K }`bi T2`7Q`Kb 
+Hmbi2`BM;- r?B+? 2bb2MiBHHv Bb B/2MiB+H iQ i?2 :L: +Hmbi2`BM;- QMHv mbBM; i?2 H#2H2/
2tKTH2b Q7 i?2 i`BMBM; b2i M/ i?2M H#2Hb HH M2m`QMb  TQbi2`BQ`BX AM  b2+QM/ bi2T-
Bi i?2M T`2/B+ib i?2 H#2Hb Q7 HH mMH#2H2/ i`BMBM; 2tKTH2b M/ `2i`BMb i?2 +HbbB}2`
#b2/ QM i?2 M2r /ib2iX h?2 H;Q`Bi?K Bi2`i2b Qp2` i?2b2 irQ bi2Tb mMiBH i?2 H#2Hb
7Q` i?2 BMBiBHHv mMH#2H2/ i`BMBM; b2i bi#BHBx2- BX2X `2KBM mM+?M;2/X  KQ`2 +QKTH2i2
/2b+`BTiBQM Q7 aa:L: M/ Bib H;Q`Bi?K Bb ;Bp2M BM *?Ti2` 9X
h?2 KBM /Bb/pMi;2 Q7 aa:L: Bb i?2 7+i i?i  `2i`BMBM; Q7 i?2 KQ/2H `2[mB`2b i?2
i`BMBM; /i iQ #2 biQ`2/X h?Bb +QMi`/B+ib i?2 QMHBM2 Mim`2 Q7 :L: M/- 7m`i?2`KQ`2- Bb
mMbmBi#H2 BM  HB72@HQM; H2`MBM; ibF BM r?B+?  i?2Q`2iB+HHv BM}MBi2 MmK#2` Q7 i`BMBM;
/i Bb `2[mB`2/ iQ #2 T`Q+2bb2/X AM *?Ti2` 9- r2 rBHH BMi`Q/m+2 PMHBM2 a2KB@bmT2`pBb2/
:`QrBM; L2m`H :b UPaa:L:V M/ 7m`i?2`KQ`2 +QKT`2 aa:L: iQ Paa:L:- b?QrBM;
i?i Paa:L: QmiT2`7Q`Kb aa:L: QM i?2 mb2/ /ib2ib- r?BH2 T`QpB/BM; i?2 #2M2}i Q7
miBHBxBM; H#2H2/ M/ mMH#2H2/ /i QM@i?2@~v rBi?Qmi i?2 M22/ Q7 biQ`BM; Mv i`BMBM;
/iX
 /HDUQLQJZLWKFRQWLQXRXVGDWDVWUHDPV
AM `2+2Mi v2`b- /pM+2b BM ?`/r`2 i2+?MQHQ;v HHQr mb iQ +QMiBMmQmbHv +QHH2+i  ?m;2
KQmMi Q7 /iX LQ Kii2` B7 r2 #`Qrb2 i?`Qm;? i?2 BMi2`M2i- mb2 Qm` KQ#BH2 T?QM2b
Q` #mBH/ mT Qm` /B;BiH T?QiQ M/ KmbB+ HB#``v- i?2 /i i?i Bb `2[mB`2/ iQ #2 biQ`2/
BM+`2b2b /BHvX >Qr2p2`- i?2b2 /i Bb QMHv Q7 mb2 iQ mb B7 Bi Bb Q`;MBx2/ BM  rv i?i
HHQrb mb iQ [mB+FHv `2i`B2p2 i?2 `2H2pMi BM7Q`KiBQM ibF@/2T2M/2MiHvX q?BH2 i?2 }2H/ Q7
/i@KBMBM; ?b #22M r2HH 2bi#HBb?2/- H;Q`Bi?Kb +QKBM; 7`QK i?Bb }2H/ KQbiHv /Q MQi
b+H2 mT iQ bQHp2 i?2 +?HH2M;2b Q7 +Hmbi2`BM; M/ +HbbB7vBM; bi`2K /iX AM i?Bb b2+iBQM-
i?2 +?HH2M;2b Q7 bi`2K /i T`Q+2bbBM; Q` bi`2K KBMBM; `2 /Bb+mbb2/X q2 rBHH ;Bp2 M
Qp2`pB2r Q7 i?2 `2H2pMi K2i?Q/QHQ;B2b i?i ?p2 #22M /2p2HQT2/ BM i?2 +QMi2ti Q7 bi`2K
/iX
 &KDOOHQJHV	0HWKRGRORJLHV
h?2 KQ/2Hb M/ H;Q`Bi?Kb Q7 bi`2K /i T`Q+2bbBM; +M #2 `Qm;?Hv /BpB/2/ BMiQ bi`2K
/i +Hmbi2`BM; M/ bi`2K /i +HbbB}+iBQMX >Qr2p2`- i?2`2 `2 b2p2`H H;Q`Bi?Kb +QK@

 /HDUQLQJZLWKFRQWLQXRXVGDWDVWUHDPV
BM; 7`QK #Qi? `2b i?i 7Q+mb QM QTiBKBxBM; i?2 `BbBM; +?HH2M;2bX AM i?Bb b2+iBQM r2 rBHH
i?mb i }`bi /Bb+mbb i?2 +?HH2M;2b Q7 bi`2K /i +HbbB}+iBQM i?i `Bb2 BM i?2 +QMi2ti Q7
+QMiBMmQmb /i bi`2Kb- M/ i?2M ;Bp2 M Qp2`pB2r Q7 i?2 TQTmH` bQHmiBQMb BM i?i `2X
6Q` 2+? Q7 i?2b2 TT`Q+?2b r2 rBHH /Bb+mbb BM ?Qr 7` i?2v ?p2 //`2bb2/ i?2 BMi`Q/m+2/
+?HH2M;2bX
&KDOOHQJHVRIVWUHDPGDWDFODVVLILFDWLRQ
RX PM2@Tbb T`Q+2bbBM; +QMbi`BMi, h?2 +QMiBMmQmb ;`Qri? Q7 /i BM KMv TTHB+@
iBQMb H2/b iQ M 2ti2MbBp2 biQ`;2 Q7 i?2b2 /i QM H`;2 pQHmK2bX .m2 iQ i?2 bBx2 Q7
i?2b2 pQHmK2b- Bi Bb BKTQbbB#H2 iQ HHQr i?2 /i KBMBM; iQ T`Q+2bb /i TQBMib KmHiBTH2
iBK2b- BMbi2/-  QM2@Tbb T`Q+2bbBM; `+?Bi2+im`2 Bb `2[mB`2/X h?2 QM2@Tbb T`Q+2bbBM;
+QMbi`BMi Bb H`2/v +?HH2M;BM; 7Q` KQbi K+?BM2 H2`MBM; TT`Q+?2b- b M QTiBKH
+HbbB}+iBQM KQ/2H BM KQbi +b2b +MMQi #2 T`QpB/2/ #v M MHviB+H bQHmiBQM Q7 i?2
T`2/B+iBQM 7mM+iBQM f : X → Y X AMbi2/- mbmHHv QTiBKBxiBQM H;Q`Bi?Kb bm+? b
;`/B2Mi /2b+2Mi `2 `2[mB`2/ iQ /Ti i?2 KQ/2H bi2TrBb2 iQ  KQ`2 QTiBKH bQHmiBQM
i?`Qm;? KmHiBTH2 Tbb2b Q7 i?2 /iX >Qr2p2`- i?2`2 `2 H;Q`Bi?Kb- bm+? b :L:- i?i
`2 +T#H2 Q7 T`Q+2bbBM; /i BM QM2@Tbb M/ i?mb `2 B/2H iQ #mBH/ mTQM BM  bi`2K
/i b+2M`BQX AM *?Ti2` j- r2 rBHH BMi`Q/m+2 PMHBM2 :`QrBM; L2m`H :b UP:L:V b
 bQHmiBQM iQ i?Bb T`Q#H2KX
kX 1pQHpBM; /i, q?BH2 BM biM/`/ H2`MBM; b+2M`BQb  }t2/ /ib2i +M #2 bbmK2/-
bi`2K /i Q7i2M Bb MQM@biiBQM`v BM i?2 b2Mb2 i?i Bi +?M;2b Bib /Bbi`B#miBQM Qp2`
iBK2 M/ i?2`27Q`2 Bib 2pQHmiBQM Bb /B{+mHi iQ #2 T`2/B+i2/X h?2 T?2MQK2M Q7 MQM@
biiBQM`v /i KQbiHv TT2`b b `2bmHi Q7 i?2 i2KTQ`H HQ+HBiv Q7 i?2 /i- r?B+?
K2Mb i?i QMHv bKHH T`ib Q7 i?2 /i `2 pBH#H2 i  iBK2X 6m`i?2`KQ`2- HbQ i?2
mM/2`HvBM; +i2;Q`B2b +MMQi #2 bbmK2/ Q7 #2 }t2/ BM i?Qb2 b+2M`BQbX am+? +QM+2Ti@
/`B7i `2[mB`2b i?2 +HbbB}+iBQM KQ/2H iQ [mB+FHv /Ti iQ i?2 M2r 2K2`;BM; +i2;Q`B2b
M/ i?2B` /i /Bbi`B#miBQMX q2 rBHH /Bb+mbb i?2 /Bz2`2Mi K2i?Q/QHQ;B2b #Qmi i?Bb iQTB+
BM a2+iBQM kX9X 6m`i?2`KQ`2- BM *?Ti2` 8- r2 rBHH BMi`Q/m+2 .vMKB+ PMHBM2 :`QrBM;
L2m`H :b U.uL:V iQ TT`Q+? +QM+2Ti@/`B7i M/ 2pQHpBM; /i /Bbi`B#miBQMb BM MQM@
biiBQM`v /iX
jX GBKBi2/ iBK2, q?2M T`Q+2bbBM; bi`2K /i- QMHv  bKHH 7`+iBQM Q7 i?2 i?2Q`2iB+HHv
BM}MBi2 +Q`Tmb Bb pBH#H2 i  +2`iBM TQBMi BM iBK2X h?Bb MQi QMHv `2[mB`2b i?2 +Hb@
bB}+iBQM KQ/2H iQ T`Q+2bb 2+? /i TQBMi BM QM2@Tbb- b H`2/v 2tTHBM2/- #mi HbQ
M22/b i?2 r?QH2 /TiiBQM Q7 i?2 KQ/2H M/ Bib T`2/B+iBQM iQ #2 7biX AM T`iB+mH`-
/TiiBQM M/ T`2/B+iBQM b?QmH/ K22i i?2 bT22/ BM r?B+? M2r /i TQBMib ``Bp2- BM
Q`/2` iQ ?M/H2 i?2 /i bi`2K BM i?2 HQM; i2`KX AM *?Ti2` j@e- r2 rBHH b?Qr i?i
i?2 2ti2MbBQMb Q7 Qm` 7`K2rQ`F `2 HBM2` BM i?2 MmK#2` Q7 /i Bi2Kb UM2m`QMbVX

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9X GBKBi2/ K2KQ`v, S`Q+2bbBM;  i?2Q`2iB+HHv BM}MBi2 /i bi`2K HbQ `2[mB`2b iQ 2{@
+B2MiHv M/ 2t+HmbBp2Hv biQ`2 M2+2bb`v BM7Q`KiBQM- M/ 7m`i?2`KQ`2 pQB/ i?2 2tTHB+Bi
biQ`;2 Q7 /i TQBMib 7`QK i?2 /i bi`2KX >Qr2p2`- Bi Bb HbQ /2bB`#H2 iQ `2}M2
M/ QTiBKBx2 i?2 +HbbB}+iBQM KQ/2H BM  rv i?i +QKTH2t +i2;Q`B2b `2 KQ/2H2/
BM KQ`2 /2iBH- +QKT`2/ iQ KQ`2 bBKTH2 +i2;Q`B2bX b  bB/2 2z2+i-  KQ`2 +QKT+i
KQ/2H HbQ ?2HTb iQ bT22/ mT Bib /TiiBQM M/ T`2/B+iBQM iBK2X AM *?Ti2` j- r2 rBHH
BMi`Q/m+2 QMHBM2 H#2HBM; M/ T`2/B+iBQM bi`i2;B2b M/ 2tT2`BK2MiHHv b?Qr i?i BM Qm`
`+?Bi2+im`2 i?2 H2bi K2KQ`v /2KM/BM; bi`i2;v /Q2b MQi bB;MB}+MiHv /2i2`BQ`i2 i?2
+HbbB}+iBQM T2`7Q`KM+2 Q7 i?2 KQ/2HX 6m`i?2`KQ`2- BM *?Ti2` 8- r2 /2p2HQT  M2m@
`QM BMb2`iBQM bi`i2;v i?i H2ib i?2 +HbbB}+iBQM KQ/2H ;`Qr b HQM; b Bib T2`7Q`KM+2
BM+`2b2bX
8X LQBbv /i, .m2 iQ i?2 Mim`2 Q7 bi`2K /i- Bi Bb BKTQbbB#H2 iQ T`QpB/2  bmT2`@
pBbBQM i?`Qm;? 2tT2`i FMQrH2/;2 #Qmi i?2 BMpQHp2/ +i2;Q`B2b 7Q` 2p2`v /i TQBMi BM
i?2 bi`2KX JQbiHv- BM i?Qb2 b+2M`BQb QMHv  r2F bmT2`pBbBQM Bb bmBi#H2 M/ ;Bp2M #v
 ?2m`BbiB+ TT`Q+? `i?2` i?M  ?mKM 2tT2`i- r?B+? TQi2MiBHHv Bb MQBbvX AM i?Qb2
+b2b- T`iBH bmT2`pBbBQM Bb ;Bp2M BM KMv /Bz2`2Mi 7Q`Kb- bm+? b BMi2`@+i2;Q`BH +QM@
bi`BMib- b2KB@bmT2`pBbBQM rBi?  `2HiBp2Hv bKHH KQmMi Q7 pBH#H2 +i2;Q`v H#2Hb-
/2Hv2/ H#2HBM;- Q` 2p2M  +QMbiMi bmT2`pBbBQM 7Q` QMHv  72r Q7 i?2 BMpQHp2/ +i2;Q`B2bX
AM *?Ti2` 9- r2 rBHH BMi`Q/m+2 i?2 b2KB@bmT2`pBb2/ TT`Q+? PMHBM2 a2KB@bmT2`pBb2/
:`QrBM; L2m`H :b UPaa:L:V i?i miBHBx2b #Qi? H#2H2/ M/ mMH#2H2/ /i 7Q` Bib
+HbbB}+iBQM KQ/2H- M/ 7m`i?2`KQ`2 [mB+FHv /Tib iQ +i2;Q`B2b 7Q` r?B+? i?2 H#2Hb
`2 ;Bp2M BM /2HvX AM a2+iBQM kXj Q7 i?Bb +?Ti2`- r2 rBHH /Bb+mbb TT`Q+?2b i?i 7Q+mb
QM i?2b2 iQTB+b BM KQ`2 /2iBHX
eX oBbmHBxiBQM, AM KMv TTHB+iBQMb i?2 bT2+i Q7 /2i2+iBM; i`2M/b BM /i bi`2Kb M/
pBbmHBxBM; i?2B` /2p2HQTK2Mi Bb 2p2M KQ`2 BKTQ`iMi i?M i?2 +HbbB}+iBQM ibF Bib2H7X
AM Q`/2` iQ /Q bQ- i?2 +HbbB}+iBQM KQ/2H Bb `2[mB`2/ iQ #2 p2`v mMB7Q`KHv bi`m+im`2/
bQ i?i Bi +M [mB+FHv #2 pBbmHBx2/ QM /2KM/X AM *?Ti2` d- r2 rBHH /2KQMbi`i2 i?i
QM2 Q7 i?2 KBM /pMi;2b Q7 Qm` 7`K2rQ`F Bb i?i Bib mM/2`HvBM; *QM+2TimH JT
+M #2 pBbmHBx2/ bi`B;?i7Q`r`/Hv- M/ Bb mb27mH BM Q`/2` iQ i`+F  /i bi`2K M/
iQ b?Qr i?2 `2HiBQM Q7 i?2 BMpQHp2/ +i2;Q`B2b BM  bBKTH2 irQ@/BK2MbBQMH KTX
AM r?i 7QHHQrb- r2 rBHH ;Bp2  #`B27 Qp2`pB2r Q7 H;Q`Bi?Kb M/ `+?Bi2+im`2b i?i ?p2
#22M T`QTQb2/ BM i?2 }2H/ M/ T`iBHHv bQHp2 i?2 HBbi2/ +?HH2M;2b Q7 /i bi`2K +Hmbi2`BM;
M/ /i bi`2K +HbbB}+iBQMX q2 rBHH HbQ /Bb+mbb BM ?Qr 7` i?2 H;Q`Bi?Kb //`2bb i?2
+?HH2M;2b Q7 bi`2K /i +HbbB}+iBQMX

 /HDUQLQJZLWKFRQWLQXRXVGDWDVWUHDPV
6WUHDPGDWDFOXVWHULQJ
*Hmbi2`BM; Bb  rB/2Hv bim/B2/ }2H/ BM /i KBMBM;X >Qr2p2`- /TiBM; `#Bi``v +Hmbi2`BM;
H;Q`Bi?Kb iQ K22i i?2 bi`2K /i +Hmbi2`BM; +?HH2M;2b Bb /B{+mHi- b i?2 QM2@Tbb /i
T`Q+2bbBM; `2bi`B+iBQM +QMi`/B+ib i?2B` H2`MBM; `+?Bi2+im`2X ai`2K +Hmbi2`BM; /2+QK@
TQb2b BM irQ +Hbb2b Q7 H;Q`Bi?Kb, ~i bi`2K +Hmbi2`BM; M/ ?B2``+?B+H bi`2K +Hmbi2`BM;X
AM 2+? Q7 i?Qb2 +Hbb2b- H;Q`Bi?Kb ?p2 #22M /2p2HQT2/ i`vBM; iQ i+FH2 i?2 +?HH2M;2b
Q7 HB72@HQM; H2`MBM;X AM i?2 7QHHQrBM;- i?2 T`BM+BTH2b Q7 i?2b2 irQ +Hbb2b b r2HH b i?2B`
/pMi;2b M/ HBKBiiBQMb rBHH #2 /Bb+mbb2/X
Ç 6Hi bi`2K +Hmbi2`BM;, TT`Q+?2b bm+? b ah_1J (:JJPyy) #mBH/ mTQM
i?2 T`BM+BTH2 Q7 F@K2MbX 6Q`  ;Bp2M b2i Q7 /i TQBMib M/  ;Bp2M MmK#2` Q7 k
+2Mi`QB/b- Bi T`iBiBQMb i?2 /i BMiQ k +Hmbi2`bX b i?2 +QKTH2i2 /i b2i Bb MQi
pBH#H2 r?2M T`Q+2bbBM; bi`2K /i- ah_1J Bb +T#H2 Q7 bQHpBM; i?2 F@K2Mb
+Hmbi2`BM; T`Q#H2K BM+`2K2MiHHv- 7QHHQrBM; i?2 T`BM+BTH2 Q7 /BpB/2@M/@+QM[m2` BM
Q`/2` iQ T`iBiBQM i?2 /i BMiQ n bKHH /i bm#b2ibX h?2 bBx2 Q7 i?Qb2 bm#b2ib
/2T2M/b QM i?2 pBH#H2 K2KQ`v M/ +M #2 2ti2M/2/ i Mv iBK2X ah_1J i?2M
mb2b i?2 n× k +Hmbi2`b b BMTmi 7Q` i?2 M2ti +Hmbi2`BM; Bi2`iBQM b b?QrM BM 6B;m`2
kXk UH27iVX h?2 /pMi;2b Q7 ah_1J HB2 BM Bib #BHBiv Q7 T`Q+2bbBM; M BM}MBi2
bi`2K Q7 /i BM QM2@Tbb r?BH2 ;2M2`iBM;  +QKT+i KQ/2H i?i +QMbBbib Q7 k
T`QiQivT2b r?B+? `2T`2b2Mi i?2 +m``2Mi +Hmbi2`b /Bbi`B#miBQM Q7 i?2 /iX ah_1J
i?mb +QMi`B#mi2b iQ i?2 *?HH2M;2 R- *?HH2M;2 j M/ *?HH2M;2 9 ++Q`/BM; iQ Qm`
HBbi Q7 +?HH2M;2bX >Qr2p2`- Bib biBHH HBKBi2/ /m2 iQ Bib `2[mB`2K2Mi Q7  T`2/2}M2/ k
r?B+? +MMQi #2 ;Bp2M BM  HB72@HQM; H2`MBM; b2iiBM;X
Ç >B2``+?B+H bi`2K +Hmbi2`BM;, >B2``+?B+H bi`2K +Hmbi2`BM; TT`Q+?2b- bm+?
b "A_*> (w_GNe)- T`QpB/2  MQM@~i `2T`2b2MiiBQM Q7 i?2 mM/2`HvBM; /iX h?2
/pMi;2 Q7 bm+?  bi`m+im`2 HB2b BM Bib BM/2T2M/2M+2 Q7  T`2/2}M2/ }t2/ MmK#2` Q7
+Hmbi2`bX "A_*> T`QpB/2b M `+?Bi2+im`2 i?i Bi Bb #b2/ QM *Hmbi2` 62im`2b U*6V
(w_GNe) r?B+? +QMbBbi Q7 imTH2b CFi = (Ni, LSxi , SSxi )- rBi? Ni #2BM; i?2 MmK#2`-
LSxi #2BM; i?2 HBM2` bmK M/ SSxi #2BM; i?2 b[m`2 bmK Q7 HH T`Q+2bb2/ /i TQBMib
i Bi2`iBQM iX *Hmbi2` 72im`2b `2 mbmHHv Q`;MBx2/ BM  ?2B;?i@#HM+2/ *6 i`22
b BHHmbi`i2/ BM 6B;m`2 kXk U`B;?iV- M/ /2T2M/ QM  #`M+?BM; T`K2i2` B M/
 i?`2b?QH/ T X h?2`2#v- T /2}M2b i?2 KtBKH `/Bmb HHQr2/ 7Q` 2+? *6@#b2/
bm#+Hmbi2`X h?2 KQbi BMi2`2biBM; bT2+i Q7 *6- #2bB/2b Bib +QKT+i `2T`2b2MiiBQM-
Bb Bib //BiBp2 T`QT2`ivX bbmKBM; CF1 = (N1, LSx1 , SSx1 ) M/ C2 = (N2, LSx2 , SSx2 )
#2BM; BMBiBH H27 MQ/2bX ++Q`/BM; iQ i?2 //BiBp2 T`QT2`iv-  +Hmbi2` CF3- r?B+?
BM+Hm/2b CF1 M/ CF2- Bb i?2M /2}M2/ b CF3 = (N1 +N2, LSx1 + LSx2 , SSx1 + SSx2 )X
h?2 "A_*> H;Q`Bi?K KF2b mb2 Q7 +Hmbi2` 72im`2b M/ bi`ib Bib T`Q+2/m`2 rBi?
#mBH/BM;  *6 i`22 mbBM; i?2 pBH#H2 K2KQ`v- BM  }`bi bi2TX Ai i?2M b+Mb i?2
H27 MQ/2b M/ `2KQp2b QmiHB2`b- BM Q`/2` iQ T`QpB/2  KQ`2 K2KQ`v 2{+B2Mi KQ/2H-

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BM  b2+QM/ bi2TX AM  i?B`/ bi2T- M 2tBbiBM; +Hmbi2`BM; TT`Q+? UQ7i2M >*V Bb
TTHB2/ iQ i?2 *6 MQ/2b BM Q`/2` iQ MQi #2 2z2+i2/ #v i?2 Q`/2` Q7 r?B+? i?2 /i
Bb T`2b2Mi2/X Pi?2` +HQb2Hv `2Hi2/ TT`Q+?2b bm+? b .2Mai`2K (*1Zwye) M/
a.ai`2K (_JyN) KF2 mb2 Q7 M 2ti2M/2/ p2`bBQM Q7 *6 +HH2/JB+`Q@*Hmbi2` UJ*V-
r?B+? HbQ BM+Hm/2 i?2 bmK Q7 iBK2biKTb LSt M/ i?2 bmK Q7 b[m`2/ iBK2biKTb
SSt BMiQ Bib p2+iQ` iQ MCi = {Ni, LSxi , SSxi , LSti , SStI}X h?2b2 //BiBQMb HHQr i?2
+`2iBQM M/ `2+HH Q7 i2KTQ`H bMTb?Qib BM r?B+? i?2 +imH /i /Bbi`B#miBQM ;2ib
biQ`2/- `2HvBM; QM i?2 //BiBp2 M/ bm#i`+iBp2 T`QT2`ivX
>Qr2p2`- HH Q7 i?Qb2 H;Q`Bi?Kb b?`2 i?2 /pMi;2 Q7 +Hmbi2` 72im`2bfKB+`Q@
+Hmbi2`b- BM T`iB+mH`- Bib +QKT+i `2T`2b2MiiBQM M/ Bib //BiBp2fbm#i`+iBp2 T`QT@
2`iv i?i HHQrb iQ K2`;2- 2ti2M/ M/ `2+HH +Hmbi2`b #v bBKTH2 //BiBQM Q` bm#i`+iBQM
Q7 i?2 *6fJ*X h?2 H;Q`Bi?Kb i?2`2#v pQB/ i?2 M22/ Q7 KmHiBTH2 b+Mb Q7 i?2 +@
imH /i M/ i?mb b+M i?2 /i BM M QMHBM2 T?b2 M/ T`Q+2bb *6fJ* BM M Q|BM2
T?b2X "A_*> M/ i?2 *6fJ* `2Hi2/ TT`Q+?2b i?mb 7Q+mb QM *?HH2M;2 R- *?H@
H2M;2 j- M/ *?HH2M;2 9X .m2 iQ Bib //BiBQMH +Hmbi2`BM; BM i?2 i?B`/ bi2T- "A_*>
HbQ +QMi`B#mi2b iQ *?HH2M;2 8 b Bi BM+`2b2b i?2 BMb2MbBiBpBiv Q7 "A_*> iQr`/b
MQBbv /iX
)LJXUH  3ULQFLSOHVRIVWUHDPFOXVWHULQJDOJRULWKPVOHIW 675($0ULJKW &) WUHH
6WUHDPGDWDFODVVLILFDWLRQ
h?2 T`Q#H2K Q7 +HbbB}+iBQM Bb T`Q##Hv i?2 KQbi rB/2Hv bim/B2/ iQTB+ BM /i KBMBM; M/
bi`2K /i KBMBM;X HbQ BM i?Bb }2H/ i?2 /TiiBQM Q7 biM/`/ +HbbB}+iBQM H;Q`Bi?Kb

 /HDUQLQJZLWKFRQWLQXRXVGDWDVWUHDPV
Bb /B{+mHi- 2bT2+BHHv /m2 iQ i?2 QM2@Tbb `2bi`B+iBQMX >Qr2p2`- i?2`2 `2 bQK2 2ti2MbBQMb Q7
2tBbiBM; +HbbB}+iBQM TT`Q+?2b- b r2HH b 2ti2MbBQMb Q7 +Hmbi2`BM; TT`Q+?2b- r?B+? ?p2
#22M bm++2bb7mHHv TTHB2/ iQ bi`2K /i +HbbB}+iBQM T`Q#H2KbX aQK2 Q7 i?Qb2 H;Q`Bi?Kb
rBHH #2 /Bb+mbb2/ BM r?i 7QHHQrbX MQi?2` BKTQ`iMi +?HH2M;2 7Q` bi`2K +HbbB}+iBQM
+M #2 7QmM/ BM MQM@biiBQM`v /i bi`2KbX b K2MiBQM2/ #27Q`2- r2 rBHH /Bb+mbb i?Bb
iQTB+ BM a2+iBQM kX9 Q7 i?Bb +?Ti2`X AM i?Bb b2+iBQM- r2 /BbiBM;mBb? #2ir22M i?`22 +QKKQM
;`QmTb Q7 /i bi`2K +HbbB}+iBQM H;Q`Bi?Kb b 7QHHQrb,
Ç TT`Q+?2b #b2/ QM 2tBbiBM; +HbbB}+iBQM KQ/2Hb, hQ bQK2 2ti2M/ 2tBbiBM;
+HbbB}+iBQM TT`Q+?2b ?p2 #22M KQ/B}2/ BM Q`/2` iQ b2`p2 b  +HbbB}+iBQM KQ/2H
7Q` bi`2K /iX o2`v 7bi /2+BbBQM i`22b Uo6.hV (u6aqRk) `2  ;QQ/ 2tKTH2 Q7
bm+? TT`Q+?2b- b i?2v BM+`2K2MiHHv #mBH/  /2+BbBQM i`22 #v //BM; M/ bTHBiiBM;
i`22 MQ/2b /2T2M/BM; QM  bKHH KQmMi Q7 i?2 BM+QKBM; bi`2K /iX h?2 H;Q`Bi?K
#mBH/b mTQM i?2 T`BM+BTH2 Q7  >Q2z/BM; i`22 U>hV M/ i?mb ;`Qrb #v ?QH/BM; i?2
bQ +HH2/ >Q2z/BM; #QmM/- r?B+? biM/b 7Q` i?2 BM7Q`KiBQM ;BM Q7 2+? ii`B#mi2X
h?2 KQbi BMi2`2biBM; bT2+i Q7 i?2 H;Q`Bi?K Bb i?2 7+i i?i Bi T2`7Q`Kb  i`BMBM;
M/ T`2/B+iBQM T`Q+2bb bBKmHiM2QmbHvX q?BH2 i`p2`bBM; i?`Qm;? i?2 i`22 BM Q`/2`
iQ /2i2`KBM2 i?2 KQbi bBKBH` H27 MQ/2- Bi bTHBib MQ/2b /2T2M/BM; QM ++mKmHi2/
biiBbiB+bX h?2 KBM /Bb/pMi;2 Q7 i?Bb TT`Q+? HB2b BM i?2 7+i i?i i?2 >Q2z/BM;
#QmM/ Bb `2[mB`2/ iQ #2 2biBKi2/ 7`QK  ;Bp2M /ib2i r?B+? i?mb M22/b iQ #2 biQ`2/X
++Q`/BM; iQ Qm` HBbi Q7 +?HH2M;2b- o6.h bQHp2b *?HH2M;2 j M/ *?HH2M;2 9- #mi
+MMQi 7mH}HH *?HH2M;2 R ++Q`/BM; iQ i?2 /2i2`KBMiBQM Q7 i?2 >Q2z/BM; #QmM/X
Ç TT`Q+?2b #b2/ QM bi`2K +Hmbi2`BM;, HbQ bi`2K +Hmbi2`BM; H;Q`Bi?Kb ?p2
#22M 2ti2M/2/ iQ +HbbB}+iBQM ibFbX PM2 +QKKQMHv mb2/ bi`2K +HbbB}+iBQM T@
T`Q+? Bb +HH2/ PM@/2KM/@+HbbB}+iBQM (>quy9)X h?Bb `+?Bi2+im`2 Bb #b2/ QM
i?2 +QM+2Ti Q7 KB+`Q@+Hmbi2`b- r?B+? ?p2 #22M 2tTHBM2/ T`2pBQmbHv BM i?Bb b2+iBQMX
"2bB/2b i?2B` //BiBp2 T`QT2`iv i?i ?2HTb iQ [mB+FHv K2`;2 +Hmbi2`b- i?2v HbQ 2Mbm`2
 bm#i`+iBp2 T`QT2`ivX h?Bb T`QT2`iv HHQrb iQ [mB+FHv `2i`B2p2 KB+`Q@+Hmbi2`b 7`QK 
`2[m2bi2/ iBK2 rBM/QrfbMTb?QiX h?2M i?2 M2`2bi M2B;?#Q` /2i2`KBM2b i?2 T`2/B+@
iBp2 +Hmbi2`X h?Bb K2Mb i?i BM  +HbbB}+iBQM ibF QM2 T`Q+2bb +QMbiMiHv +Hmbi2`b
i?2 pBH#H2 /i BMiQ  i`22 Q7 KB+`Q@+Hmbi2`b- r?BH2  b2+QM/ T`Q+2bb +M KF2 
T`2/B+iBQM 7Q` mMb22M /i TQBMib mbBM; i?2 bm#i`+iBp2 T`QT2`ivX q?BH2 QM@/2KM/@
+HbbB}+iBQM Bb p2`v 7bi- Bib T2`7Q`KM+2 Bb ?B;?Hv /2T2M/2Mi QM i?2 ?Q`BxQM Q7 i?2
KB+`Q@+Hmbi2` i`22X AM +b2 Q7 MQM@+QMp2t +i2;Q`B2b-  ?B;? ;`MmH`Biv Q7 i?2 +i2@
;Q`v `2T`2b2MiiBQM 7Q` i?Qb2 +i2;Q`B2b Bb `2[mB`2/X h?2 ?Q`BxQM Q7 i?2 KB+`Q@+Hmbi2`
i`22 i?2M ?B;?Hv 2z2+ib i?2 +HbbB}+iBQM T2`7Q`KM+2X
Ç LQp2H TT`Q+?2b, MQi?2` rB/2Hv mb2/ H;Q`Bi?K Bb Gq*Hbb (*EJayj)- r?B+?
Bb #b2/ QM i?2 H;Q`Bi?K PmiTmi :`MmH`BivX h?2 BMi2`2biBM; 7+i #Qmi i?Bb H;Q@
`Bi?K Bb i?i Bi mb2b i?2 +QKTH2i2 pBH#H2 K2KQ`v BM Q`/2` iQ #mBH/  Ki`Bt i?i
bmKK`Bx2b i?2 Q`B;BMH /iX 1+? `Qr ?QH/b  +i2;Q`v-  +QMi`B#miBQM r2B;?i M/

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A1 A2 XXX An *i2;Q`v q2B;?i
V alue(A1) V alue(A2) XXX V alue(An) *i2;Q`v H#2H s 4 OBi2Kb +QMi`B#miBM;
XXX XXX XXX XXX XXX
7DEOH  6FKHPDRID/:&ODVV0DWUL[
i?2 p2`;2/ ii`B#mi2b Q7 i?2 BMTmi /i- b b?QrM BM h#H2 kXRX  T`2/2}M2/ i?`2b?@
QH/ Bb `2bTQMbB#H2 7Q` i?2 +Hmbi2`BM;- b HH /i TQBMib `2 bbB;M2/ iQ i?2 +i2;Q`v
iQ r?B+? i?2B` 1m+HB/2M /BbiM+2 Bb #2HQr i?2 i?`2b?QH/X h?2`2#v- i?2 +QMi`B#miBQM
r2B;?i Bb BM+`2b2/ Q` /2+`2b2/ /2T2M/BM; QM  Ki+?BM; Q` KBbKi+?BM; H#2HX lM@
b22M /i TQBMib `2 i?2M T`2/B+i2/ #v i?2 r2B;?i2/ KDQ`Biv H#2H Q7 i?2 k M2`2bi
M2B;?#Q`bX h?2`2#v- i?2 +QMi`B#miBQM r2B;?i K`Fb i?2 `2H2pM+2 Q7 i?2 bT2+B}+ `Qr
M/ i?mb BM~m2M+2b Bib pQi2X h?2 KBM /Bb/pMi;2 Q7 i?Bb `+?Bi2+im`2 HB2b BM i?2
T`2/2}M2/ +Hmbi2`BM; i?`2b?QH/ M/ i?2 T`K2i2` kX q?BH2 BM T`BM+BTH2 i?2 /TiBp2
r2B;?ib BM 2+? `Qr Q7 i?2 Ki`Bt `2 bBKBH` iQ i?2 r2B;?ib 7Q` 2+? M2m`QM- i?2
+Hmbi2`BM; `2[mB`2b  [mMiBxiBQM i?`2b?QH/ r?B+? Bb /B{+mHi iQ #2 T`QpB/2/ BM M
2pQHpBM; bi`2K /i b2iiBM;X HbQ i?2 /2i2`KBMiBQM Q7  }t2/ k 7Q` i?2 T`2/B+iBQM
b22Kb BKTQbbB#H2 BM  +?M;BM; 2MpB`QMK2MiX
 'RPDLQVSHFLILFVROXWLRQV
AM `2+2Mi v2`b- i?2`2 ?p2 #22M TT`Q+?2b BM biiBbiB+b- K+?BM2 H2`MBM; M/ /i KBMBM;-
r?B+? 7Q+mb QM i?2 QMHBM2 +HbbB}+iBQM Q7 /i bi`2KbX 1bT2+BHHv- BM i?2 2@#mbBM2bb b2+iQ`
i?2v ?2HT Q`;MBxiBQMb iQ T2`7Q`K K`F2i MHvbBb- KQMBiQ`BM;- T`2/B+i 7mim`2 i`2M/bf#2@
?pBQ`b M/ KF2 T`Q@+iBp2 FMQrH2/;2 /`Bp2M /2+BbBQMbX hQQHb bm+? b i?2 aQ+BH J2/B
Ji`Bt (EEERk) M/ i?2 *GPl.r2`F2` (EEERk) ?p2 #22M /2p2HQT2/ BM Q`/2` iQ +QQ`@
/BMi2 M/ bmTTQ`i bQ+BH K2/B +iBpBiB2b Q7 #mbBM2bb +QKTMB2bX *QMp2MiBQMH PMHBM2
MHviB+H S`Q+2bbBM; UPGSV (*.Nd) M/ /i KBMBM; KQ/2Hb ?p2 #22M 2ti2M/2/ BM
Q`/2` iQ #2 +T#H2 iQ T`Q+2bb H`;2 /i bi`2Kb- rBi? i?2 ;QH Q7 +Tim`BM; i`2M/b M/
Tii2`Mb BM i?2 /i M/ 7m`i?2`KQ`2 pBbmHBxBM; i?2KX >Qr2p2`-  HQi Q7 2tT2`i FMQrH2/;2
Bb M2+2bb`v BM Q`/2` iQ mb2 i?Qb2 bvbi2Kb- #2bB/2b i?2 7+i i?i i?2v M22/ iQ #2 /Dmbi2/
7Q` 2p2`v ibF BM/BpB/mHHvX  bvbi2K rQmH/ #2 /2bB`#H2 i?i 7mH}HHb i?2 `2[mB`2K2Mib Q7
bi`2K /i +HbbB}+iBQM M/ /Q2b MQi /2T2M/ QM bm+? 2tT2`i FMQrH2/;2X

 /HDUQLQJZLWKZHDNVXSHUYLVLRQ
 /HDUQLQJZLWKZHDNVXSHUYLVLRQ
AM `2+2Mi v2`b- i?2`2 ?b #22M bm#biMiBH rQ`F BM i?2 `2 Q7 b2KB@bmT2`pBb2/ H2`MBM;-
#Qi? BM i?2 +QMi2ti Q7 +HbbB}+iBQM M/ +Hmbi2`BM; ibFbX h?Qb2 TT`Q+?2b ?p2 #22M bm+@
+2bb7mHHv TTHB2/ iQ  MmK#2` Q7 TTHB+iBQMb bm+? b i2ti +HbbB}+iBQM- Tii2`M `2+Q;MBiBQM
M/ K2/B+H /B;MQbBb (CQ- wFy3- *"oRR)X AM i?2 7QHHQrBM;- r2 rBHH ;Bp2 M Qp2`pB2r
Q7 i?2 /Bz2`2Mi +Hbb2b Q7 H;Q`Bi?Kb +QKBM; 7`QK b2KB@bmT2`pBb2/ H2`MBM;- b r2HH b /2@
b+`B#BM; i?2 /i bbmKTiBQMb i?i `2 M2+2bb`v BM Q`/2` 7Q` b2KB@bmT2`pBb2/ H2`MBM; iQ
#2 bm++2bb7mHHvX AM i?2 2M/ Q7 i?Bb b2+iBQM- r2 rBHH 7m`i?2`KQ`2 /Bb+mbb i?2 ;2M2`H b+QT2 Q7
r2F bmT2`pBbBQM M/ Hi2 H#2HBM; b QM2 bT2+BH +b2 Q7 BiX
 &DWHJRULHVRI66/ 0HWKRGV
PM2 +M /BbiBM;mBb? #2ir22M i?`22 KBM +Hbb2b Q7 b2KB@bmT2`pBb2/ H2`MBM; TT`Q+?2b,
:2M2`iBp2 JQ/2Hb- GQr@.2MbBiv a2T`iBQM M/ :`T?@#b2/ J2i?Q/bX AM r?i 7QHHQrb-
r2 rBHH /2b+`B#2 i?Qb2 +Hbb2b M/- BM T`iB+mH`- /2b+`B#2 TQTmH` TT`Q+?2b #2HQM;BM; iQ
i?2KX
Ç :2M2`iBp2 KQ/2Hb, :2M2`iBp2 KQ/2Hb BMpQHp2 i?2 2biBKiBQM Q7 i?2 +QM/BiBQMH
/2MbBiv p(x|y)- rBi? p(x) #2BM; i?2 /2MbBiv Q7 i?2 BMTmi bT+2 M/ p(y) #2BM; i?2
/2MbBiv Q7 i?2 +i2;Q`v H#2H bT+2X hvTB+HHv- i?2 1J H;Q`Bi?K Bb TTHB2/ iQ
2biBKi2 i?2 T`K2i2`b Q7 i?2 :mbbBM /Bbi`B#miBQM 7Q` 2+? +i2;Q`vX 1tBbiBM;
b2KB@bmT2`pBb2/ 2ti2MbBQMb Q7 :L: (wFy3)- BM 7+i- #mBH/ QM i?2 1J T`BM+BTH2 M/
i?mb T`Q+2bb H#2H2/ M/ mMH#2H2/ /i BM irQ b2T`i2 bi2TbX TT`Q+?2b bm+? b
aa:L: M/ *Q@h`BMBM; T`QTQb2/ #v "HmK 2i HX ("HmN3) #2HQM; iQ i?Bb +Hbb Q7
b2KB@bmT2`pBb2/ H2`MBM; TT`Q+?2bX AM +QMi`bi- Qm` TT`Q+? `2HB2b QM  bBM;H2
UQMHBM2V bi2T i?i T`2/B+ib H#2Hb 7Q` M2r 2tKTH2b M/ BM+Q`TQ`i2b i?2K BMiQ i?2
2tBbiBM; KQ/2H QM@i?2@~vX
Ç GQr@.2MbBiv a2T`iBQM, TT`Q+?2b #b2/ QM  GQr@.2MbBiv a2T`iBQM bm+?
b h`Mb/m+iBp2 aoJ UhaoJV (CQ) KF2 mb2 Q7 i?2 mMH#2H2/ /i iQ Bi2`iBp2Hv
KtBKBx2 i?2 K`;BM mbBM; H#2H2/ M/ mMH#2H2/ /i TQBMibX h?2`27Q`2- i?2 haoJ
Bb BMBiBHHv i`BM2/ rBi? QMHv H#2H2/ 2tKTH2b M/ BM+`2b2b i?2 KQmMi Q7 mMH#2H2/
/i TQBMib Bi2`iBp2HvX
Ç :`T?@#b2/ J2i?Q/b, h?2 i?B`/ +Hbb Q7 b2KB@bmT2`pBb2/ H2`MBM; H;Q`Bi?Kb `2
:`T?@#b2/ J2i?Q/b Ub22 "2HFBM 2i HX ("2Hy9)VX h?2b2 TT`Q+?2b Q`;MBx2 H#2H2/
M/ mMH#2H2/ /i TQBMib b MQ/2b BM  ;`T?X h?2 2/;2b BM i?2 ;`T? `2T`2b2Mi i?2
bBKBH`Biv #2ir22M i?2 bBM;H2 MQ/2b M/ `2 i?mb H#2H2/ rBi? i?2 /BbiM+2 #2ir22M
i?2KX JBbbBM; /BbiM+2b `2 ivTB+HHv TT`QtBKi2/ #v i?2 KBMBKH ;;`2;i2/ Ti?
Qp2` HH Ti?b +QMM2+iBM; i?Qb2 irQ MQ/2bX

&KDSWHU 5HODWHG:RUN
 'DWDDVVXPSWLRQV
AM i?Bb bm#b2+iBQM r2 rBHH /2b+`B#2 i?2 /i bbmKTiBQMb ++Q`/BM; iQ *?T2HH2 2i HX
(*?ye)- r?B+? `2 `2[mB`2/ iQ #2 7mH}HH2/ 7Q` b2KB@bmT2`pBb2/ H2`MBM; iQ #2 2z2+iBp2X
h?2b2 bbmKTiBQMb `2 BM T`iB+mH` i?2 b2KB@bmT2`pBb2/ bKQQi?M2bb bbmKTiBQM- i?2 +Hmbi2`
bbmKTiBQM M/ i?2 KMB7QH/ bbmKTiBQMX
6HPLVXSHUYLVHGVPRRWKQHVVDVVXPSWLRQ
Ç a2KB@bmT2`pBb2/ G2`MBM; bbmKTiBQM, A7 irQ TQBMib x1, x2 BM  ?B;?@/2MbBiv `2;BQM
`2 +HQb2- i?2M bQ b?QmH/ #2 i?2 +Q``2bTQM/BM; QmiTmib y1, y2X
h?Bb bbmKTiBQM //`2bb2b i?2 `2HiBQM Q7 i?2 /i TQBMib x1, x2 BM 72im`2 bT+2 M/ i?2B`
+Hbb2b y1, y2 BM i?2 +i2;Q`v bT+2X Ai BKTHB2b i?i +i2;Q`v bT+2 M/ 72im`2 bT+2 7Q`K
 bBKBH` KMB7QH/X
&OXVWHUDVVXPSWLRQ
Ç *Hmbi2` bbmKTiBQM, A7 TQBMib `2 BM i?2 bK2 +Hmbi2`- i?2v `2 HBF2Hv iQ #2 Q7 i?2
bK2 +HbbX
aBKBH` iQ i?2 b2KB@bmT2`pBb2/ H2`MBM; bbmKTiBQM- i?Bb bbmKTiBQM /2KM/b i?2 bBKBH`@
Biv Q7 i?2 irQ KMB7QH/bX >Qr2p2`- i?Bb bbmKTiBQM 2p2M ;Q2b 7m`i?2` b Bi /2KM/b i?2
/2+BbBQM #QmM/`v iQ HB2 BM  HQr@/2MbBiv `2;BQMX Ai b?QmH/ #2 K2MiBQM2/ i?i i?Bb /Q2b MQi
BKTHv i?i 2+? +i2;Q`v Bb QMHv `2T`2b2Mi2/ #v QM2 +Hmbi2`X
0DQLIROGDVVXPSWLRQ
Ç JMB7QH/ bbmKTiBQM, h?2 U?B;?@/BK2MbBQMHV /i HB2 U`Qm;?HvV QM  HQr@/BK2MbBQMH
KMB7QH/X
h?2 Hbi bbmKTiBQM /2KM/b i?2 /i iQ MQi #2 2z2+i2/ #v i?2 ǳ+m`b2 Q7 /BK2MbBQMHBivǴ
("2H8e)X AM i?Bb +b2- i?2 +m`b2 Q7 /BK2MbBQMHBiv `272`b iQ  T?2MQK2M i?i /i Q`B;@
BMiBM; 7`QK  ?B;?@/BK2MbBQMH 72im`2 bT+2 +MMQi iQ #2 `2bQM#H2 `2T`2b2Mi2/ BM 
HQr@/BK2MbBQMH KMB7QH/X b  +QMb2[m2M+2- i?2 BM+`2b2 Q7 /BK2MbBQMb +mb2b  UQ7i2M
2tTQM2MiBHV ;`Qri? Q7 i?2 MmK#2` Q7 `2T`2b2MiiBp2b BM i?2 KQ/2HX

 /HDUQLQJZLWKQRQVWDWLRQDU\GDWD
 :HDNVXSHUYLVLRQDQGODWHODEHOLQJ
G2`MBM; rBi? r2F bmT2`pBbBQM ?b `2+2MiHv #2+QK2  iQTB+ Q7 BMi2`2bi BM i?2 K+?BM2
H2`MBM; +QKKmMBivX  HQi Q7 7`K2rQ`Fb `2 2K2`;BM; bBM+2- BM+Hm/BM; a2KB@bmT2`pBb2/
G2`MBM; (wFy3- wa>Rj)- *QMbi`BM2/@#b2/ *Hmbi2`BM; ("".yy)-JmHiB@BMbiM+2 M/ JmHiB@
H#2H G2`MBM; (w>J+y3)- h`Mb72` G2`MBM; (Ch*RR) M/ JmHiB@ibF G2`MBM; (1Syd)- Dmbi
iQ MK2  72rX b i?2 /Bb+mbbBQM Q7 HH Q7 i?Qb2 7`K2rQ`Fb Bb Qmi Q7 b+QT2 7Q` i?Bb i?2bBb-
r2 7Q+mb QM b2KB@bmT2`pBb2/ H2`MBM; M/ Hi2 H#2H H2`MBM; b irQ b+2M`BQb rBi?BM i?2
`2 Q7 r2F bmT2`pBbBQMX
AM KMv TTHB+iBQMb- bm+? b bi`2K /i +HbbB}+iBQM- QMHv  bKHH KQmMi Q7 bmT2`pBbBQM
BM 7Q`K Q7 +i2;Q`v H#2Hb Bb pBH#H2X h?2 H2`MBM; H;Q`Bi?K i?2`27Q`2 Bb `2[mB`2/ iQ
KQbiHv H2`M rBi?Qmi bm+? H#2Hb /m`BM; Bib H2`MBM; T`Q+2bbX AM i?Qb2 +b2b- Bi Bb /2bB`#H2
i?i i?2 H2`MBM; H;Q`Bi?K +M miBHBx2 i?2 H`2/v H2`M2/ Tii2`Mb Q7 i?2 +i2;Q`v- BMbi2/
Q7 `2H2`MBM; M H`2/v H2`M2/ +i2;Q`v 7`QK b+`i+? 7i2` 2M+QmMi2`BM; i?2 }`bi H#2H Q7
Bi r?B+? Bb ;Bp2M BM /2HvX q2 +QMbB/2` Hi2 H#2H H2`MBM; b  b+2M`BQ BM r?B+? +i2;Q`B2b
`2 T`2b2Mi2/ iQ i?2 H2`M2` rBi?Qmi M 2tTHB+Bi H#2H 7Q` i?2 BMpQHp2/ +i2;Q`vX h?Qb2
H#2Hb `2 ;Bp2M i  Hi2` TQBMi BM iBK2 /m`BM; i?2 H2`MBM; T`Q+2bbX h?2 +?HH2M;2 Bb iQ
KF2 mb2 Q7 i?Qb2 /2Hv2/ ;Bp2M H#2Hb r?BH2 bbB;MBM; i?2K iQ i?2 +Q``2+i +i2;Q`v- M/
7m`i?2`KQ`2 miBHBxBM; i?2 H`2/v H2`M2/ bi`m+im`2b Q7 i?2 +i2;Q`v BM Q`/2` iQ [mB+FHv
;2M2`HBx2 Qp2` i?2KX
 /HDUQLQJZLWKQRQVWDWLRQDU\GDWD
AM i?Bb b2+iBQM- r2 rBHH 7Q+mb QM i?2 iQTB+ Q7 MQM@biiBQM`v /i M/ +QM+2Ti@/`B7iX H@
i?Qm;? i?Bb iQTB+ Bb p2`v BKTQ`iMi 7Q` i?2 /QKBM Q7 bi`2K /i M/ HB72@HQM; H2`MBM; BM
;2M2`H- Bi Bb MQi //`2bb2/ #v KMv bi`2K /i +HbbB}+iBQM H;Q`Bi?KbX 1bT2+BHHv i?2
H;Q`Bi?Kb /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQM Ua2+iBQM kXjV `2 MQi +T#H2 Q7 7QHHQrBM; 
+?M;BM; /i M/ +i2;Q`v /Bbi`B#miBQMX i }`bi r2 rBHH /2b+`B#2 i?2 +?HH2M;2b M/ i?2M
/Bb+mbb bQK2 Q7 i?2 KQbi `2H2pMi TT`Q+?2b BM i?Bb }2H/X 6m`i?2`KQ`2- r2 rBHH /Bb+mbb
TT`Q+?2b r?B+? ?p2 #22M BMbTB`2/ #v #BQHQ;B+H H2`MBM; KQ/2Hb M/ bQHp2 i?2 T`Q#@
H2K Q7 MQM@biiBQM`v /i #v T`QpB/BM;  irQ@H2p2H K2KQ`v@Hv2`- BM+Hm/BM;  b?Q`i@i2`K
K2KQ`v UahJV M/  HQM;@i2`K K2KQ`v UGhJVX
 &KDOOHQJHV	0HWKRGRORJLHV
AM r?i 7QHHQrb- r2 ?B;?HB;?i bQK2 +?HH2M;2b r?B+? T`iBHHv ?p2 #22M //`2bb2/ BM i?2
T`2pBQmb b2+iBQM- #mi i?Bb iBK2 rBi? M 2KT?bBb QM i?2 bT2+i Q7 +QM+2Ti@/`B7iX

&KDSWHU 5HODWHG:RUN
&KDOOHQJHVRIQRQVWDWLRQDU\GDWD
RX *QM+2Ti@/`B7i, JMv 2tBbiBM; +HbbB}2`b `2 MQi +T#H2 Q7 ?M/HBM; i?2 T?2MQK2MQM
Q7 +QM+2Ti@/`B7i- BM r?B+? #bB+HHv i?2 `2H2pMi b2i Q7 `2H2pMi +i2;Q`B2b +?M;2b Qp2`
iBK2X  +?M;BM; +i2;Q`v@/Bbi`B#miBQM ivTB+HHv Bb +QMM2+i2/ iQ  +?M;2 BM i?2 mM@
/2`HvBM; /i /Bbi`B#miBQM b r2HHX q?BH2 bQK2 H;Q`Bi?Kb `2 TQi2MiBHHv +T#H2 Q7
/TiBM; iQ MQM@biiBQM`v /i- KMv H;Q`Bi?Kb bm+? b ah_1J bbmK2 i?2 MmK@
#2` Q7 +i2;Q`B2b iQ #2 }t M/ ;Bp2M- r?B+? mbmHHv Bb MQi TQbbB#H2 BM bm+? /iX
kX 1{+2M+v, h?2 +`2iBQM M/ mT/i2 Q7  +HbbB}+iBQM KQ/2H 7Q` MQM@biiBQM`v /i
+M #2 +QKTH2t M/ +QKTHB+i2/ /m2 iQ i?2 +QM+2Ti@/`B7iX h?2 +HbbB}+iBQM KQ/2H
M22/b iQ `2KBM bBKTH2 BM i?2 b2Mb2 i?i Bi +M [mB+FHv #2 /Ti2/ M/ 2pHmi2/ r?BH2
7QHHQrBM; MQM@biiBQM`v /i- BM Q`/2` iQ F22T mT rBi? i?2 /i bi`2K BM  HB72@HQM;
H2`MBM; T`Q+2bbX
jX SHbiB+Biv M/ bi#BHBiv, q?2M [mB+FHv /TiBM; iQ MQM@biiBQM`v /i M/ +QM+2Ti@
/`B7i- i?2 +HbbB}+iBQM KQ/2H Bb `2[mB`2/ iQ `2iBM Bib bi#BHBiv iQr`/b ;2M2`HBxiBQM
Qp2` i?2 H`2/v H2`M2/ /i M/ iQ pQB/ Qp2`}iiBM;X  #HM+2 #2ir22M i?2 H2`MBM;
~2tB#BHBiv Q7 i?2 KQ/2H M/ Bib `Q#mbiM2bb Bb `2[mB`2/X
AM *?Ti2` 8- r2 rBHH BMi`Q/m+2 .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V b  bQHm@
iBQM iQ i?2b2 T`Q#H2Kb- b .uL: Bb +T#H2 Q7 T`Q+2bbBM; MQM@biiBQM`v /i 7Q` r?B+?
i?2 +QM+2Tib /`B7iX q2 rBHH 7m`i?2`KQ`2 b?Qr i?i .uL: T`QpB/2b  #2ii2` bQHmiBQM iQ
i?2 THbiB+Biv@bi#BHBiv /BH2KK i?M 2tBbiBM; :L:@#b2/ TT`Q+?2b 7Q` MQM@biiBQM`v
/iX
&ODVVLILFDWLRQRIQRQVWDWLRQDU\GDWD
h?2 }`bi +HbbB}2` 7`K2rQ`F r2 rBHH ?p2  HQQF i Bb 1Mb2K#H2@"b2/ *HbbB}+iBQM
(q6u>yj)X 1Mb2K#H2@#b2/ TT`Q+?2b ?p2 #2+QK2 [mB2i TQTmH` BM K+?BM2 H2`MBM;-
b i?2v +M #2 TTHB2/ iQ  rB/2 p`B2iv Q7 TTHB+iBQMbX h?2 KBM B/2 Q7 i?2 7`K2rQ`F Bb
iQ +QK#BM2  MmK#2` Q7 +HbbB}2`b Class1, Class2, ...Classn BM  r2B;?i2/ HBM2` +QK#BM@
iBQM EClass(xi) = ω1Class1(xi)+ω2Class2(xi)+ ...+ωnClassn(xi)- bQ i?i 2+? +HbbB}2`
Classj +QMi`B#mi2b iQ i?2 Qp2`HH QmiTmi r?2M 2pHmiBM; i?2 BMTmi xiX b T`QTQb2/ #v
qM; 2i HX (q6u>yj)- 2+? Q7 i?2 r2B;?ib Bb /vMKB+HHv /Ti2/ ++Q`/BM; iQ i?2 BM@
/BpB/mH T2`7Q`KM+2 Q7 i?2 bBM;H2 +HbbB}2`X h?2v i?mb +?M;2 Qp2` iBK2 M/ H2/ iQ 
?B;?2` `Q#mbiM2bb Q7 i?2 +HbbB}2`X Hi?Qm;? i?2 TT`Q+?2b T`iBHHv //`2bb *?HH2M;2
R M/ *?HH2M;2 j- i?2v `2 HBKBi2/ BM i?2 b2Mb2 i?i i?2B` 2{+B2M+v Bb ?B;?Hv /2T2M/2Mi
QM i?2 mb2/ +HbbB}2`bX 6m`i?2`KQ`2- i?2 b2H2+iBQM Q7 +HbbB}2`b M/ i?2B` MmK#2` Bb ?B;?Hv
ibF@/2T2M/2MiX Ai Bb /2bB`#H2 iQ T`QpB/2  KQ`2 mMB7Q`K M/ ;2M2`B+ bi`m+im`2 r?B+?
#vTbb2b i?2 `2[mB`2K2Mi Q7  /QKBM@bT2+B}+ b2H2+iBQM Q7 +HbbB}2`bX

 /HDUQLQJZLWKQRQVWDWLRQDU\GDWD
h?2 b2+QM/ TT`Q+? r?B+? r2 rBHH /Bb+mbb rb T`QTQb2/ #v Gbi M/ Bb +HH2/ PMHBM2
AM7Q`KiBQM L2irQ`F UPGALV (Gbyk)X h?Bb QMHBM2 +HbbB}2` +QMbBbib Q7  i`22@#b2/ AM7Q@
6mxxv L2irQ`F UA6LV +HbbB}+iBQM KQ/2H- M/ `2HB2b- BM +QMi`bi iQ biM/`/ /2+BbBQM i`22b-
QM i?2 +QM/BiBQMH KmimH BM7Q`KiBQM Q7 i?2 ;Bp2M /i M/ i?2B` +Q``2bTQM/BM; +i2;Q`B2bX
>Qr2p2`- i?2 KBM B/2 Q7 PGAL Bb iQ `2#mBH/ i?2 +HbbB}+iBQM KQ/2H /2T2M/BM; QM 
+HbbB}+iBQM 2``Q` `i2X h?Bb 2``Q` `i2 BM+`2b2b Q` /2+`2b2b i?2 rBM/Qr bBx2 Q7 PGAL-
/2T2M/BM; QM Bib bi#BHBivX AM Qi?2` rQ`/b i?Bb K2Mb i?i PGAL Hrvb mb2b i?2 KQbi
`2+2Mi /i iQ `2#mBH/ Bib +HbbB}+iBQM KQ/2HX b bQQM b Bi ;2ib KQ`2 bi#H2- i?2 2``Q`
`i2 /2+`2b2b M/ i?2 rBM/Qr bBx2 BM+`2b2b- 7Q` r?B+? i?2 KQ/2H Bb `2#mBHi H2bb 7`2[m2MiHvX
PGAL //`2bb2b *?HH2M;2 R- #mi i?2`2 `2 b2p2`H Bbbm2b rBi? *?HH2M;2 k M/ *?HH2M;2 jX
6B`bi Q7 HH- /2T2M/BM; QM i?2 7`2[m2M+v 7Q` r?B+?  +QM+2Ti@/`B7i Q++m`b- PGAL rBHH `2KBM
mMbi#H2X h?Bb b2MbBiBpBiv iQr`/b MQM@biiBQM`v /i KF2b Bi H2bb `Q#mbi M/ Bi Bb pHB/
iQ +HBK i?i PGAL Bb BK#HM+2/ BM i2`Kb Q7 i?2 THbiB+Biv@bi#BHBiv /BH2KKX MQi?2`
/Bb/pMi;2 Q7 PGAL Bb i?2 7+i i?i i?2 +QKTH2i2 KQ/2H Bb `2#mBHi 7`2[m2MiHvX h?Bb
`2[mB`2b i?2 2tTHB+Bi biQ`;2 Q7 /i ++Q`/BM; iQ i?2 rBM/Qr bBx2- r?B+? B7 MQi `2;mHi2/
H2/b iQ BM2{+B2M+v BM K2KQ`v M/ T`Q+2bbBM; iBK2X AM *?Ti2` 8- r2 rBHH b?Qr i?i Qm`
TT`Q+? .uL: ;`/mHHv ;`Qrb rBi?Qmi i?2 `2[mB`2K2Mi Q7 `2+`2iBM; i?2 +HbbB}2`- M/
7m`i?2`KQ`2 /Q2b MQi `2[mB`2 i?2 2tTHB+Bi biQ`;2 Q7 BMTmi /iX
 /D\HULQJRIPHPRU\
AM i?Bb b2+iBQM- r2 rBHH //`2bb MQi?2` +HQb2Hv `2Hi2/ +QM+2Ti Q7 /2HBM; rBi? i?2 THbiB+Biv@
bi#BHBiv /BH2KK- r?B+? KQbiHv +M #2 7QmM/ BM i?2 `2 Q7 *Q;MBiBp2 _Q#QiB+b (".6aRy-
_Syk- EqEy8)X h?2 H;Q`Bi?Kb +QKBM; 7`QK i?i `2b2`+? }2H/ b?`2 i?2 irQ@Hv2`2/
K2KQ`v `+?Bi2+im`2 i?i +QMbBbib Q7  b?Q`i@i2`K K2KQ`v UahJV M/  HQM;@i2`K K2KQ`v
UGhJVX "Qi? Q7 i?2 K2KQ`v bi`m+im`2b `2 b2[m2MiBHHv +QMM2+i2/ BM i?2 b2Mb2 i?i i?2
ahJ [mB+FHv /Tib iQ M2r 2pQHpBM; +i2;Q`B2b M/ /i i?2M KMB72bib BM i?2 GhJ Qp2`
iBK2X
h?2b2 TT`Q+?2b mbmHHv b?`2 i?2 7+i i?i i?2 ahJ T`QpB/2b  `TB/ KTTBM; #2ir22M
i?2 b2MbQ`v BMTmi M/  +i2;Q`BH +QM+2TiX h?Bb K2+?MBbK Bb HbQ FMQrM b 7bi KTTBM;
BM +Q;MBiBp2 b+B2M+2X h?2 GhJ i?2M #mBH/b mTQM i?2 KTTBM;b +QKBM; 7`QK i?2 ahJ BM
Q`/2` iQ KMB72bi +i2;Q`B2b BM i?2 KQ/2H Qp2` iBK2X AM i?2 rQ`F Q7 "2HHb 2i HX (".6aRy)-
M miQMQKQmb ;2Mi BM+`2K2MiHHv #mBH/b mT i?`22 /Bz2`2Mi K2KQ`B2b- BX2X qQ`H/ JQ/2H
J2KQ`v- AMi2`MH JQ/2H J2KQ`v- ai`i2;v J2KQ`v BM Q`/2` iQ BMi2`+i BM  +?M;BM;
2MpB`QMK2MiX h?2 ;2Mi T2`7Q`Kb +iBQMb BM i?2 2MpB`QMK2Mi M/ T2`+2Bp2b  722/#+F
+QKBM; 7`QK i?2 2MpB`QMK2MiX h?Qb2 +iBQM@T2`+2TiBQM TB`b `2 biQ`2/ BM i?2 ahJ M/
i?2M 7m`i?2` T`Q+2bb2/ BM i?2 GhJ- r?B+? #bB+HHv Bb 7Q`K2/ #v i?2 i?`22 K2KQ`v ivT2bX
_Qv M/ S2MiHM/ (_Syk)- TT`Q+? i?2 iQTB+ Q7 avK#QH :`QmM/BM; (>`Ny) BM i?2B` rQ`F
r?2M #mBH/BM;  bvbi2K i?i M+?Q`b rQ`/ K2MBM;b iQ m/BQ@pBbmH 2p2Mib `2HvBM; QM 

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ahJ M/ GhJX h?2`2#v- i?2 ahJ biQ`2b i?2 TB`BM;b Q7 bTQF2M mii2`M+2b M/ m/BQ@
pBbmH 2p2MibX h?2 GhJ i?2M #mBH/b mTQM i?Qb2 T`QiQivTB+H ?vTQi?2b2b M/ ;2M2`i2b
 /B+iBQM`v Q7 H2tB+H Bi2Kb M/ +Q``2bTQM/BM; m/BQ@pBbmH 2p2Mib- #b2/ QM i?2 KmimH
BM7Q`KiBQM Q7 i?2 TB`BM;b Q7 i?2 ahJX EB`bi2BM 2i HX (EqEy8) BMi`Q/m+2  ?B2``+?B+H
TT`Q+? iQ H2`M Q#D2+ib 7`QK pBbmH 72im`2bX h?2 ?B2``+?B+H TT`Q+? Bb #b2/ QM
b?T2 M/ +QHQ` 72im`2b M/ 2ti`+ib M/ biQ`2b i2KTHi2 p2+iQ`b Qmi Q7 i?2 BK;2b BM i?2
ahJ- Q7 r?B+? b?Qr i?2 Q#D2+i BM KmHiBTH2 pB2rbX h?2 GhJ i?2M /Tib Q#D2+i T`QiQivT2b
#b2/ QM i?2 p2+iQ`b Q7 i?2 ahJ #v mbBM; M AM+`2K2MiH G2`MBM; o2+iQ` ZmMiBxiBQM
TT`Q+? (s6>wyN)X
AM *?Ti2` 8- r2 rBHH /Bb+mbb i?2 BKTHB+Bi irQ@Hv2`2/ K2KQ`v `+?Bi2+im`2 Q7 .uL:X
.uL: HbQ 72im`2b  ahJ M/  GhJ- rBi? i?2 /Bz2`2M+2 i?i i?Qb2 K2KQ`v bi`m+im`2b
`2 MQi 2tTHB+Bi M/ KMB72bi BM i?2 /Bz2`2Mi M2m`QM BMb2`iBQM M/ `2KQpH bi`i2;B2bX
.uL: i?mb F22Tb Bib mMB7Q`K `+?Bi2+im`2 i?i Bb #2M2}+BH BM HB72@HQM; H2`MBM; b2iiBM;b-
b H`2/v /Bb+mbb2/X
 /HDUQLQJZLWKPXOWLYLHZGDWD
qBi? i?2 `TB/ ;`Qri? Q7 KmHiBK2/B /i- KmHiB@pB2r H2`MBM; H;Q`Bi?Kb #2+QK2 KQ`2
BMi2`2biBM;X AM i`/BiBQMH KmHiB@pB2r H2`MBM;- i?2 72im`2 p2+iQ` Q7  /QKBM Bb +QKTQb2/
#v /BbDQBMi 72im`2 bm#b2ib UpB2rbV i?i `2 bm{+B2Mi iQ H2`M  i`;2i +i2;Q`vX h?2`2#v- Bi
Bb bbmK2/ i?i i?2 pB2rb `2 +QM/BiBQMHHv BM/2T2M/2Mi- r?B+? #bB+HHv K2Mb i?i ;Bp2M
i?2 H#2H Q7 Mv 2tKTH2 Bib /2b+`BTiBQM BM 2+? pB2r Bb BM/2T2M/2Mi Q7 2+? Qi?2`X b 2+?
pB2r Bb bbmK2/ iQ #2 bm{+B2Mi iQ H2`M i?2 i`;2i +i2;Q`v- i?2 KmHiB@pB2r +?HH2M;2 +M
HbQ #22 b22M b  b2KB@bmT2`pBb2/ H2`MBM; ibF BM r?B+? i?2 H#2Hb `2 QMHv T`iBHHv ;Bp2MX
S`Q##Hv i?2 KQbi 7KQmb H;Q`Bi?K BM i?i `2 Bb *Q@h`BMBM; b BMi`Q/m+2/ #v "HmK
 JBi+?2H ("JN3)X *Q@h`BMBM; Bb  b2KB@bmT2`pBb2/ irQ@pB2r +HbbB}+iBQM r?B+? i`BMb 
+HbbB}2` T2` pB2r mbBM; H#2H2/ M/ mMH#2H2/ /i- #v +QK#BMBM; i?2 +HbbB}2`b +i2;Q`v
?vTQi?2bBb BM Q`/2` iQ BKT`Qp2 2+? BM/BpB/mH +HbbB}+iBQM T2`7Q`KM+2X h?2`27Q`2- 
Ur2FV +HbbB}2` Bb BMBiBHHv i`BM2/ rBi? i?2 H#2H2/ /i BM 2+? pB2r M/ i?2M TTHB2/
iQ i?2 mMH#2H2/ /iX h?2 KQbi +QM}/2Mi T`2/B+iBQMb Q7  pB2r `2 i?2M //2/ b M2rHv
H#2H2/ 2tKTH2b iQ i?2 Qi?2` pB2r iQ Bi2`iBp2Hv BKT`Qp2 2+? +HbbB}2`X  T`2/B+iBQM
Bb i?2M T2`7Q`K2/ #v  +QK#BM2/ +i2;Q`v pQiBM; +QKBM; 7`QK #Qi? +HbbB}2`bX MQi?2`
+HQb2Hv `2Hi2/ TT`Q+? Bb *Q@1J T`QTQb2/ #v LB;K  :?MB (L:yy)X q?BH2 Bi 7QHHQrb
i?2 bK2 T`BM+BTH2b- BM 2+? pB2r M 1J H;Q`Bi?K Bb TTHB2/ b +HbbB}2`X h?2 KBM
/Bz2`2M+2 Q7 *Q@1J +QKT`2/ iQ *Q@h`BMBM; Bb i?2 7+i i?2 *Q@1J /Q2b MQi +QKKBi iQ
 H#2H 7Q` mMH#2H2/ /i TQBMib- #mi BMbi2/ `2HB2b QM T`Q##BHBbiB+ H#2HbX AM Q`/2` iQ
KBMiBM i?2 bbmKTiBQM Q7 +QM/BiBQMH pB2r BM/2T2M/2M+2- *?`BbiQm/Bb 2i HX (*l.Rk)

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BMi`Q/m+2  KmHiB@pB2r H2`MBM; 7`K2rQ`F r?B+? /2i2+ib pB2r /Bb;`22K2Mib M/ }Hi2`b
i?2 +Q``2bTQM/BM; /i TQBMib #27Q`2 TTHvBM;  biM/`/ KmHiB@pB2r H2`MBM; H;Q`Bi?KX
>Qr2p2`- r2 2ti2M/ i?2 i`/BiBQMH KmHiB@pB2r H2`MBM; +?HH2M;2 BM i?i r2 HHQr 2+?
pB2r iQ #2 T`i Q7  /Bz2`2Mi /QKBM- BM+Hm/BM; KmHiBTH2 H#2Hb 7Q` 2+? /i BMbiM+2X b
 `2bmHi- i?2 +QM/BiBQMH BM/2T2M/2M+2 Q7 2+? pB2r +MMQi #2 bbmK2/ MvKQ`2X AMbi2/-
BM Qm` b+2M`BQ 2+? pB2r +M #2 b22M b mMB[m2 T`QT2`iv /2b+`B#BM; i?2 /i BMbiM+2X
h?Bb HbQ +?M;2b i?2 H2`MBM; ibF- b r2 /Q MQi T`2/B+i  bBM;H2 H#2H #mi  b2i Q7 H#2Hb
7Q` 2+? BMbiM+2 BMbi2/X AM *?Ti2` e- r2 rBHH BMi`Q/m+2 JmHiB@pB2r PMHBM2 :`QrBM;
L2m`H :b UoPL:V b M QMHBM2 +HbbB}2` r?B+? Bb +T#H2 Q7 H2`MBM; rBi? KmHiB@pB2r
/i M/ T`2/B+ib  H#2H 7Q` M mMb22M /i TQBMi T2` pB2rX q2 rBHH b?Qr i?i oPL:
QmiT2`7Q`Kb bBKBH` KmHiB@pB2r TT`Q+?2b QM  /ib2i 7Q` r?B+? i?2 pB2rb `2 +QKTH2i2Hv
mM+Q``2Hi2/- b r2HH b 7Q`  /ib2i BM r?B+? i?2v `2 T`iBHHv +Q``2Hi2/X
 6XPPDU\
AM i?Bb b2+iBQM- r2 ?p2 ;Bp2M M Qp2`pB2r Q7 i?2 /Bz2`2Mi +?HH2M;2b Q7 HB72@HQM; H2`MBM;- b
r2HH b Qp2` iQTQHQ;B+H 72im`2 KTbX AM T`iB+mH`- r2 /Bb+mbb2/ i?2 :`QrBM; L2m`H :b
H;Q`Bi?K b T`i Q7 i?2 iQTQHQ;B+H 72im`2 KTb 7KBHv- M/ HbQ /Bb+mbb2/ Bib ;`QrBM;
>2##BM H2`MBM;@#b2/ `+?Bi2+im`2X q2 /2b+`B#2/ 2tBbiBM; 2ti2MbBQMb Q7 :L: r?B+? BK
QM BM+`2bBM; Bib `Q#mbiM2bb- b r2HH b 2ti2M/BM; Bi iQ #2 +T#H2 Q7 T`Q+2bbBM; H#2H2/ /i-
r2FHv H#2H2/ /i M/ MQM@biiBQM`v /iX 6m`i?2`KQ`2- r2 /Bb+mbb2/ i?2 +?HH2M;2b Q7
H2`MBM; rBi? +QMiBMmQmb bi`2Kb M/ T`QpB/2/ M Qp2`pB2r Q7 i?2 KQbi +QKKQMHv mb2/
bi`2K +Hmbi2`BM; M/ bi`2K +HbbB}+iBQM H;Q`Bi?KbX q2 HbQ /Bb+mbb2/ bQK2 /QKBM@
bT2+B}+ bQHmiBQMb i?i ?p2 #22M 2bi#HBb?2/ BM 2@#mbBM2bb BM `2+2Mi v2`bX q2 2tTHBM2/
i?2 /Bz2`2Mi +Hbb2b Q7 b2KB@bmT2`pBb2/ H2`MBM; H;Q`Bi?Kb M/ /2b+`B#2/ /i bbmKTiBQMb
i?i `2 mbmHHv `2[mB`2/ 7Q` i?Qb2 H;Q`Bi?Kb iQ #2 2z2+iBp2X b  K2i +?HH2M;2 iQ b2KB@
bmT2`pBb2/ H2`MBM;- r2 /Bb+mbb2/ r2F bmT2`pBbBQM M/ BMi`Q/m+2/ i?2 bT2+BH +b2 Q7 Hi2
H#2H H2`MBM;X q2 7m`i?2`KQ`2 ;p2 M Qp2`pB2r Q7 +?HH2M;2b M/ H;Q`Bi?Kb +QKBM;
7`QK i?2 `2 Q7 MQM@biiBQM`v /i M/ BMpQHpBM; +QM+2Ti@/`B7iX h?2`2#v- r2 2tTHBM2/
i?2 THbiB+Biv@bi#BHBiv /BH2KK M/ /2b+`B#2/ #BQHQ;B+HHv BMbTB`2/ H;Q`Bi?Kb i?i T`QpB/2
 b?Q`i@i2`K M/ HQM;@i2`K K2KQ`vX AM i?2 Hbi T`i Q7 i?Bb b2+iBQM- r2 /Bb+mbb2/ i?2 KmHiB@
pB2r H2`MBM; +?HH2M;2 M/ 7m`i?2`KQ`2 2ti2M/2/ i?Bb T`Q#H2KX

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Chapter3
Classification of continuous data streams
based on OGNG
AM i?Bb +?Ti2`- r2 BMi`Q/m+2 i?2 PMHBM2 :`QrBM; L2m`H :b UP:L:V H;Q`Bi?K- BM Q`@
/2` iQ 2ti2M/ :`QrBM; L2m`H :b U:L:V (6`BN8) iQ  +HbbB}2` i?i Bb +T#H2 Q7 H2`MBM;
7`QK +QMiBMmQmb /i bi`2KbX :L: ?b #22M bm++2bb7mHHv TTHB2/ iQ mMbmT2`pBb2/ H2`MBM;
T`Q#H2KbX >Qr2p2`- :L:@BMbTB`2/ TT`Q+?2b +M HbQ #2 TTHB2/ iQ +HbbB}+iBQM T`Q#@
H2Kb- T`QpB/2/ i?2v `2 2ti2M/2/ rBi? M TT`QT`Bi2 H#2HBM; 7mM+iBQMX JQbi TT`Q+?2b
HQM; i?2b2 HBM2b ?p2 bQ 7` `2HB2/ QM bi`i2;B2b r?B+? H#2H M2m`QMb  TQbi2`BQ`B- 7i2`
i?2 i`BMBM; ?b #22M +QKTH2i2/X b  +QMb2[m2M+2- bm+? TT`Q+?2b `2[mB`2 i?2 i`BMBM;
/i iQ #2 biQ`2/ mMiBH i?2 H#2HBM; T?b2- r?B+? `mMb /B`2+iHv +QmMi2` iQ i?2 QMHBM2 Mim`2
Q7 :L:X h?mb- BM Q`/2` iQ `2biQ`2 i?2 QMHBM2 T`QT2`iv Q7 +HbbB}+iBQM TT`Q+?2b #b2/
QM :L:- r2 T`2b2Mi M TT`Q+? BM r?B+? i?2 H#2HBM; Bb T2`7Q`K2/ QMHBM2X h?Bb QMHBM2
H#2HBM; bi`i2;v #2ii2` Ki+?2b i?2 QMHBM2 Mim`2 Q7 :L: r?2`2 QMHv M2m`QMb Ĝ #mi MQ
2tTHB+Bi i`BMBM; 2tKTH2b Ĝ `2 biQ`2/X
hQ Qm` FMQrH2/;2- i?2`2 ?b #22M MQ bvbi2KiB+ BMp2biB;iBQM M/ +QKT`BbQM Q7 /Bz2`2Mi
Q|BM2 bi`i2;B2b bQ 7`-  ;T r2 BMi2M/2/ iQ }HHX h?2 [m2biBQM Q7 ?Qr :L: +M #2 2ti2M/2/
iQ M QMHBM2 +HbbB}+iBQM H;Q`Bi?K ?b HbQ MQi #22M //`2bb2/ T`2pBQmbHvX AM KQbi +b2b-
Q|BM2 bi`i2;B2b ?p2 #22M +QMbB/2`2/ i?i T2`7Q`K i?2 H#2HBM; 7i2` i?2 i`BMBM; T?b2
?b 2M/2/ M/ i?2 M2irQ`F ?b bi#BHBx2/ iQ bQK2 2ti2Mi b BM i?2 q1"aPJ (Ehyy- GENN)
M/ G#2HaPJ (_mNN) TT`Q+?2bX AM #Qi? Q7 i?2b2 TT`Q+?2b- i?2 H#2H bbB;MK2Mi Bb
2bb2MiBHHv /2i2`KBM2/ #v i?2 /BbiM+2 Q7 i?2 H#2HH2/ i`BMBM; /iTQBMi iQ i?2 M2m`QMb Q7
i?2 H`2/v i`BM2/ M2irQ`FX am+? Q|BM2 H#2HBM; bi`i2;B2b +QMi`/B+i i?2 QMHBM2 Mim`2 Q7
:L:- r?Qb2 BMi2`2biBM; T`QT2`iB2b `2 i?i i?2 M2irQ`F ;`Qrb Qp2` iBK2 M/ QMHv M2m`QMb-
#mi MQ 2tTHB+Bi 2tKTH2b- M22/ iQ #2 biQ`2/ BM i?2 M2irQ`FX b i?2 KBM +QMi`B#miBQM- Bi
rBHH #2 b?QrM i?i QMHBM2 H#2HBM; bi`i2;B2b /Q MQi /2i2`BQ`i2 i?2 T2`7Q`KM+2 +QKT`2/
iQ Q|BM2 H#2HBM; bi`i2;B2bX

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AM  +HbbB}+iBQM ibF  KQ/2H M Bb i`BM2/ iQ T`QpB/2  bQHmiBQM 7Q` i?2 7mM+iBQM f :
X → C- rBi? X #2BM; i?2 72im`2 BMTmi bT+2 M/ i?2 +Q``2bTQM/BM; +i2;Q`v bT+2 CX
h?2`2#v-M 2biBKi2b i?2 +QM/BiBQMH /2MbBiv p(X|C) rBi? p(X) #2BM; i?2 /2MbBiv Q7 i?2
72im`2 bT+2 M/ p(C) #2BM; i?2 /2MbBiv Q7 i?2 +i2;Q`v bT+2X h?2 7mM+iBQM f +M #2
b22M b T`2/B+iBQM 7mM+iBQM 7Q`  biBKmHmb xi ∈ X 7Q` r?B+? MQ +Q``2bTQM/BM; +i2;Q`v
H#2H ci ∈ C Q7 i?2 +i2;Q`v bT+2 Bb ;Bp2MX AM bi`2K /i +HbbB}+iBQM ibFb- ?Qr2p2`-
X M/ C `2 QMHv ;Bp2M #v i?2 bm#b2ib X t ⊂ X M/ Ct ⊂ C i  +2`iBM TQBMi BM iBK2
t /m`BM; i?2 H2`MBM; T`Q;`2bbX h?Bb +mb2b i?2 H2`MBM; H;Q`Bi?K iQ BM+Q`TQ`i2 X t M/
Ct 7Q` t = 1 . . . n- rBi? n MQi #2BM; }t2/X AM i?2 7QHHQrBM; r2 rBHH 7Q+mb QM i?2 +?HH2M;2b
i?i `Bb2 Qmi Q7 i?Bb bi`2K /i +HbbB}+iBQM b+2M`BQ,
Ç PM2@Tbb /i T`Q+2bbBM;, JMv BM+`2K2MiH H2`MBM; H;Q`Bi?Kb BM+Q`TQ`i2 M2r
/i BM  #i+? H2`MBM; KQ/2- BM r?B+? 2p2`v xi ∈ X t Bb T`Q+2bb2/ BM KmHiBTH2 Tbb2bX
h?Bb `2[mB`2b i?2 2tTHB+Bi biQ`;2 Q7 QM2 Q` KQ`2 X t UM/ i?2B` +Q``2bTQM/BM; CtV M/
Bb mMbmBi#H2 7Q` bi`2K /i +HbbB}+iBQMX AMbi2/- /i b?QmH/ #2 T`Q+2bb2/ BM QM2
Tbb BM Q`/2` iQ b+H2 mT iQ +QKTH2t bi`2K /i +HbbB}+iBQM ibFbX q?BH2 :L: Bb
+T#H2 Q7 T`Q+2bbBM; /i TQBMib xi ∈ X t BM QM2@Tbb- K2+?MBbKb `2 `2[mB`2/ iQ
T`Q+2bb i?2 +Q``2bTQM/BM; +i2;Q`v BM7Q`KiBQMX
Ç PMHBM2 mT/i2b, h?2 BKK2/Bi2 T`Q+2bbBM; Q7 X t BM QM2@Tbb +mb2b i?2 KQ/2H
iQ /Ti bi2TrBb2 b r2HHX h?2 /TiiBQM Q7 i?2 :L: M2irQ`F Bb #b2/ QM i?2
?2##BM H2`MBM; `mH2 M/ T2`7Q`K2/ KmHiBTH2 iBK2b U7Q` rBMM2` M2m`QMb n1, n2 M/
i?2 iQTQHQ;B+H M2B;?#Q`?QQ/ Q7 n1V BM 2p2`v Bi2`iBQM bi2TX AM Q`/2` iQ mT/i2
i?2 +HbbB}+iBQM KQ/2H #b2/ QM :L:- +i2;Q`v H#2Hb +QKBM; 7`QK Ct b?QmH/ #2
bbB;M2/ iQ i?2 M2m`QMb bi2TrBb2- ++Q`/BM; iQ i?2 KQ/2Hb +m``2Mi 2biBKi2 Q7 p(X|C)X
Ç 6bi `2bTQMb2fT`2/B+iBQM, PMHBM2 mT/i2b Q7 i?2 +HbbB}+iBQM KQ/2H HHQr i?2
+HbbB}2` iQ T`2/B+i mMb22M /i TQBMib Q` BX2X xi ∈ X t 7Q` r?B+? MQ +Q``2bTQM/BM;
ci ∈ Ct `2 ;Bp2M i Mv TQBMi BM iBK2X >Qr2p2`- BM Q`/2` iQ T`QpB/2  7bi T`2/B+iBQM-
i?2 KQ/2H M22/b iQ #2 bBKTH2 BM i?2 b2Mb2 i?i Bi +M #2 2pHmi2/ [mB+FHv M/ /2HBp2`
 ci 7Q` M mMb22M xiX :L: T`QpB/2b M `+?Bi2+im`2 BM r?B+? i?2 rBMM2` M2m`QM n1 iQ
M BMTmi biBKmHmb xi +M #2 /2i2`KBM2/ BM O(n) rBi? n #2BM; i?2 MmK#2` Q7 M2m`QMb
BM+Hm/2/ BM i?2 :L: M2irQ`FX AM Q`/2` iQ KF2 mb2 Q7 i?Bb KQ/2H `+?Bi2+im`2 BM
+HbbB}+iBQM i2`Kb- T`2/B+iBQM bi`i2;B2b `2 `2[mB`2/ i?i +M /2HBp2`  +i2;Q`v
H#2H BM O(n) b r2HHX

 &RQWULEXWLRQV
)LJXUH  2QOLQH*URZLQJ1HXUDO*DV2*1* DVFRPSRQHQWRIWKH*&0 IUDPHZRUN
 &RQWULEXWLRQV
AM i?Bb +?Ti2`- r2 T`2b2Mi M/ 2pHmi2 b2p2`H bi`i2;B2b HHQrBM; iQ T2`7Q`K i?2 H#2HBM;
QM@i?2@~v- i?mb 2ti2M/BM; :L: iQ M QMHBM2 +HbbB}+iBQM H;Q`Bi?KX q2 +QKT`2 i?2b2
bi`i2;B2b iQ b2p2`H Q|BM2 bi`i2;B2b i?i ?p2 #22M T`QTQb2/ BM i?2 HBi2`im`2 M/ 2tKBM2
BM T`iB+mH` r?2i?2` M QMHBM2 H#2HBM; bi`i2;v +M +QKT2i2 BM i2`Kb Q7 T2`7Q`KM+2- BX2X
+HbbB}+iBQM ++m`+v- rBi? M  TQbi2`BQ`B H#2HBM; bi`i2;vX AM 7+i- r2 b?Qr QM 7Qm`
/ib2ib UirQ `iB}+BH M/ irQ biM/`/ /ib2ibV i?i M QMHBM2 H#2HBM; bi`i2;v /Q2b
MQi T2`7Q`K bB;MB}+MiHv rQ`b2 +QKT`2/ iQ M Q|BM2 H#2HBM; bi`i2;vX q2 BMbi2/ b?Qr
i?i 7Q` QM2 Q7 i?2 `iB}+BH /ib2ib- BX2X aSA_GR- r2 +?B2p2 #2ii2` `2bmHib i?M  HBM2`
KmHiB@+Hbb aoJX
AM T`iB+mH`- r2 Qz2` i?2 7QHHQrBM; +QMi`B#miBQMb,
Ç P|BM2 H#2HBM; bi`i2;B2b, q2 bvbi2KiB+HHv 2pHmi2 /Bz2`2Mi Q|BM2 H#2HBM;
bi`i2;B2b 7Q` :L: BM  +HbbB}+iBQM ibFX
Ç PMHBM2 H#2HBM; M/ T`2/B+iBQM bi`i2;B2b, q2 2ti2M/ :L: #v M QM@i?2@~v
H#2HBM; M/ T`2/B+iBQM bi2T i?i HHQrb mb iQ 2ti2M/ :L: iQ M QMHBM2 +HbbB}+iBQM
H;Q`Bi?KX

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
Ç *QKT`BbQM Q7 QMHBM2 M/ Q|BM2 H#2HBM;, q2 T`2b2Mi M/ bvbi2KiB+HHv M@
Hvx2  MmK#2` Q7 QMHBM2 H#2HBM; bi`i2;B2b M/ +QKT`2 i?2K iQ i?2 Q|BM2 H#2HBM;
bi`i2;B2b- b?QrBM; i?i i?2v /Q MQi /2i2`BQ`i2 i?2 T2`7Q`KM+2 Q7  +HbbB}+iBQM
TT`Q+? #b2/ QM :L:X
Ç P:L: M/ aoJ +QKT`BbQM, AM Q`/2` iQ +QKT`2 Qm` TT`Q+? iQ  biM/`/
+HbbB}2`- r2 +QKT`2 P:L: rBi?  HBM2` KmHiB@+Hbb aoJ M/ b?Qr i?i P:L:
/2HBp2`b  +QKT`#H2 T2`7Q`KM+2 M/ 2p2M QmiT2`7Q`Kb i?2 aoJ QM irQ /ib2iX
Ç *i2;Q`v ;mB/2/ iQTQHQ;v, q2 rBHH +QKT`2 P:L: iQ  P:L: p`BiBQM UP:L:topV
r?B+? /Tib Bib M2irQ`F iQTQHQ;v ++Q`/BM; iQ i?2 mM/2`HvBM; +i2;Q`v /Bbi`B#miBQM-
BM Q`/2` iQ b?Qr BM ?Qr 7` i?2 +QMM2+iBQM Q7 M2m`QM /Bbi`B#miBQM M/ +i2;Q`v /Bb@
i`B#miBQM 2z2+ib Bib +HbbB}+iBQM T2`7Q`KM+2X
h?Bb +?Ti2` BM+Hm/2b T`ib r?B+? ?p2 H`2/v #22M T`2b2Mi2/ M/ Tm#HBb?2/ i i?2 AM@
i2`MiBQMH *QM72`2M+2 QM AMi2HHB;2Mi .i 1M;BM22`BM; M/ miQKi2/ G2`MBM; UA.1GV
("*RR) BM kyRR- b r2HH b BM i?2 AMi2`MiBQMH CQm`MH Q7 L2m`H avbi2Kb ("*Rk) BM kyRkX
 &ODVVLILFDWLRQZLWK*1*
AM Q`/2` iQ TTHv b2H7@Q`;MBxBM; TT`Q+?2b iQ +HbbB}+iBQM T`Q#H2Kb- irQ 2ti2MbBQMb `2
M2+2bb`v, BV  7mM+iBQM r?B+? bbB;Mb H#2Hb iQ M2m`QMb M/ BBV  7mM+iBQM i?i T2`7Q`Kb i?2
T`2/B+iBQM QM mMb22M /iTQBMibX aQ 7`- KBMHv Q|BM2 H#2HBM; bi`i2;B2b r?B+? `2[mB`2
i?2 2tTHB+Bi biQ`;2 Q7 H#2HH2/ i`BMBM; /i ?p2 #22M +QMbB/2`2/ 7Q` i?2 }`bi +b2 (>vQNe-
_mNN- GENN- GEye- G:y3)X h?2v T2`7Q`K i?2 bbB;MK2Mi Q7 H#2Hb iQ M2m`QMb  TQbi2`BQ`B-
7i2` i?2 i`BMBM; T?b2 ?b #22M 2M/2/X h?2 /Bz2`2M+2 #2ir22M M Q|BM2 :L:@#b2/
`+?Bi2+im`2 +QKT`2/ iQ M QMHBM2 :L:@#b2/ `+?Bi2+im`2 Bb /2TB+i2/ BM 6B;m`2 jXkX AM
i?2 mTT2` BK;2- r2 b22 i?2 Q|BM2 `+?Bi2+im`2 M/ i?i i?2 /i Bb `2[mB`2/ iQ #2 biQ`2/
BM  /i #mz2`X h?2 :L: M2irQ`F Bb i?2M i`BM2/ rBi? i?Bb /i #mz2` BM KmHiBTH2 Tbb2b
7i2`r`/bX AM +b2 Q7 i?2 QMHBM2 :L:@#b2/ `+?Bi2+im`2- MQ //BiBQMH K2KQ`v biQ`;2
Bb `2[mB`2/ b 2+? /iTQBMi Bb T`Q+2bb2/ BKK2/Bi2Hv BM QM2@Tbb- b b?QrM BM i?2 HQr2`
BK;2X
MQi?2` BKTQ`iMi `2[mB`2K2Mi 7Q`  :L: +HbbB}2` BM ;2M2`H Bb i?2 #BHBiv iQ bbB;M
H#2Hb iQ mMb22M /i TQBMib M/ i?2`2#v T`2/B+i i?2 +Hbb Q7 i?2 M2r /iTQBMi ++Q`/BM;
iQ i?2 H2`M2/ M2irQ`F KQ/2HX q?BH2 i?Bb bi2T /Q2b MQi /Bz2` BM i?2 QMHBM2 M/ Q|BM2
+HbbB}2` p2`bBQM- Bi Bb BKTQ`iMi iQ bi`2bb i?i QMHv i?2 QMHBM2 `+?Bi2+im`2 Bb +T#H2 Q7
T`2/B+iBM; M2r /i QM@i?2@~vX h?Bb Bb +`m+BH BM KMv HB72@HQM; H2`MBM; TTHB+iBQMb- b
Bi HHQrb i?2 +HbbB}2` iQ KF2  T`2/B+iBQM 2p2M /m`BM; i?2 T`Q+2bbBM; Q7 M2r /i i
Mv iBK2X h?2 Q|BM2 `+?Bi2+im`2- BMbi2/- `2[mB`2b i?2 KQ/2H iQ }MBb? Bib i`BMBM; T?b2
#27Q`2 T`2/B+iBQMX

 &ODVVLILFDWLRQZLWK*1*
)LJXUH  6LPSOLILHGRIIOLQHYV RQOLQH*1*EDVHGDUFKLWHFWXUH
AM i?2 7QHHQrBM;- biM/`/ Q|BM2 H#2HBM; bi`i2;B2b 7Q` :L: `2 /2}M2/- r?B+? +M #2
7QmM/ BM i?2 HBi2`im`2X //BiBQMHHv- r2 /2}M2 T`2/B+iBQM bi`i2;B2b i?i ?p2 #22M BMbTB`2/
#v +Hmbi2` MHvb2bX
 2IIOLQHODEHOLQJVWUDWHJLHV
AM Q`/2` iQ TTHv :L: iQ  +HbbB}+iBQM ibF- KQbi TT`Q+?2b BM i?2 HBi2`im`2 2ti2M/
i?2 H;Q`Bi?K #v irQ 7mM+iBQMbX  M2m`QM H#2HBM; 7mM+iBQM l : N → C r?2`2 C Bb i?2 b2i
Q7 +i2;Q`v H#2Hb- M/  T`2/B+iBQM 7mM+iBQM f : X → C r?2`2 X Bb i?2 BMTmi bT+2X q2
MHvx2 i?2 7QHHQrBM; Q|BM2 M2m`QM H#2HBM; 7mM+iBQMb b T`QTQb2/ #v Gm 2i HX (GEye)X
h?2v `2 Q|BM2 BM i?2 b2Mb2 i?i i?2v bbmK2 i?i i?2 TB`b (x, lx) rBi? x ∈ Xtrain ⊆ X
M/ lx ∈ C b22M BM i?2 i`BMBM; T?b2 `2 2tTHB+BiHv biQ`2/X h?2 Q|BM2 H#2HBM; bi`i2;B2b
`2 /2TB+i2/ BM 6B;m`2 jXjX
0LQLPDOGLVWDQFHPHWKRGPLQGLVW
AM i?Bb }`bi Q|BM2 bi`i2;v- i?2 H#2H Q7 i?2 T`2b2Mi2/ biBKmHmb Bb bBKTHv bbB;M2/ iQ
i?2 +HQb2bi M2m`QM BM i?2 M2irQ`FX Ai Bb i?2 KQbi +QKKQMHv mb2/ H#2HBM; bi`i2;v 7Q`
iQTQHQ;B+H 72im`2 KTb BM ;2M2`HX ++Q`/BM; iQ i?Bb bi`i2;v- M2m`QM ni /QTib i?2 H#2H
lx Q7 i?2 +HQb2bi /iTQBMi x ∈ Xtrain,
lmin−dist(ni) = lx = l(`; KBM
x∈Xtrain
|ni − x|2)

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
)LJXUH  2IIOLQH*1*EDVHGODEHOLQJVWUDWHJLHV
$YHUDJHGLVWDQFHPHWKRGDYJGLVW
h?2 b2+QM/ bi`i2;v /Bz2`b +QKT`2/ iQKBM@/Bbi BM i?i i?2 H#2H Q7  M2m`QM Bb /2i2`KBM2/
#v iFBM; HH /i TQBMib Q7 QM2 +i2;Q`v BMiQ ++QmMi- BMbi2/ Q7 Dmbi i?2 +HQb2biX h?2`27Q`2-
Bi rQmH/ MQi #2 TQbbB#H2 iQ i`Mb72` i?Bb bi`i2;v BMiQ M QMHBM2 p2`bBQM- b i?2 +QKTH2i2
i`BMBM; /i Bb `2[mB`2/X ++Q`/BM; iQ i?Bb bi`i2;v- r2 bbB;M iQ M2m`QM ni i?2 H#2H Q7
i?2 +i2;Q`v c i?i KBMBKBx2b i?2 p2`;2 /BbiM+2 iQ HH /i TQBMib H#2HH2/ rBi? +i2;Q`v
c,
lavg−dist(ni) = `;KBM
c
|X(c)|∑
k=1
|ni − xk|2
|X(c)|
r?2`2 X(c) = {x ∈ Xtrain | l(x) = c} Bb i?2 b2i Q7 HH 2tKTH2b H#2HH2/ rBi? cX
0DMRULW\PHWKRGPDMRULW\
6Q` i?2 Hbi Q|BM2 H#2HBM; bi`i2;v- i?2 M2m`QMb Q7 i?2 M2m`H M2irQ`F /BpB/2 i?2 BMTmi
bT+2 BMiQ  oQ`QMQB i2bb2HHiBQMX h?2`2#v- 2+? M2m`QM `2T`2b2Mib i?2 +2Mi2` Q7  oQ`QMQB
+2HH- b b?QrM BM 6B;m`2 jXjX ++Q`/BM; iQ i?Bb bi`i2;v- r2 H#2H M2m`QM ni rBi? i?i
+i2;Q`v c ?pBM; i?2 ?B;?2bi Qp2`HT UBM i2`Kb Q7 /i TQBMib H#2HH2/ rBi? cV rBi? i?2
/i TQBMib BM i?2 oQ`QMQB +2HH 7Q` niX q2 /2MQi2 i?2 b2i Q7 /i TQBMib BM i?2 oQ`QMQB +2HH
7Q` ni b v(ni) = {x ∈ Xtrain | ∀nj, j ̸= i : |nj − x|2 ≥ |ni − x|2} rBi?BM i?2 iQTQHQ;B+H
KT- BX2X
lmajority(ni) = `;Kt
c
|D(c) ∩ v(ni)|

 &ODVVLILFDWLRQZLWK*1*
)LJXUH  &OXVWHUDQDO\VLVLQVSLUHG*1*EDVHGSUHGLFWLRQVWUDWHJLHV
 3UHGLFWLRQVWUDWHJLHVIRU*1*
AM //BiBQM iQ i?2 M2m`QM H#2HBM; bi`i2;v- r2 M22/ iQ /2}M2 T`2/B+iBQM 7mM+iBQMb i?i
bbB;M H#2Hb iQ mMb22M 2tKTH2bX h?2b2 T`2/B+iBQM bi`i2;B2b `2 BMbTB`2/ #v HBMF;2
bi`i2;B2b ivTB+HHv mb2/ BM +Hmbi2` MHvbBb Ub22 (CQ?ed- M/dj- aM2dj)V M/ /2TB+i2/ BM
6B;m`2 jX9X
6LQJOHOLQNDJH
AM i?Bb T`2/B+iBQM bi`i2;v  M2r /iTQBMi xnew Bb H#2HH2/ rBi? i?i +i2;Q`v c Q7 i?2
M2m`QM n i?i KBMBKBx2b i?2 /BbiM+2 iQ i?Bb M2r 2tKTH2,
predsingle(xnew) = `;KBM
c
(`; KBM
n∈N(c)
|n− xnew|2)
r?2`2 N(c) = {n ∈ N | l(n) = c} Bb i?2 b2i Q7 HH M2m`QMb H#2HH2/ rBi? +i2;Q`v c
++Q`/BM; iQ QM2 Q7 i?2 #Qp2 K2MiBQM2/ M2m`QM H#2HBM; 7mM+iBQMX
$YHUDJHOLQNDJH
AM i?Bb bi`i2;v- 2tKTH2 xnew /QTib i?2 H#2H Q7 +i2;Q`v c iQ r?B+? M2m`QMb ?pBM; i?2
KBMBKH p2`;2 /BbiM+2 iQ i?2 2tKTH2,
predaverage(xnew) = `;KBM
c
(
|N(c)|∑
k=1
|nk − xnew|2
|N(c)| )

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
&RPSOHWHOLQNDJH
AM i?Bb T`2/B+iBQM bi`i2;v  M2r /iTQBMi xnew Bb H#2HH2/ rBi? +i2;Q`v c Q7 i?2 M2m`QM
n i?i KBMBKBx2b i?2 KtBKH /BbiM+2 iQ i?Bb M2r 2tKTH2,
predcomplete(xnew) = `;KBM
c
(`; Kt
n∈N(c)
|n− xnew|2)
 /LPLWDWLRQVRIEDWFKOHDUQLQJ
h?2`2 `2 b2p2`H /Bb/pMi;2b iQ i?2b2 bi`i2;B2bX 6Q` 2tKTH2- Q|BM2 H#2HBM; bi`i2;B2b
bbmK2 i?i i?2`2 Bb  /2}MBi2 2M/ Q7 i?2 i`BMBM; T?b2 7i2` r?B+? i?2 H#2HBM; +M #2
T2`7Q`K2/X h?Bb Bb Q7 +Qm`b2 MQi i?2 +b2 BM HB72@HQM; H2`MBM; b+2M`BQb BM r?B+? i`BMBM;
M/ T`2/B+iBQM `2 BMi2`H2p2/X lbBM; Q|BM2 H#2HBM; bi`i2;B2b- r2 `2 MQi #H2 iQ T2`7Q`K
T`2/B+iBQMb 7Q` mMb22M 2tKTH2b BM 2p2`v Bi2`iBQM bi2T- r?B+? Bb i?2 +`m+BH +?`+i2`BbiB+
Q7 QMHBM2 +HbbB}+iBQM TT`Q+?2bX AM i?2 `2 Q7 +Q;MBiBp2 bvbi2Kb 2M;BM22`BM;- i?2 QMHBM2
Mim`2 Q7 H2`MBM; T`Q+2bb2b Bb +`m+BH BM Q`/2` iQ H2`M +QKTH2t #2?pBQ`b BM+`2K2MiHHv
M/ +QMiBMmQmbHv (aCye)X MQi?2` /Bb/pMi;2 Q7 Q|BM2 H#2HBM; bi`i2;B2b Bb i?2 7+i i?i
i?2v /B`2+iHv `mM +QmMi2` iQ i?2 QMHBM2 Mim`2 Q7 :L:- b i`BMBM; 2tKTH2b `2 biQ`2/
2tTHB+BiHvX
 2QOLQH*URZLQJ1HXUDO*DV2*1*
AM +QMi`bi iQ Q|BM2 +HbbB}+iBQM rBi? :L:- b T`2b2Mi2/ BM i?2 T`2pBQmb a2+iBQM jXj-
r2 T`2b2Mi PMHBM2 :`QrBM; L2m`H :b UP:L:V b QMHBM2 bQHmiBQM M/ BKTH2K2MiiBQM Q7
i?2 K2MiBQM2/ QMHBM2 `+?Bi2+im`2 7`QK 6B;m`2 jXkX P:L: T2`7Q`Kb  +Hmbi2`BM; QM i?2
BMTmi /i M/ //BiBQMHHv bbB;Mb +i2;Q`v H#2Hb iQ M2m`QMb- b b?QrM BM 6B;m`2 jX8X
h?2 `2bmHiBM; +HbbB}+iBQM M2irQ`F Bb i?2M +T#H2 Q7 T`2/B+iBM; +i2;Q`v H#2Hb 7Q` M2r
/i TQBMib QM /2KM/X
 2QOLQHODEHOLQJVWUDWHJLHVIRU*1*
AM Q`/2` iQ 2ti2M/ :L: iQ M QMHBM2 +HbbB}+iBQM H;Q`Bi?K- r2 2ti2M/ i?2 #bB+ :L: #v
 bi2T BM r?B+? i?2 H#2H Q7 i?2 T`2b2Mi2/ biBKmHmb Bb bbB;M2/ iQ i?2 rBMM2` M2m`QM /m`BM;
i?2 H2`MBM; T`Q+2bbX q2 /2MQi2 i?2 rBMM2` M2m`QM 7Q` /iTQBMi x #v w(x)X HH T`2/B+iBQM
bi`i2;B2b `2 HQ+H BM i?2 b2Mb2 i?i i?2v /Q MQi +QMbB/2` Mv M2B;?#Q`BM; M2m`QMb #2bB/2b
i?2 rBMM2` M2m`QM w(x)X b i?2 H#2HBM; Bb T2`7Q`K2/ QM@i?2@~v- i?2 H#2H bbB;M2/ iQ 
M2m`QM +M +?M;2 Qp2` iBK2- bQ i?i i?2 H#2HBM; 7mM+iBQM Bb /2T2M/2Mi QM i?2 MmK#2` Q7

 2QOLQH*URZLQJ1HXUDO*DV2*1*
)LJXUH  2QOLQH*URZLQJ1HXUDO*DV2*1* SURFHVVLQJSLSHOLQH
)LJXUH  2QOLQH*1*EDVHGODEHOLQJVWUDWHJLHV
2tKTH2b i?2 M2irQ`F ?b b22M M/ ?b i?2 7QHHQrBM; 7Q`K, l : N ×T → CX q2 rBHH bBKTHv
r`Bi2 lt(ni) iQ /2MQi2 i?2 H#2H bbB;M2/ iQ M2m`QM ni 7i2` ?pBM; b22M t /i TQBMibX h?2
QMHBM2 H#2HBM; bi`i2;B2b `2 /2TB+i2/ BM 6B;m`2 jXeX
5HODEHOLQJPHWKRGUHODEHO
++Q`/BM; iQ i?Bb p2`v bBKTH2 bi`i2;v- i?2 rBMM2` M2m`QM w(x) /QTib i?2 H#2H Q7 x,
ltrelabel(ni) = lx, where ni = w(x)
)UHTXHQF\EDVHGPHWKRGIUHT
q2 bbmK2 i?i 2+? M2m`QM biQ`2b BM7Q`KiBQM #Qmi ?Qr Q7i2M  /iTQBMi Q7  +2`iBM
+i2;Q`v ?b #22M bbB;M2/ iQ ni 7i2` t 2tKTH2b ?p2 #22M T`2b2Mi2/ iQ i?2 M2irQ`F b

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
freqt(c, ni)X  M2m`QM Bb H#2HH2/ #v i?2 +i2;Q`v r?B+? KtBKBx2b i?Bb 7`2[m2M+v- BX2X
ltfreq(ni) = `;Kt
c
freqt(c, ni)
/LPLWHGGLVWDQFHPHWKRGOLPLW
++Q`/BM; iQ i?Bb bi`i2;v- i?2 rBMM2` M2m`QM ni = w(x) /QTib i?2 +i2;Q`v H#2H lx Q7 i?2
/iTQBMi x B7 i?2 /BbiM+2 #2ir22M i?2K Bb HQr2` i?M i?2 /TiBp2 /BbiM+2 θt(ni) Q7 i?2
M2m`QM niX AM +b2 Q7  bKHH2` /BbiM+2- θt(ni) rBHH #2 mT/i2/ rBi? i?2 M2r /BbiM+2X
ltlimit(ni) =
⎧⎨⎩lx, B7 |ni − x|2 ≤ θt(ni)lt−1limit(ni), else
b i?2b2 H#2HBM; bi`i2;B2b /Q MQi ;m`Mi22 i?i 2p2`v M2m`QM BM i?2 M2irQ`F Bb +imHHv
H#2HH2/- r2 M22/ iQ 2ti2M/ i?2 T`2/B+iBQM bi`i2;v iQ ?M/H2 mMH#2HH2/ M2m`QMbX 6Q` i?2
T`2b2Mi2/ T`2/B+iBQM bi`i2;B2b r2 bBKTHv B;MQ`2 mMH#2HH2/ M2m`QMb /m`BM; i?2 T`2/B+iBQM
bii2X
 2*1* $OJRULWKP
AM i?2 7QHHQrBM; r2 rBHH /2b+`B#2 i?2 bBM;H2 bi2Tb Q7 i?2 P:L: H;Q`Bi?KX h?2 +QKTH2i2
H;Q`Bi?K Bb b?QrM BM H;Q`Bi?K jX9XkX
RX AM i?2 }`bi bi2T- i?2 H;Q`Bi?K bi`ib rBi? irQ M2m`QMb- `M/QKHv TH+2/ BM i?2
72im`2 bT+2X
kX h?2 }`bi biBKmHmb x ∈ Rn Q7 i?2 BMTmi bT+2 U}`bi i`BMBM; 2tKTH2V Bb T`2b2Mi2/ iQ
i?2 M2irQ`FX
jX h?2 irQ M2m`QMb n1 M/ n2 r?B+? KBMBKBx2 i?2 1m+HB/2M /BbiM+2 iQ x `2 B/2MiB}2/
b }`bi M/ b2+QM/ rBMM2`X
9X  H#2H Bb bbB;M2/ iQ n1X h?Bb H#2HBM; /2T2M/b QM i?2 H#2HBM; bi`i2;B2b
/Bb+mbb2/ BM a2+iBQM jX9XR
8X h?2 ;2 Q7 HH 2/;2b i?i +QMM2+i n1 iQ Qi?2` M2m`QMb Bb BM+`2b2/ #v RX
eX AM i?Bb bi2T- i?2 HQ+H 2``Q` p`B#H2 error(n1) Q7 n1 Bb mT/i2/X h?Bb 2``Q` p`B#H2
rBHH #2 mb2/ Hi2` BM Q`/2` iQ /2i2`KBM2 i?2 HQ+iBQM 7Q`  M2rHv BMb2`i2/ MQ/2X

 2QOLQH*URZLQJ1HXUDO*DV2*1*
dX AM i?Bb bi2T- n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/ iQr`/b x #v 7`+iBQMb eb
M/ en- `2bT2+iBp2HvX
3X  M2r +QMM2+iBQM #2ir22M n1 M/ n2 Bb +`2i2/ M/ i?2 ;2 Q7 i?2 2/;2 Bb b2i iQ yX
NX HH 2/;2b rBi? M ;2 ;`2i2` i?M amax b r2HH b HH M2m`QMb rBi?Qmi Mv +QMM2+iBM;
2/;2 `2 `2KQp2/X
RyX .2T2M/BM; QM i?2 Bi2`iBQM M/ i?2 T`K2i2` λ-  M2r MQ/2 nr Bb BMb2`i2/ BMiQ i?2
M2irQ`FX Ai rBHH #2 BMb2`i2/ ?H7@rv #2ir22M i?2 M2m`QM nq rBi? i?2 ?B;?2bi HQ+H
2``Q` M/ Bib iQTQHQ;B+H M2B;?#Q` nf ?pBM; i?2 H`;2bi 2``Q` KQM; HH M2B;?#Q`b Q7
nqX AM //BiBQM- i?2 +QMM2+iBQM #2ir22M nq M/ nf Bb `2KQp2/ M/ #Qi? M2m`QMb `2
+QMM2+i2/ iQ nrX
RRX AM i?Bb bi2T- i?2 2``Q` p`B#H2b Q7 HH M2m`QMb `2 /2+`2b2/ #v  7+iQ` βX
RkX h?2 H;Q`Bi?K biQTb B7 i?2 biQTTBM; +`Bi2`BQM Bb K2i- BX2X- i?2 KtBKH M2irQ`F bBx2
Q` bQK2 Qi?2` T2`7Q`KM+2 K2bm`2 ?b #22M `2+?2/X
H;Q`Bi?K k PMHBM2 :`QrBM; L2m`H :b UP:L:V
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, S`2b2Mi M BMTmi p2+iQ` x ∈ Rn 7`QK i?2 BMTmi b2i Q` ++Q`/BM; iQ BMTmi /Bbi`B#miBQMX
j, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X9, bbB;M i?2 H#2H Q7 x iQ n1 ++Q`/BM; iQ i?2 T`2b2Mi H#2HBM; bi`i2;vX8, AM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1Xe, lT/i2 i?2 HQ+H 2``Q` p`B#H2 #v //BM; i?2 b[m`2/ /BbiM+2 #2ir22M ωn1 M/ xX
∆error(n1) = |ωn1 − x|2
d, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b UBX2X HH i?2 M2m`QMb +QMM2+i2/ iQ n1 #v M 2/;2V iQr`/b x #v 7`+iBQMb Q7 eb
M/ en Q7 i?2 /BbiM+2,
∆ωn1 = eb(x− ωn1 )
∆ωn = en(x− ωn)
7Q` HH /B`2+i M2B;?#Q`b Q7 n1X3, A7 n1 M/ n2 `2 +QMM2+i2/ #v M 2/;2- b2i i?2 ;2 Q7 i?2 2/;2 iQ y U`27`2b?VX A7 i?2`2 Bb MQ bm+? 2/;2- +`2i2 QM2XN, _2KQp2 2/;2b rBi? i?2B` ;2 H`;2` i?M amaxX A7 i?Bb `2bmHib BM M2m`QMb ?pBM; MQ 2KMiBM; 2/;2b- `2KQp2 i?2K b
r2HHX
Ry, A7 i?2 MmK#2` Q7 BMTmi p2+iQ`b T`2b2Mi2/ Q` ;2M2`i2/ bQ 7` Bb M BMi2;2` Q` KmHiBTH2 Q7  T`K2i2` λ- BMb2`i  M2r MQ/2
nr b 7QHHQrb,
.2i2`KBM2 mMBi nq rBi? i?2 H`;2bi 2``Q`X
KQM; i?2 M2B;?#Q`b Q7 nq - }M/ MQ/2 nf rBi? i?2 H`;2bi 2``Q`X
AMb2`i  M2r MQ/2 nr ?H7rv #2ir22M nq M/ nf b 7QHHQrb,
ωnr =
ωnq + ωnf
2
*`2i2 2/;2b #2ir22M nr M/ nq - M/ nr M/ nf X _2KQp2 i?2 2/;2 #2ir22M nq M/ nf X
.2+`2b2 i?2 2``Q` p`B#H2 Q7 nq M/ nf #v KmHiBTHvBM; i?2K rBi?  +QMbiMi αX a2i i?2 2``Q` nr rBi? i?2 M2r 2``Q`
p`B#H2 Q7 nq XRR, .2+`2b2 HH 2``Q` p`B#H2b Q7 HH M2m`QMb ni #v  7+iQ` βXRk, A7 i?2 biQTTBM; +`Bi2`BQM Bb MQi K2i- ;Q #+F iQ ai2T UkVX

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
&RPSOH[LW\LQWLPHDQGVSDFH
"27Q`2 r2 /Bb+mbb i?2 +QKTH2tBiv Q7 P:L:- Bi Bb `2[mB`2/ iQ /Bb+mbb :L: b P:L: BM@
?2`Bib Bib +QKTH2tBiv BM bT+2 BM iBK2X 6m`i?2`KQ`2- Bi Bb `2bQM#H2 iQ +QMbB/2` Hi2`MiBp2
/i bi`m+im`2b 7Q` :L: BM Q`/2` iQ ++2bb /i 2H2K2Mib UM2m`QMbV KQ`2 [mB+FHvX +@
+Q`/BM; iQ i?2 :L: H;Q`Bi?K Ub22 H;Q`Bi?K RV- KQbi QT2`iBQMb bm+? b i?2 +QKT`BbQM
Q7 i?2 72im`2 p2+iQ` Q7  biBKmHmb M/  M2m`QM +M #2 TTHB2/ BM HBM2` iBK2- mM/2` i?2
bbmKTiBQM Q7  biiB+ 72im`2 p2+iQ`X AM +b2 Q7  /vMKB+HHv ;`QrBM; 72im`2 p2+iQ`
Ub22 PMHBM2 >mKM +iBpBiv *HbbB}2` BM a2+iBQM dXkV Bi Bb /B{+mHi iQ 2biBKi2 i?2 iBK2
+QKTH2tBiv r?B+? i?2M ?B;?Hv /2T2M/b QM i?2 7+iQ` Q7 ;`Qri?X >Qr2p2`-  MBp2 :L:
BKTH2K2MiiBQM BM r?B+? M2m`QMb `2 biQ`2/ BM  HBMF2/ HBbi rQmH/ `2[mB`2 i?2 H;Q`Bi?K iQ
+QMbmHi i?2 +QKTH2i2 HBbi Q7 M2m`QMb r?2M /2i2`KBMBM; rBMM2`- b2+QM/ rBMM2` M/ M2B;?@
#Q`BM; M2m`QMb M/ rQmH/ `2bmHi BM  iBK2 +QKTH2tBiv Q7 O(n)- rBi? n #2BM; i?2 MmK#2`
Q7 M2m`QMbX AM +QMi`bi-  KQ`2 2{+B2Mi `2T`2b2MiiBQM Bb ;Bp2M #v i`22:L: r?B+? r2
H`2/v /Bb+mbb2/ BM a2+iBQM kXRXkX liBHBxBM; i?2 /i bi`m+im`2 Q7 i`22:L: `+?Bi2+im`2-
r?B+? Bb #b2/ QM  #@i`22- rQmH/ HHQr :L: iQ ?p2  iBK2 +QKTH2tBiv BM p2`;2 M/
rQ`bi +b2 Q7 O(log2n)X b 7` b i?2 +QKTH2tBiv BM bT+2 Bb +QM+2`M2/- :L: QMHv `2[mB`2b
i?2 biQ`;2 Q7 HH M2m`QMb M/ i?mb T`QpB/2b  bT+2 +QKTH2tBiv Q7 O(n)X
P:L: /QTib i?Bb +QKTH2tBiv BM bT+2 M/ iBK2 b Bib H;Q`Bi?K 7QHHQrb i?2 bK2 T`BM@
+BTH2bX P:L: BMi`Q/m+2b M //BiBQMH M2m`QM H#2HBM; bi2T r?B+? 7Q` HH QMHBM2 H#2HBM;
bi`i2;B2b U`2H#2H- 7`2[- HBKBiV HB2b BM O(1)- b BM HH i?`22 +b2b i?2 bbB;MK2Mi Bb #b2/
QM i?2 bii2 Q7 i?2 M2m`QM Bib2H7- BM T`iB+mH`- Bib +i2;Q`v H#2H- Bib 7`2[m2M+v UBM +b2
Q7 7`2[V M/ Bib θt pHm2 UBM +b2 Q7 HBKBiVX 6Q` i?2 QMHBM2 T`2/B+iBQM bi`i2;B2b i?2 +HQb2bi
M2m`QM iQ i?2 mMH#2H2/ /i TQBMi Bb `2[mB`2/ iQ #2 /2i2`KBM2/ M/ i?mb H2/b iQ  iBK2
+QKTH2tBiv Q7 O(log2n)X b M Qp2`HH `2bmHi- P:L: ?b  iBK2 +QKTH2tBiv BM p2`;2 M/
rQ`bi +b2 Q7 O(log2n)- b r2HH b b bT+2 +QKTH2tBiv BM p2`;2 M/ rQ`bi +b2 Q7 O(n)X
 $ XQLIRUPWZROHYHODUFKLWHFWXUH
AM i?2 7QHHQrBM; r2 rMi iQ bi`2bb M BKTQ`iMi bT2+i Q7 P:L: @ Bib irQ@H2p2HbX Ai
b?QmH/ #2 K2MiBQM2/ i?i i?2b2 H2p2Hb `2 MQi 2tTHB+BiHv BKTH2K2Mi2/- #mi P:L: mMB7Q`KHv
+QK#BM2b #Qi? H2p2HbX h?Bb bm#b2+iBQM b?QmH/ i?mb #2 b22M b M BMi2`T`2iiBQM Q7 i?2
mM/2`HvBM; T`BM+BTH2b Q7 P:L: M/ MQi Q7  H;Q`Bi?KB+ `+?Bi2+im`2X >Qr2p2`- b /2TB+i2/
BM 6B;m`2 jXd- P:L: BKTHB+BiHv +QMbBbib Q7  72im`2 H2p2H M/  +i2;Q`v H2p2HX h?2 72im`2
H2p2H- M/ i?mb i?2 iQTQHQ;B+H bi`m+im`2 Q7 i?2 P:L: M2irQ`F- QMHv /2T2M/b QM i?2
/Bbi`B#miBQM Q7 i?2 BMTmi /i BM 72im`2 bT+2X h?2 +i2;Q`v H2p2H BMbi2/- Bb i?2 `2bmHi
Q7 +QK#BMBM; i?2 +i2;Q`v H#2Hb rBi? M2m`QMb Q7 i?2 72im`2 H2p2HX Ai Bb i?mb i?2 `2bmHi
Q7 Qm` H#2HBM; bi`i2;B2bX AM  +HbbB}+iBQM ibF- T`2/B+iBQM bi`i2;B2b `2 TTHB2/ QM i?2
+i2;Q`v H2p2H- b Bi ?QH/b #Qi? +i2;Q`v M/ HQ+iBQM BM7Q`KiBQMX

 2QOLQH*URZLQJ1HXUDO*DV2*1*
)LJXUH  7KHLPSOLFLWWZROHYHODUFKLWHFWXUHRI2*1*
h?Bb `+?Bi2+im`2 `2p2Hb QM2 Q7 i?2 KBM /pMi;2b Q7 P:L: +QKT`2/ iQ 2tBbiBM; :L:
2ti2MbBQMb i?i BM+Q`TQ`i2 +i2;Q`v H#2H BM7Q`KiBQM- BX2X a:L:X h?2 BM/2T2M/2M+2 Q7
i?2 72im`2 H2p2H HHQrb P:L: iQ T`Q+2bb H#2H2/ M/ mMH#2H2/ /i TQBMib- BM +QMi`bi iQ
TT`Q+?2b bm+? b a:L:X AM 7+i- r?2M i`BM2/ rBi? mMH#2H2/ /i BM  +Hmbi2`BM; ibF-
P:L: rBHH T`QpB/2 M B/2MiB+H +Hmbi2`BM; +QKT`2/ iQ :L:X h?Bb Bb M /pMi;2- b BM
KMv TTHB+iBQMb H#2Hb `2 QMHv bT`b2Hv pBH#H2 M/ bQK2iBK2b `2 ;Bp2M BM /2HvX AM
a2+iBQM jXe r2 rBHH HbQ +QKT`2 P:L: iQ P:L:top  KQ/B}2/ p2`bBQM Q7 P:L: BM r?B+?
i?2 +i2;Q`v H2p2H BM~m2M+2b i?2 iQTQHQ;B+H bi`m+im`2 Q7 i?2 P:L: M2irQ`FX h?2`2#v- i?2
+HbbB}+iBQM T2`7Q`KM+2 Q7 #Qi? rBHH #2 +QKT`2/ iQ b?Qr BM ?Qr 7` i?2 T2`7Q`KM+2 Bb
2z2+i2/X
AM *?Ti2` 9- r2 rBHH 7m`i?2` BMp2biB;i2 i?2 BM+Q`TQ`iBQM Q7 mMH#2H2/ /i TQBMib 7Q` i?2
+HbbB}+iBQM ibF M/ rBHH HbQ 2pHmi2 b+2M`BQb Q7 Hi2 H#2HBM;- BM r?B+? i?2 +i2;Q`v
H#2H Bb ;Bp2M 7i2` i?2 +i2;Q`v +Hmbi2`b H`2/v ?p2 KMB72bi2/ BM i?2 72im`2 H2p2HX q2
rBHH b?Qr i?i i?2 b2KB@bmT2`pBb2/ TT`Q+? [mB+FHv /Tib iQ /2Hv2/ ;Bp2M +i2;Q`v
H#2Hb M/ i?i B7 7m`i?2`KQ`2 #2M2}ib 7`QK  T`BQ`B H2`M2/ bi`m+im`2b Q7 bm+? Hi2 H#2H
+i2;Q`B2bX

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
 'DWDVHWV
AM i?Bb b2+iBQM r2 /2b+`B#2 i?2 /ib2ib mb2/ 7Q` Qm` 2pHmiBQM rBi? P:L:X h?2`2 `2
irQ `iB}+BH /ib2ib UaSA_GR- _hV M/ irQ `2H /ib2ib UP_G- a1:VX q?BH2 P_G
M/ a1: `2 biM/`/ K+?BM2 H2`MBM; #2M+?K`F b2ib- r2 mb2 i?2 /ib2i aSA_GR
UM/ aSA_GkV i?`Qm;?Qmi i?Bb i?2bBb BM Q`/2` iQ T`QpB/2  bKHH +QMi`QHH2/ 2MpB`QMK2Mi
r?B+? r2 +M /Ti iQ i?2 BM/BpB/mH +?HH2M;2b r2 //`2bb rBi? i?2 :*J 7`K2rQ`FX AM
i?Bb +?Ti2` r2 QMHv 2pHmi2 P:L: QM MQM@bi`2K /ib2i iQ ?B;?HB;?i M/ +QKT`2 i?2
/Bz2`2Mi H#2HBM; M/ T`2/B+iBQM bi`i2;B2b BM  bKHH +QMi`QHH2/ 2MpB`QMK2MiX AM *?Ti2`
d r2 rBHH b?Qr i?2 /pMi;2 Q7 P:L: M/ .uL: Ub22 *?Ti2` 8V BM  bi`2K /i
b+2M`BQX
63,5$/
)LJXUH  9LVXDOL]DWLRQRIWKH63,5$/GDWDVHW
6Q` i?Bb /ib2i r2 ;2M2`i2/  irQ /BK2MbBQMH bTB`H b /2TB+i2/ BM 6B;m`2 jX3X aTB`Hb
`2 biM/`/ #2M+?K`F /i /Bbi`B#miBQMb 7Q` +Hmbi2`BM; ibFb M/ +M #2 7QmM/ BM KMv
2pHmiBQMb Q7 +Hmbi2`BM; H;Q`Bi?KbX aSA_GR Bb M `+?BK2/2M bTB`H r(φ) = aφ rBi? φ
M/ r(φ) #2BM; i?2 TQH` +QQ`/BMi2b M/ a = 1 #2BM; +QMbiMiX h?2 bTB`H rb ;2M2`i2/
rBi? M M;H2 #2ir22M [0 : 720] /2;`22- mMB7Q`KHv /BpB/2/ BMiQ |C| = 10 +i2;Q`B2b Udk

 'DWDVHWV
/2;`22 7Q` 2+? +i2;Q`vV M/ i?2M MQ`KHBx2/ M/ i`MbHi2/ iQ T`QpB/2 pHm2b #2ir22M
[0 : 1]X 6Q` 2+? +i2;Q`v c ∈ C M/ 2+? M;H2 φ r2 `M/QKHv bKTH2/ /i TQBMib rBi?BM
i?2 `M;2 (x− k, y − k)− (x+ k, y + k) M/ k = 0.047X h?Bb HbQ +mb2b i?2 +i2;Q`B2b iQ
Qp2`HT rBi? k = 0.047X
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)LJXUH  9LVXDOL]DWLRQRIWKH$57 GDWDVHW
h?2 b2+QM/ `iB}+BH /ib2i Bb  irQ /BK2MbBQMH :mbbBM KBtim`2 /Bbi`B#miBQM rBi? e
+i2;Q`B2b b /2TB+i2/ BM 6B;m`2 jXNX h?2 +2Mi2`b Q7 2+? :mbbBM /Bbi`B#miBQM `2 HQ+i2/
i A = [0, 6], B = [−2, 2], C = [2, 2], D = [0,−6], E = [−2,−2], F = [2,−2]X h?2 /i
TQBMib Q7 2+? +i2;Q`v `2 :mbbBM /Bbi`B#mi2/ N (µ, σ2) = 1√
2πσ2
exp{− (x−µ)22σ2 } rBi? 
biM/`/ /2`BpiBQM Q7 σ = 1X h?2 };m`2 b?Qrb i?i 2+? +i2;Q`v Qp2`HT rBi? Bib /B`2+i
iQTQHQ;B+H M2B;?#Q`b b BM i?2 aSA_GR /ib2iX

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
)LJXUH  ([DPSOHLPDJHVRI7KH25/ 'DWDEDVHRI)DFHV3
7KH25/ 'DWDEDVHRI)DFHV25/
h?2 }`bi `2H /ib2i Bb h?2 P_G .i#b2 Q7 6+2b (aKN9) #b2 r?B+? +QMiBMb 9yy
7`QMiH BK;2b Q7 ?mKMb T2`7Q`KBM; /Bz2`2Mi ;2bim`2bX h?2 /ib2i +QMbBbib Q7 9y +i2@
;Q`B2b i?i +QMbBbi Q7 9y /BbiBM+iBp2 bm#D2+ib T2`7Q`KBM; Ry 7+BH 2tT`2bbBQMb 2+?- BM+Hm/BM;
7+BH ;2bim`2b bm+? b QT2M2/ M/ +HQb2/ 2v2b- M/ bKBHBM; M/ MQi bKBHBM;X h?2 BK;2b
r2`2 iF2M i /Bz2`2Mi iBK2b rBi? p`vBM; HB;?iMBM; M/ p`vBM; 7+BH +QM/BiBQMb U;Hbb@
2bfMQ ;Hbb2bV +QM/BiBQMbX h?2 bBx2 Q7 2+? BK;2 Bb 92 × 122 rBi? k8e ;`2v b+H2 H2p2Hb
T2` TBt2HX AM Q`/2` iQ `2/m+2 i?2 ?B;? /BK2MbBQMH 72im`2 bT+2 rBi? 92 × 122 = 11224
/BK2MbBQMb- r2 /QrMb+H2/ 2+? BK;2 7`QK 92× 112 iQ 46× 56 M/ i?2`2#v `2/m+2/ i?2
MmK#2` Q7 /BK2MbBQMb iQ k8deX 7i2` i?i r2 TTHB2/  S`BM+BTH *QKTQM2Mi MHvbBb
US*V (S2yR) M/ ;BM `2/m+2/ i?2 MmK#2` Q7 /BK2MbBQMb 7`QK k8de iQ ey- +Q``2bTQM/@
BM; iQ 86.65W Q7 i?2 iQiH p`BM+2X 1tKTH2b Q7 i?2 P_G /i#b2 `2 b?QrM BM 6B;m`2
jXRyX
,PDJH6HJPHQWDWLRQGDWDVHW6(*
h?2 Hbi `2H /ib2i Bb i?2 AK;2 a2;K2MiiBQM .ib2i ("HN3)X Ai Bb  biM/`/ K+?BM2
H2`MBM; /ib2i 7`QK i?2 l*A J+?BM2 G2`MBM; _2TQbBiQ`v- BM+Hm/BM; kjRy BMbiM+2b
j?iiT,ffrrrX+HX+KX+XmFf`2b2`+?f/i;fii`+?Bp2f7+2bi;HM+2X?iKH

 (YDOXDWLRQ
Q7 d +i2;Q`B2b rBi? RN ii`B#mi2bX h?2 72im`2b ?p2 #22M 2ti`+i2/ 7`QK d Qmi/QQ`
BK;2b- b?QrBM; i?2 i2tim`2b ǵ#`B+F7+2Ƕ- ǵbFvǶ- ǵ7QHB;2Ƕ- ǵ+2K2MiǶ- ǵrBM/QrǶ- ǵTi?Ƕ M/
ǵ;`bbǶX 1+? BMbiM+2 +Q``2bTQM/b iQ  3 × 3 TBt2H `2;BQM rBi? QM2 Q7 i?2 d BK;2bX 6Q`
i?Qb2 TBt2H `2;BQMb RN ii`B#mi2b ?p2 #22M /2`Bp2/- BM+Hm/BM; p`BQmb _:"@#b2/ K2M
pHm2b U`r +QHQ` +?MM2HV b r2HH b bim`iBQM- ?m2- BMi2MbBiv K2Mb M/ ?Q`BxQMiH M/
p2`iB+H +QMi`bi Q7 /D+2Mi TBt2HbX h?2 BK;2b r2`2 ?M/@b2;K2Mi2/ BM Q`/2` iQ T`Q?B#Bi
//BiBQMH MQBb2X
 (YDOXDWLRQ
AM i?Bb b2+iBQM r2 2pHmi2 HH BMi`Q/m+2/ H#2HBM; K2i?Q/b M/ T`2/B+iBQM bi`i2;B2b iQ
MHvx2 M/ +QKT`2 i?2 /Bz2`2Mi TQbbB#H2 QMHBM2 M/ Q|BM2 :L:@+HbbB}2`bX 6m`i?2`KQ`2-
r2 rBHH +QKT`2 i?2 #2bi Q|BM2 M/ QMHBM2 p2`bBQM Q7 i?2 :L:@+HbbB}2` iQ  HBM2` KmHiB@
+Hbb aoJ- BM Q`/2` iQ b?Qr ?Qr Bib +HbbB}+iBQM T2`7Q`KM+2 b+H2b mT ;BMbi  HQM;
iBK2 2bi#HBb?2/ +HbbB}2`X q2 HbQ +QKT`2 P:L: iQ M Hi2`MiBp2 p2`bBQM Q7 P:L:
UP:L:topV- BM r?B+? i?2 +i2;Q`v H#2Hb BM~m2M+2 i?2 M2irQ`FbǶ iQTQHQ;vX
 3DUDPHWHUV	2*1*top
AM Q`/2` iQ +QKT`2 i?2 /Bz2`2Mi H#2HBM; bi`i2;B2b iQ 2+? Qi?2`- r2 +?Qb2  }t2/ b2i Q7
T`K2i2`b 7Q` :L: M/ mb2/ i?Bb b2i BM HH Q7 Qm` 2tT2`BK2MibX h?Bb b2i rb 2KTB`B+HHv
/2i2`KBM2/ QM  i`BH@M/@2``Q` #bBb i?`Qm;? T`2HBKBM`v 2tT2`BK2MibX h?2 :L: T`K2@
i2`b `2 b2i b 7QHHQrb, BMb2`iBQM T`K2i2` λ = 300c KtBKmK ;2 amax = 100c /TiiBQM
T`K2i2` 7Q` rBMM2` eb = 0.1c /TiiBQM T`K2i2` 7Q` M2B;?#Q`?QQ/ en = 0.0006c 2``Q`
p`B#H2 /2+`2b2 α = 0.5c 2``Q` p`B#H2 /2+`2b2 β = 0.0005 M/ HHQr2/  KtBKmK
MmK#2` Q7 M2m`QMb nmax = 120X h?`Qm;?Qmi HH Q7 Qm` 2tT2`BK2Mib BM i?Bb i?2bBb rBi?
i?2 /Bz2`2Mi +QKTQM2Mib Q7 :*J- r2 7QmM/ i?2 :L: T`K2i2`b iQ #2 p2`v `Q#mbi M/
i?2`27Q`2 QMHv /Dmbi2/ λ, amax M/ nmax- r?BH2 H2pBM; i?2 `2bi Q7 i?2 T`K2i2`b }tX
6Q` i?2 aoJ r2 +?Qb2  KmHiB@+Hbb aoJ rBi?  HBM2` F2`M2HX b i?2 aoJ Bb  #BM`v
+HbbB}2`-  KmHiB@+Hbb +HbbB}+iBQM T`Q#H2K BMpQHp2b i?2 mb2 Q7 M aoJ 2Mb2K#H2 BM Q`/2`
iQ b2i i?2 +Hbb2b T`i Q7 2+? Qi?2`X q2 i`BM2/ i?2 aoJ BM  QM2@pb@HH KMM2`- r?B+?
K2Mb i?i QM2 aoJ T2` +Hbb Bb +`2i2/ M/ i`BM2/ rBi? /i Q7 i?i +i2;Q`v b TQbBiBp2
2tKTH2 M/ /i 7`QK Mv Qi?2` +i2;Q`v b M2;iBp2 2tKTH2X h?2 KmHiB@+Hbb aoJ i?2M
T`2/B+ib i?2 +Hbb ?pBM; i?2 ?B;?2bi +QM}/2M+2X Ai b?QmH/ #2 K2MiBQM2/ i?i r2 `2HB2/ QM
i?2 +QKKQM aoJ HB#``v HB#aoJ (*GRR) M/ /B/ MQi BKTH2K2Mi i?2 aoJ Qm`b2Hp2bX
AM Q`/2` iQ 2tT2`BK2MiHHv 2pHmi2 BM ?Qr 7`  +QMM2+iBQM Q7 i?2 irQ Hv2`b- b /2@
b+`B#2/ BM a2+iBQM jX9Xj- BM~m2M+2b i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 P:L:- r2 /2p2HQT2/

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
P:L:topX h?2 H;Q`Bi?K Bb  p`BiBQM Q7 P:L: BM r?B+? r2 BM+Hm/2/ M //BiBQMH ai2T
Ry# U+QKT`2 iQ H;Q`Bi?K kVX AM ai2T Ry- b b?QrM BM H;Q`Bi?K j- r2 bBKTHv +QMM2+i
M2m`QMb ni, nj ∈ N r?B+? b?`2 i?2 bK2 H#2H M/ /Bb+QMM2+i i?Qb2 r?B+? `2 H#2H2/
/Bz2`2MiHvX
H;Q`Bi?K j P:L:top U//BiBQMH ai2T Ry#V
R, 7Q` HH ni, nj ∈ N rBi? ni ̸= nj /Q
k, B7 lt(ni) = lt(nj) i?2M
j, +QMM2+i ni, nj rBi? M 2/;2 UB7 i?2v `2 MQi +QMM2+i2/ v2iVX
9, 2Hb2
8, `2KQp2 i?2 2/;2 i?i +QMM2+ib ni M/ nj UBM +b2 i?2v ?p2 #22M +QMM2+i2/ #27Q`2VX
e, 2M/ B7
d, 2M/ 7Q`
 ([SHULPHQWV	5HVXOWV
6Q` i?2 2tT2`BK2Mib rBi? P:L: r2 2pHmi2/ i?2 /Bz2`2Mi H#2HBM; M/ T`2/B+iBQM bi`i2@
;B2b QM HH Q7 Qm` /ib2ib UaSA_GR- _h- P_G- a1:VX q2 //BiBQMHHv 2pHmi2/ i?2
aoJ M/ P:L:top QM aSA_GRX
6Q` aSA_GR r2 T2`7Q`K2/  Ry@7QH/ +`Qbb pHB/iBQM M/ 2pHmi2/ i?2 ++m`+v Q7 2+?
H;Q`Bi?KX 6Q` _h- P_G- a1: r2 `M/QKHv bKTH2/ Ry i`BMBM;fi2bi b2ib Qmi Q7 Qm` /i
M/ p2`;2/ i?2 ++m`+v T2`7Q`KM+2- BMbi2/X 6Q` i?2b2 /ib2ib r2 QMHv BM+Hm/2/ 9
H#2H2/ 2tKTH2b BM i?2 i`BMBM; b2iX h?2 `2bQM 7Q` i?Bb Bb i?i i?2 +HbbB}+iBQM T`Q#H2Kb
mM/2` +QMbB/2`iBQM `2 bQ bBKTH2 i?i #v mbBM; KQ`2 2tKTH2b Mv bi`i2;v vB2H/b M2`Hv
T2`72+i `2bmHib- i?mb `2M/2`BM;  +QKT`BbQM K2MBM;H2bbX
Pm` `2bmHib `2 b?QrM BM h#H2 jXR M/ h#H2 jXkX h#H2 jXR b?Qrb +HbbB}+iBQM ++m`+v
`2bmHib 7Q` p`BQmb +QM};m`iBQMb Q7 H#2HBM; K2i?Q/b UKBM@/Bbi- p;@/Bbi- KDQ`Biv- `2H#2H-
7`2[- HBKBiV M/ T`2/B+iBQM bi`i2;B2b UbBM;H2@HBMF;2- p2`;2@HBMF;2- +QKTH2i2@HBMF;2VX
6Q` 2+? /ib2i irQ i#H2b `2 b?QrM- `2T`2b2MiBM; i?2 Q|BM2 p2`bBQMb UmTT2` i#H2V- M/
i?2 QMHBM2 p2`bBQM UHQr2` i#H2V Q7 i?2 :L:@#b2/ +HbbB}2`X h?2`2#v- 2+? `Qr Q7 i?2 i#H2
`2T`2b2Mib i?2 +HbbB}+iBQM `2bmHib Q7 QM2 Q7 i?2 T`2/B+iBQM bi`i2;B2b- r?BH2 2+? +QHmKM
biM/b 7Q`  /Bz2`2Mi UQMHBM2fQ|BM2V H#2HBM; bi`i2;vX h?2 +2HHb BM 2+? i#H2 b?Qr i?2
+HbbB}+iBQM ++m`+v p2`;2/ Qp2` i?2 Ry@7QH/bX //BiBQMHHv r2 HbQ T`QpB/2/ p2`;2
`2bmHib 7Q` 2p2`v H#2HBM; bi`i2;v Ui i?2 2M/ Q7 2+? +QHmKMV M/ 2p2`v T`2/B+iBQM bi`i2;v
Ui i?2 2M/ Q7 2+? `QrVX h?2 ?B;?HB;?i2/ +2HHb `2~2+i i?2 #2bi p2`;2/ `2bmHiX h?2 b2+QM/
i#H2 Uh#H2 jXkV /2TB+ib i?2 `2bmHib Q7 Qm` +QKT`BbQM #2ir22M P:L:- P:L:top M/
aoJX 6Q` i?2b2 2tT2`BK2Mib P:L: M/ P:L:top KF2 mb2 Q7 i?2 `2H#2H QMHBM2 H#2HBM;
K2i?Q/ M/ i?2 bBM;H2@HBMF;2 T`2/B+iBQM bi`i2;vX

 (YDOXDWLRQ
aSA_GR
P66GAL1 JBM@/Bbi p;@/Bbi JDQ`Biv p2`;2
aBM;H2 NkXe NRXN N9Xj NkXN
p2`;2 3dXy 3kXR 38Xj 39X3
*QKTH2i2 e3X9 eRX8 e8X9 e8XR
p2`;2 3kXe d3X8 3RXd
PLGAL1 _2H#2H 6`2[ GBKBi p2`;2
aBM;H2 NkX3 NkXN NRXe NkX9
p2`;2 38X8 38Xd 3eXe 38XN
*QKTH2i2 e3X8 edXd e3Xj e3Xk
p2`;2 3kXj 3kXR 3kXk
P_G
P66GAL1 JBM@/Bbi p;@/Bbi JDQ`Biv p2`;2
aBM;H2 3jXj 3kXN 3dXy 39X9
p2`;2 ddX8 ddX8 ddXN ddXe
*QKTH2i2 ekX8 ekXy ejXj ekXe
p2`;2 d9X9 d9XR deXy
PLGAL1 _2H#2H 6`2[ GBKBi p2`;2
aBM;H2 3eXd 3eXd 3dXy 3eX3
p2`;2 3yXN 3kXN 3kXN 3kXk
*QKTH2i2 ejXj ekXN ejXj ejXk
p2`;2 ddXy ddX8 ddXd
_h
P66GAL1 JBM@/Bbi p;@/Bbi JDQ`Biv p2`;2
aBM;H2 3NX8 3NX9 3NX8 3NX8
p2`;2 NRXN NRXN NkXN NkXk
*QKTH2i2 NyX8 NRXk NyX9 NyXd
p2`;2 NyXe NyX3 NyXN
PLGAL1 _2H#2H 6`2[ GBKBi p2`;2
aBM;H2 3NX8 3NX8 3NX8 3NX8
p2`;2 NkXN NkXN NkXN NkXN
*QKTH2i2 NyX9 NyX9 NyX9 NyX9
p2`;2 NyXN NyXN NyXN
a1:
P66GAL1 JBM@/Bbi p;@/Bbi JDQ`Biv p2`;2
aBM;H2 dkXN e9X9 djXe dyXj
p2`;2 ekXy 8NXd edXe ejXR
*QKTH2i2 8eXk 9NX8 8eXy 8jXN
p2`;2 ejXd 8dXN e8X3
PLGAL1 _2H#2H 6`2[ GBKBi p2`;2
aBM;H2 djXe djXe djXe djXe
p2`;2 edXe edXe edXe edXe
*QKTH2i2 8eXy 8eXy 8eXy 8eXy
p2`;2 e8Xd e8Xd e8Xd
7DEOH  &ODVVLILFDWLRQDFFXUDF\UHVXOWVRIIOLQHYV RQOLQH*1*EDVHGFODVVLILHU
5HVXOWV
h?2 `2bmHib HB+2Mb2 i?2 7QHHQrBM; Q#b2`piBQMb,
Ç *QKT`BbQM Q7 Q|BM2 H#2HBM; bi`i2;B2b, ++Q`/BM; iQ h#H2 jXR- i?2`2 Bb MQ
H#2HBM; K2i?Q/ r?B+? bB;MB}+MiHv QmiT2`7Q`Kb i?2 Qi?2`bX *QKT`BM; i?2 ++m`+v
`2bmHib p2`;2/ Qp2` HH T`2/B+iBQM bi`i2;B2b- i?2 KDQ`Biv K2i?Q/ Bb i?2 KQbi 2z2+@
iBp2 H#2HBM; K2i?Q/ 7Q` i?2 /ib2ib U_h- P_G- a1:V b Bi T`QpB/2b i?2 ?B;?2bi
++m`+v rBi? 90.9W- 76.0W- 65.8W- 7QHHQr2/ #v i?2 KBM@/Bbi K2i?Q/ rBi? 90.6W-
74.4W- 63.7W M/ i?2 p;@/Bbi K2i?Q/ rBi? 90.8W- 74.1W- 57.9WX 6Q` i?2 aSA_GR
/ib2i KBM@/Bbi +?B2p2b bHB;?iHv #mi MQi bB;MB}+MiHv #2ii2` `2bmHib i?M KDQ`Biv
rBi? 82.6W +QKT`2/ iQ M p2`;2/ ++m`+v Q7 81.7WX *QM+2`MBM; i?2 T`2/B+iBQM
bi`i2;B2b- i?2 bBM;H2@HBMF;2 T`2/B+iBQM bi`i2;v b?Qrb #2bi `2bmHib p2`;2/ Qp2` HH
K2i?Q/b 7Q` i?2 /ib2ib UaSA_GR- P_G- a1:V rBi? 92.9W- 84.4W- 70.3W- 7QH@
HQr2/ #v i?2 p2`;2@HBMF;2 T`2/B+iBQM bi`i2;v rBi? M ++m`+v Q7 84.8W- 62.6W-
63.1WX h?2 +QKTH2i2@HBMF;2 vB2H/b i?2 rQ`bi `2bmHib rBi? M p2`;2/ ++m`+v Q7
65.1W- 62.6W- 53.9WX AM +b2 Q7 i?2 _h /ib2i- p2`;2@HBMF;2 vB2H/b i?2 #2bi

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
`2bmHib rBi? 92.2W +QKT`2/ iQ 90.7W 7Q` +QKTH2i2@HBMF;2 M/ 89.5W 7Q` bBM;H2@
HBMF;2X >Qr2p2`- r2 TTHB2/  QM2@iBH2/ i@i2bi M/ +QmH/ MQi T`Qp2 i?Qb2 `2bmHib iQ
#2 bB;MB}+MiHv /Bz2`2MiX
Ç *QKT`BbQM Q7 QMHBM2 H#2HBM; bi`i2;B2b, ++Q`/BM; iQ h#H2 jXR- HH i?`22
QMHBM2 H#2HBM; bi`i2;B2b `2 HbQ HKQbi 2[mH BM i?2B` +HbbB}+iBQM T2`7Q`KM+2X
h?2 HBKBi K2i?Q/ T2`7Q`Kb bHB;?iHv #2ii2` i?M i?2 Qi?2` irQ K2i?Q/b QM i?2 /ib2ib
U_h- P_G- a1:V M/ +?B2p2b M ++m`+v Q7 90.9W- 77.7W- 65.7W- 7QHHQr2/ #v
i?2 7`2[ K2i?Q/ rBi? M ++m`+v Q7 90.9W- 77.5W- 65.7W M/ i?2 `2H#2H K2i?Q/
rBi? M ++m`+v Q7 90.9W- 77.0W- 65.7WX ;BM- aSA_GR 7Q`Kb M 2t+2TiBQM b
7Q` i?Bb /ib2i `2H#2H T2`7Q`Kb bHB;?iHv #2ii2` rBi? M ++m`+v Q7 82.3W +QKT`2/
iQ 82.2W Q7 HBKBiX b 7Q` i?2 T`2/B+iBQM bi`i2;B2b- ?2`2 Bi Bb HbQ i?2 +b2 i?i i?2
bBM;H2@HBMF;2 T`2/B+iBQM Bb i?2 #2bi +?QB+2 7Q` i?2 /ib2ib UaSA_GR- P_G- a1:V
rBi? M ++m`+v Q7 92.4W- 86.8W- 73.6W- 7QHHQr2/ #v i?2 p2`;2@HBMF;2 T`2/B+iBQM
rBi? M ++m`+v Q7 85.9W- 82.2W- 67.6W M/ i?2 +QKTH2i2@HBMF;2 T`2/B+iBQM rBi?
M ++m`+v Q7 68.2W- 63.2W- 56.0WX 6Q` i?2 _h /ib2i- p2`;2@HBMF;2 T2`7Q`Kb
#2bi rBi? 92.9W- 7QHHQr2/ #v +QKTH2i2@HBMF;2 rBi? 90.7W M/ bBM;H2@HBMF;2 rBi?
89.5WX
Ç *QKT`BbQM Q7 QMHBM2 M/ Q|BM2 H#2HBM; bi`i2;B2b, *QKT`BM; i?2 p2`@
;2/ ++m`+v Q7 HH H#2HBM; K2i?Q/b Q7 h#H2 jXR- i?2 `2bmHib b?Qr i?i i?2`2 Bb MQ
bB;MB}+Mi /Bz2`2M+2 #2ir22M i?2K BM i2`Kb Q7 T2`7Q`KM+2X AM 7+i- r2 T2`7Q`K2/
i@i2bib +QKT`BM; i?2 #2bi QMHBM2 K2i?Q/b UHBKBif`2H#2HV rBi? i?2 #2bi Q|BM2 K2i?@
Q/b UKDQ`BivfKBM@/BbiV - mbBM; bBM;H2@HBMF;2- M/ +QmH/ MQi T`Qp2 Mv bB;MB}+Mi
/Bz2`2M+2 BM i?2B` +?B2p2/ T2`7Q`KM+2X q2 i?mb +QMbB/2` i?Qb2 `2bmHib b #2BM;
+QKT`#H2X h?2 QMHBM2 H#2HBM; K2i?Q/b 2p2M T`QpB/2  bHB;?iHv ?B;?2` ++m`+v QM
i?2 /ib2ib _h- P_G M/ a1:X
Ç *QKT`BbQM Q7 P:L: M/ aoJ, b /2TB+i2/ BM h#H2 jXk- P:L: /2HBp2`b M
p2`;2/ ++m`+v r?B+? Bb +QKT`#H2 iQ i?2 T2`7Q`KM+2 +?B2p2/ #v i?2 aoJ
+HbbB}2`X 6Q` i?2 /ib2ib UaSA_GR- _hV- P:L: T`QpB/2b  #2ii2` T2`7Q`KM+2
rBi? 92.8W- 89.5W +QKT`2/ iQ 88.6W- 88.8W Q7 i?2 aoJX 6Q` i?2 Qi?2` /ib2ib
UP_G- a1:V i?2 aoJ `2M/2`b Bib2H7 b #2bi +?QB+2 rBi? M p2`;2/ ++m`+v Q7
90.4W- 74.5W +QKT`2/ iQ P:L: rBi? M ++m`+v Q7 86.7W- 73.6WX q2 TTHB2/ 
i@i2bi QM i?2 `2bmHib Q7 #Qi? +HbbB}2`b UP:L: M/ aoJV 7Q` HH 7QH/b Q7 HH /ib2ib
M/ +QmH/ T`Qp2 i?i P:L: bB;MB}+MiHv QmiT2`7Q`Kb i?2 aoJ QM aSA_GR r?BH2
i?2 aoJ bB;MB}+MiHv QmiT2`7Q`Kb P:L: QM P_G- rBi?  T@pHm2 < 0.05X 6Q` i?2
Qi?2` irQ /ib2ib U_h- a1:V i?2`2 Bb MQ bB;MB}+Mi /Bz2`2M+2 BM i2`Kb Q7 T2`7Q`Kb
i  T@H2p2H Q7 p > 0.05X
Ç *QKT`BbQM Q7 P:L: M/ P:L:top, AM h#H2 jXk r2 +M b22 i?i P:L:
+H2`Hv QmiT2`7Q`Kb P:L:top QM HH /ib2ib UaSA_GR- _h- P_G- a1:V rBi? M
++m`+v Q7 92.8W- 89.5W- 86.7W- 73.6W +QKT`2/ iQ 89.8W- 81.0W- 80.9W- 62.6WX

 (YDOXDWLRQ
q2 HbQ TTHB2/ i@i2bi 7Q` i?2 `2bmHib Q7 P:L: M/ P:L:top M/ +QmH/ T`Qp2 i?i
P:L: bB;MB}+MiHv QmiT2`7Q`Kb P:L:top QM i?2 /ib2ib U_h- P_G- a1:VX Ai
b?QmH/ #2 K2MiBQM2/ i?i r2 2tT2`B2M+2/  ?B;?2` +QKTmiiBQM iBK2 7Q` P:L:top
+QKT`2/ iQ P:L:X
Ç AKT+i Q7 K2KQ`v, ai`i2;B2b `2HvBM; QM bQK2 bQ`i Q7 K2KQ`v U2X;X biQ`BM; i?2
7`2[m2M+v Q7 b22M H#2Hb b BM i?2 7`2[ K2i?Q/V- /Q MQi T2`7Q`K bB;MB}+MiHv #2ii2`
i?M  bBKTH2 +QMi2ti@7`22 UQ` K2KQ`v@H2bbV K2i?Q/ U`2H#2H K2i?Q/V T2`7Q`KBM;
/2+BbBQMb QM i?2 #bBb Q7 M2r /i TQBMib QMHvX h?Bb b?Qrb i?i i?2 BKTH2K2MiiBQM
Q7  H#2H K2KQ`v /Q2b MQi 2M?M+2 i?2 +HbbB}2`b T2`7Q`KM+2X
P:L: P:L:top aoJ
aSA_GR NkX3 3NX3 33Xe
_h 3NX8 3RXy 33X3
P_G 3eXd 3yXN NyX9
a1: djXe ekXe d9X8
p2`;2 38Xd d3Xe 38Xe
7DEOH  &ODVVLILFDWLRQDFFXUDF\UHVXOWV2*1*2*1*top 690
 'LVFXVVLRQ
h?2 `2bmHib Q7 Qm` 2tT2`BK2Mib b?Qr i?i mbBM; QMHBM2 H#2HBM; bi`i2;B2b /Q2b MQi bB;MB7@
B+MiHv /2i2`BQ`i2 i?2 T2`7Q`KM+2 Q7  +HbbB}2` #b2/ QM :L: BM +QKT`BbQM iQ mbBM;
Q|BM2 H#2HBM; bi`i2;B2bX M QT2M [m2biBQM Bb BM 7+i BM ?Qr 7` i?2 H#2Hb Q7 i?2 M2m`QMb
+imHHv /Bz2` 7`QK 2+? Qi?2` r?2M mbBM; QMHBM2 pbX Q|BM2 H#2HBM; bi`i2;B2bX A7 i?2 H#2Hb
Qp2`HT iQ  ?B;? /2;`22- i?Bb rQmH/ 2tTHBM r?v i?2 ++m`+v Q7 #Qi? TT`Q+?2b Bb +QK@
T`#H2X AM Q`/2` iQ b?2/ HB;?i QM i?Bb Bbbm2- r2 +QKT`2/ i?2 H#2Hb bbB;M2/ iQ M2m`QMb
mbBM; i?2 QMHBM2 H#2HBM; bi`i2;B2b rBi? i?Qb2 bbB;M2/ #v Q|BM2 H#2HBM; bi`i2;B2b i i?2
2M/ Q7 i?2 i`BMBM; T?b2- [mMiB7vBM; i?2 T2`+2Mi;2 Q7 M2m`QMb 7Q` r?B+? #Qi? K2i?Q/b
;`22 QM i?2 H#2HX q2 +``B2/ Qmi i?Bb MHvbBb mbBM; i?2 bBM;H2@HBMF;2 T`2/B+iBQM bi`i2;v
Up2`;2/ Qp2` i?2 i?`22 /ib2ib _h- P_G- a1:V b Bi rb i?2 #2bi T2`7Q`KBM; bi`i2;v
BM KQbi Q7 Qm` 2tT2`BK2Mib /2b+`B#2/ #Qp2X h?2 `2bmHib `2 bmKK`Bx2/ BM h#H2 jXjX
q2 +M b22 i?i BM ;2M2`H i?2`2 Bb  p2`v ?B;? ;`22K2Mi BM i?2 H#2H bbB;M2/ #2ir22M
i?2 /Bz2`2Mi H#2HBM; bi`i2;B2b- BX2X i?2 H#2Hb `2 i?2 bK2 7Q` Qp2` 85W Q7 i?2 M2m`QMb
BM/2T2M/2Mi Q7 i?2 K2i?Q/b +QKT`2/X h?Bb b?Qrb i?i i?2 QMHBM2 M/ i?2 Q|BM2 H#2HBM;
bi`i2;B2b mHiBKi2Hv bbB;M HKQbi i?2 bK2 H#2Hb iQ i?2 M2m`QMb M/ i?mb 2tTHBMb i?2
+HQb2M2bb Q7 i?2 `2bmHib BM i2`Kb Q7 +HbbB}+iBQM T2`7Q`KM+2X

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
S2`+2Mi;2 _2H#2H 6`2[ GBKBi
Q7 H#2H ;`22K2Mi K2i?Q/ K2i?Q/ K2i?Q/
JBM@/Bbi K2i?Q/ 91.7W 87.6W 89.9W
p;@/Bbi K2i?Q/ 86.4W 85.8W 85.2W
JDQ`Biv K2i?Q/ 98.3W 97.2W 98.9W
7DEOH  3HUFHQWDJHRIODEHODJUHHPHQWIRUGLIIHUHQWRQOLQHDQGRIIOLQHODEHOLQJVWUDWHJLHV
Pm` 2tT2`BK2Mib b?Qr i?i P:L: Bb +QKT2iBiBp2 iQ biM/`/ TT`Q+?2b bm+? b i?2 aoJX
h?2 `2bmHib Q7 aSA_GR M/ _h b?Qr i?i P:L: Bb 2p2M +T#H2 Q7 T`QpB/BM;  #2ii2`
/i `2T`2b2MiiBQM +QKT`2/ iQ i?2 HBM2` KmHiB@+Hbb aoJX 6Q` i?2b2 irQ /ib2ib i?2
`2bmHib `2 THmbB#H2- b BM #Qi? +b2b +i2;Q`B2b Qp2`HT iQ bQK2 /2;`22 M/ i?mb +mb2 i?2
+i2;Q`B2b iQ #2+QK2 MQM@+QMp2tX AM bm+?  b+2M`BQ- P:L: #2M2}ib 7`QK Bib ;2M2`iBp2
+?`+i2` +QKT`2/ iQ i?2 /Bb+`BKBMiBp2 `+?Bi2+im`2 Q7 i?2 aoJXq?BH2 P:L: `2T`2b2Mib
i?2 /i M/ ;2M2`HBx2b 7`QK  `2HiBp2Hv bKHH MmK#2` Q7 M2m`QMb- i?2 bmTTQ`i p2+iQ`b
Q7 i?2 aoJ KQ/2H i?2 #QmM/`B2b Q7 2+? +i2;Q`v M/ i?mb i`v iQ bQHp2  ?`/2` ibF 7Q`
i?2b2 /ib2ibX
MQi?2` +QM+HmbBQM r2 +M /`r 7`QK Qm` 2tT2`BK2Mib Bb i?i +QMM2+iBM; i?2 +i2;Q`v
H2p2H iQ i?2 72im`2 H2p2H Ub22 a2+iBQM jX9XjV +mb2b i?2 T2`7Q`KM+2 Q7 i?2 +HbbB}2` iQ
7HH Qz BM [mHBivX h?Bb BM/B+i2b i?i  +QKT`QKBbBM; KMB7QH/ bi`m+im`2 r?B+? Bi2`iBp2Hv
BMi2;`i2b BM7Q`KiBQM +QKBM; 7`QK i?2 +i2;Q`v bT+2 M/ i?2 72im`2 bT+2 Bb MQi TQbbB#H2
BM Qm` `+?Bi2+im`2X 6m`i?2`KQ`2- Bi b22Kb i?i i?2 72im`2 H2p2H- r?B+? Bb #mBH/ mTQM i?2
KMB7QH/ Q7 i?2 /i BM 72im`2 bT+2- Bb KQ`2 +QKTH2t BM i?2 b2Mb2 i?i Bi +M `2T`2b2Mi
#Qi? KMB7QH/b U72im`2 bT+2 M/ +i2;Q`v bT+2V- r?BH2 i`vBM; iQ Ki+? Bi iQ i?2 /i
KMB7QH/ BM +i2;Q`v bT+2 QMHv T`Q/m+2b rQ`b2 `2bmHibX
h?2 2tT2`BK2Mib HbQ `2p2H i?2 7+i i?i BM i?Bb `+?Bi2+im`2 i?2 mb2 Q7 //BiBQMH K2KQ`v
iQ biQ`2  H#2H ?BbiQ`v 7Q` 2p2`v M2m`QM Bb MQi M2+2bb`vX ++Q`/BM; iQ i?2 `2H#2H K2i?Q/-
i?2 H#2HBM; K2i?Q/ rBi? i?2 bKHH2bi H#2H K2KQ`v- M2m`QMb TQi2MiBHHv +?M;2 i?2B` H#2Hb
b2p2`H iBK2b #27Q`2 i?2 KQ/2H +QMp2`;2bX h?Bb ?TT2Mb iQ #2 b i?2 M2irQ`F M/ i?2`2#v
2+? M2m`QM Bb BM ~mt /m`BM; Bib ;`Qri? M/ /TiiBQM- mMiBH BiǶb ;`QrM 2MQm;? iQ `2T`2b2Mi
i?2 T`Q+2bb2/ /i QM  `2bQM#H2 H2p2HX >Qr2p2`- Qm` `2bmHib H2/ iQ i?2 bbmKTiBQM i?i
i?2 M2irQ`F bi#BHBx2b p2`v [mB+FHv M/ i?2`27Q`2 i?2 M2m`QMb `2 +?M;BM; i?2B` H#2Hb H2bb
7`2[m2MiHv i?M 2tT2+i2/X AM Q`/2` iQ BMp2biB;i2 i?Bb 7m`i?2` r2 pBbmHBx2 i?2 /2p2HQTK2Mi
Q7 P:L: BM 6B;m`2 jXRR r?BH2 T`Q+2bbBM; i?2 /i Q7 aSA_GR i  M2irQ`F bBx2 Q7 ky- 8y-
Ryy M/ Rky M2m`QMbX h?2 };m`2 b?Qrb i?i P:L: HKQbi mMB7Q`KHv bT`2/b +`Qbb i?2
/i /Bbi`B#miBQM i 2p2`v bi;2 Q7 i?2 T`Q+2bbBM;X 6`QK i?2 BK;2b M/ Qm` 2tT2`BK2MiH
`2bmHib r2 +M +QM+Hm/2 i?i M2m`QMb bi#BHBx2 i?2B` HQ+iBQM i M p2`v 2`Hv H2`MBM; bi;2
M/ i?mb /Q MQi +?M;2 i?2B` H#2Hb Q7i2MX q2 rBHH 7m`i?2`KQ`2 Q#b2`p2 i?Bb T`QT2`iv Q7

 6XPPDU\
25 Neurons
100 Neurons
50 Neurons
120 Neurons
)LJXUH  'HYHORSPHQWRI2*1* GXULQJWKHSURFHVVLQJRI63,5$/ZLWK   QHXURQV
 mMB7Q`K +i2;Q`v `2T`2b2MiiBQM Q7 P:L: BM *?Ti2` d- BM r?B+? r2 mb2 P:L: BM 
?mKM +iBpBiv b2iiBM;X
 6XPPDU\
AM i?Bb +?Ti2` r2 ?p2 T`2b2Mi2/- MHvx2/ M/ +QKT`2/ /Bz2`2Mi QMHBM2 H#2HBM; bi`i2@
;B2b BM Q`/2` iQ 2ti2M/ i?2 ;`QrBM; M2m`H ;b U:L:V H;Q`Bi?K iQ M QMHBM2 +HbbB}+iBQM
TT`Q+?X q?BH2 :L: Bb 2bb2MiBHHv M mMbmT2`pBb2/ H;Q`Bi?K- T`2pBQmb TT`Q+?2b ?p2
T`2b2Mi2/ 2ti2MbBQMb Q7 :L: 7Q` +HbbB}+iBQM ibFbX am+? 2ti2MbBQMb ivTB+HHv `2Hv QM
 bmBi#H2 H#2HBM; 7mM+iBQM i?i bbB;Mb H#2Hb iQ M2m`QMb b r2HH b  T`2/B+iBQM 7mM+@
iBQM i?i bbB;Mb H#2Hb iQ mMb22M 2tKTH2bX AM HBM2 rBi? i?Bb- r2 ?p2 2tT2`BK2MiHHv
+QKT`2/ /Bz2`2Mi Q|BM2 M/ QMHBM2 H#2HBM; bi`i2;B2b BMbTB`2/ #v T`2pBQmb `2b2`+?X AM
i?Bb b2Mb2- M BKTQ`iMi [m2biBQM r2 ?p2 //`2bb2/ BM i?Bb +?Ti2` Bb r?2i?2` :L: +M

&KDSWHU &ODVVLILFDWLRQRIFRQWLQXRXVGDWDVWUHDPVEDVHGRQ2*1*
#2 2ti2M/2/ iQ  +HbbB}+iBQM H;Q`Bi?K rBi?Qmi z2+iBM; Bib QMHBM2 Mim`2 Q` /2;`/BM;
T2`7Q`KM+2 +QMbB/2`#HvX Pm` `2b2`+? ?b b?QrM i?i i?Bb Bb BM/22/ TQbbB#H2X PMHBM2
H#2HBM; 7mM+iBQMb r?2`2 i?2 H#2H Q7  M2m`QM +M +?M;2 Qp2` iBK2 M/ Bb +QKTmi2/ r?2M
 M2r 2tKTH2 Bb bbB;M2/ iQ i?2 M2m`QM BM [m2biBQM /Q MQi T2`7Q`K rQ`b2 i?M Q|BM2
H#2HBM; bi`i2;B2bX q2 HbQ /2b+`B#2/ i?2 BKTHB+Bi irQ@H2p2H `+?Bi2+im`2 Q7 P:L:- BM@
+Hm/BM; i?2 72im`2 H2p2H- r?B+? Bb `2bTQMbB#H2 7Q` i?2 +Hmbi2`BM; Q7 i?2 BMTmi /i- M/ i?2
+i2;Q`v H2p2H i?i #mBH/b mTQM i?2 72im`2 H2p2H M/ i?2`2#v 2tTHQBiBM; i?2 pBH#H2 H#2H
BM7Q`KiBQMX
q2 ?p2 7m`i?2`KQ`2 b?QrM i?i i?2 QMHBM2 +HbbB}2` P:L: +M +QKT2i2 rBi? biM/`/
+HbbB}2`b- BX2X  HBM2` KmHiB@+Hbb aoJ- M/ i?i P:L: 2p2M +?B2p2b  #2ii2` +HbbB@
}+iBQM T2`7Q`KM+2 7Q` bQK2 Q7 Qm` /ib2ibX q2 ?p2 HbQ 2tT2`BK2MiHHv b?QrM i?i
i?2 BMi2;`iBQM Q7 +i2;Q`v BM7Q`KiBQM BMiQ i?2 +Hmbi2`BM; T`Q+2bb Q7 i?2 mM/2`HvBM; :L:
UP:L:top)- M/ i?2`2#v +?M;BM; i?2 iQTQHQ;v Q7 i?2 M2irQ`F- /2i2`BQ`i2b i?2 ++m`+v
Q7 i?2 +HbbB}2` KQ/2HX  }MH +QM+HmbBQM r2 /`rM 7`QK Qm` 2tT2`BK2Mib rBi? P:L: Bb
i?i i?2 BMi2;`iBQM Q7 M //BiBQMH K2KQ`v iQ ?QH/ i?2 H#2H ?BbiQ`v 7Q` 2p2`v M2m`QM Bb
mMM2+2bb`v- b P:L: +QMp2`;2b [mB+FHv M/ HKQbi mMB7Q`KHv iQ i?2 /i /Bbi`B#miBQMX
AM i?2 M2ti +?Ti2`- r2 rBHH #mBH/ mTQM P:L: M/ BMi`Q/m+2  b2KB@bmT2`pBb2/ +HbbB}2`
i?i Bb +T#H2 Q7 miBHBxBM; H#2H2/ M/ mMH#2H2/ /i BM  +HbbB}+iBQM ibFX

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AM i?Bb +?Ti2` r2 BMi`Q/m+2 PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b UPaa:L:V- M
2ti2MbBQM Q7 P:L: r?B+? Bb +T#H2 Q7 H2`MBM; mM/2` r2F bmT2`pBbBQMX AM biM/`/
bmT2`pBb2/ H2`MBM; Bi Bb bbmK2/ i?i KMmHHv bbB;M2/ +i2;Q`v H#2Hb `2 ;Bp2M 7Q` HH
2tKTH2b Q7 i?2 i`BMBM; /ib2i /m`BM; i?2 r?QH2 i`BMBM;X AM r2F bmT2`pBb2/ H2`MBM;-
BMbi2/- i`BMBM; /ib2ib `2 miQKiB+HHv M/ ?2m`BbiB+HHv ;2M2`i2/ M/ i?mb +M MQi
bbmK2/ iQ #2 +QKTH2i2 M/ pBH#H2 i Mv iBK2X Paa:L:- i?2`27Q`2- Bb +T#H2 Q7 miB@
HBxBM; H#2H2/ M/ mMH#2H2/ 2tKTH2b 7Q` Bib +HbbB}+iBQM- 2tT2M/BM; Bib FMQrM +i2;Q`B2b
Qp2` i?2 i`BM2/ KQ/2H BM  b2KB@bmT2`pBb2/ H2`MBM; 7b?BQMX 6m`i?2`KQ`2- Paa:L: +M
[mB+FHv `2/2}M2 Bib +HbbB}+iBQM KQ/2H #b2/ QM H#2Hb i?i `2 ;Bp2M i  /2Hv2/ TQBMi
BM iBK2 7i2` bQK2 2tKTH2b Q7 i?2 +Q``2bTQM/BM; +Hbb ?p2 #22M H`2/v b22MX q2 `2@
72` iQ i?2 T`Q+2bb Q7 H#2Hb ;Bp2M 7i2` i?2B` +Q``2bTQM/BM; /i TQBMib H`2/v ?p2 #22M
T`Q+2bb2/ b Hi2 H#2H H2`MBM;X
a2KB@bmT2`pBb2/ H2`MBM; 2tTHQBib #Qi? H#2HH2/ M/ mMH#2H2/ /i M/ ?b #22M bm++2bb@
7mHHv TTHB2/ iQ KMv +Hmbi2`BM; M/ +HbbB}+iBQM ibFbX 1tBbiBM; b2KB@bmT2`pBb2/ T@
T`Q+?2b 7Q` :L: T`Q+2bb i?2 H#2HH2/ M/ mMH#2H2/ i`BMBM; /i BM irQ b2T`i2 T?b2b
BM Q`/2` iQ T2`7Q`K  +HbbB}+iBQMX AM T`iB+mH`- a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b
Uaa:L:V (wFy3) #mBH/b mTQM i?2 1tT2+iiBQM JtBKBxiBQM U1JV T`BM+BTH2 M/ i?mb
QMHv i`BMb rBi? i?2 H#2HH2/ 2tKTH2b i }`bi- #27Q`2 H#2HBM; i?2 mMH#2H2/ /i 7i2`@
r`/b M/ mHiBKi2Hv `2i`BM i?2 +HbbB}+iBQM KQ/2HX am+? TT`Q+?2b +M #2 +QMbB/2`2/
b #2BM; Q|BM2 BM i?2 b2Mb2 i?i 2+? M2m`QM Q7 i?2 M2irQ`F ;2ib H#2HH2/ M/ `2H#2H2/
UBM i?2 b2+QM/ T?b2V 7i2` i?2 :L: i`BMBM; 2M/2/ M/ i?2`27Q`2 Bi Bb M2+2bb`v iQ biQ`2
i?2 +QKTH2i2 i`BMBM; /iX q2 T`2b2Mi M TT`Q+? i?i Bb #H2 iQ miBHBx2 H#2HH2/ M/
mMH#2H2/ 2tKTH2b Q7 i?2 i`BMBM; /i M/ T`Q+2bb2b i?2K QM@i?2@~v- mbBM; QMHBM2 H#2H@
BM; M/ T`2/B+iBQM bi`i2;B2bX Paa:L: i?mb M/ BM +QMi`bi iQ 2tBbiBM; b2KB@bmT2`pBb2/

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
)LJXUH  2QOLQH6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV266*1* DVFRPSRQHQWRIWKH*&0 IUDPHZRUN
H2`MBM; TT`Q+?2b #b2/ QM :L: +B`+mKp2Mib 2tTHB+Bi biQ`;2 Q7 Mv i`BMBM; 2tKTH2b-
T`Q+2bbBM; HH /i QMHBM2X b KBM +QMi`B#miBQM r2 b?Qr i?i Qm` QMHBM2 TT`Q+? /Q2b
T2`7Q`K b ;QQ/ b T`2pBQmb b2KB@bmT2`pBb2/ H2`MBM; 2ti2MbBQMb Q7 ;`QrBM; M2m`H ;bX
MQi?2` +HQb2Hv `2Hi2/ TT`Q+?- BX2X a2KB@bmT2`pBb2/ a2H7@P`;MBxBM; AM+`2K2MiH L2m`H
L2irQ`F Ua@aPALLV T`QTQb2/ #v a?2M 2i HX (a6Ry)- HbQ T`QpB/2  ;`QrBM; bi`m+im`2 M/
`2 +T#H2 Q7 T`Q+2bbBM; H#2H2/ M/ mMH#2H2/ /iX a@aPALL bm++2bbBp2Hv BMb2`ib M2m`QMb
BMiQ i?2 M2irQ`F /m`BM; i?2 H2`MBM; T`Q+2bb- r?BH2 b2T`iBM; i?2 M2irQ`F BMiQ bm#+Hmbi2`b-
/2T2M/BM; QM i?2 M2m`QM /2MbBiv BM i?2 M2irQ`F- M/ K2`;BM; i?Qb2 bm# +Hmbi2`b BMiQ #B;;2`
+Hmbi2`bX AM +QMi`bi- Qm` TT`Q+? `2HB2b QM bBKTH2` v2i 2z2+iBp2 K+?BM2`v i?i /Q2b MQi
`2[mB`2 Mv //BiBQMH ?2m`BbiB+bX
AM i?Bb i?2bBb r2 ?p2 MQi +QKT`2/ Qm` TT`Q+? iQ a@aPALL b Bib `+?Bi2+im`2 Bb KQ`2
+QKTHB+i2/ i?M aa:L: r?BH2 Bib /Q2b MQi bB;MB}+MiHv QmiT2`7Q`K aa:L:X
 &KDOOHQJHV
q?2M mbBM; i2+?MB[m2b +QKBM; 7`QK b2KB@bmT2`pBb2/ H2`MBM; BM  +HbbB}+iBQM ibF- i?2
b2i Q7 i`BMBM; /i mbmHHv /BpB/2b BMiQ XL∪XU = XX h?2`2#v- XL `2T`2b2Mib i?2 T`i Q7
i?2 /i 7Q` r?B+? +i2;Q`v H#2Hb cj ∈ C 7Q` 2+? xi ∈ XL `2 ;Bp2MX hvTB+HHv-  KQ/2HM

 &RQWULEXWLRQV
Bb i?2M i`BM2/ rBi? XL QMHv BM i?2 }`bi T?b2X HH H#2Hb Q7 XU `2 i?2M 2biBKi2/ ;Bp2M
i?2 +m``2Mi bii2 Q7 MX AM  b2+QM/ T?b2 M Bb `2i`BM2/ rBi? XL M/ XL′ - i?2 bm#b2i
X 7Q` r?B+? i?2 +HbbB}2` Bb KQbi +QM}/2MiX aQK2iBK2b- b 7Q` aa:L:- i?Bb i`BMBM; Bb
T2`7Q`K2/ Bi2`iBp2Hv BM r?B+? |XU | +QMbiMiHv /2+`2b2bX >Qr2p2`- BM  HB72@HQM; H2`MBM;
b+2M`BQ i?Bb i`BMBM; KQ/2 Bb mMbmBi#H2 /m2 iQ i?2 7+i i?i X +MMQi #2 bbmK2/ iQ #2
;Bp2M i Mv TQBMi BM iBK2- 7Q` r?B+?  `2i`BMBM; Q7 i?2 KQ/2H Bb MQi TQbbB#H2X h`BMBM;
BM i?Bb #i+?@KQ/2 7b?BQM `2[mB`2b i?2 2tTHB+Bi biQ`;2 Q7 XX q?2M i`Mb72``BM; b2KB@
bmT2`pBb2/ H2`MBM; iQ  HB72@HQM; H2`MBM; b+2M`BQ- X M/ C `2 QMHv T`iBHHv ;Bp2M b
X t ⊂ X M/ Ct ⊂ C i  +2`iBM TQBMi BM iBK2 tX h?2`27Q`2- i?2 7QHHQrBM; +?HH2M;2b
2K2`;2 Qmi Q7 i?Bb b2iiBM;,
Ç *HbbB}+iBQM rBi? H#2H2/ M/ mMH#2H2/ /i, h?2 /2b+`B#2/ Q|BM2 b2KB@
bmT2`pBb2/ H2`MBM; K2i?Q/b `2[mB`2 i?2 biQ`;2 Q7 X t BM Q`/2` iQ `2i`BM i?2 +Hb@
bB}+iBQM KQ/2H- b M TQbbB#Hv T`2/B+ib i?2 H#2Hb 7Q` X tU i  Hi2` TQBMi BM iBK2
t+ k r?BH2 H`2/v T`Q+2bbBM; M2r H#2HH2/ /iX >Qr2p2`- i?Bb bvM+?`QMQmb BMi2`@
H2p2/ T`Q+2bb rQmH/ `2[mB`2 2p2M KQ`2 biQ`;2X hQ T`QpB/2 M 2{+B2Mi bvM+?`QMQmb
T`Q+2bbBM; Q7 H#2HH2/ M/ mMH#2H2/ /i- Bi Bb `2[mB`2/ iQ T`2/B+i i?2 H#2H cj ∈ C
7Q`  /i TQBMi xti ∈ X tU i Bi2`iBQM tX
Ç :2M2`HBxiBQM 7`QK mMbmT2`pBb2/ +i2;Q`B2b, AM  HB72@H2`MBM; T`Q+2bb r?B+?
miBHBx2b r2F bmT2`pBbBQM- i?2 +i2;Q`v H#2Hb ctj ∈ Ct 7Q` i?2 /i xti ∈ X t `2 mbmHHv
miQKiB+HHv /2i2`KBM2/ #v bQK2 2ti2`MH H;Q`Bi?K i?i Bb #b2/ QM ?2m`BbiB+b
`i?2` i?M ?mKM 2tT2`i FMQrH2/;2X h?Bb K2Mb i?i Bi +MMQi #2 ;m`Mi22/ i?i
i?2 H#2Hb ctj `2 pBH#H2 i Bi2`iBQM tX 6m`i?2`KQ`2- Bi Bb TQbbB#H2 i?i i?2 +i2;Q`v
H#2Hb ctj `2 ;Bp2M i Bi2`iBQM t+k rBi? k = 1, 2, ...∞X AM i?2b2 +b2b Bi Bb /2bB`#H2 iQ
H2i i?2 KQ/2H [mB+FHv /QTi i?2 /2Hv2/ H#2Hb 7Q` +i2;Q`B2b i?i ?p2 #22M H2`M2/
BM M mMbmT2`pBb2/ rv M/ 7Q` r?B+? i?2 +Q``2bTQM/BM; H#2H Bb T`QpB/2/ i  Hi2`
iBK2 TQBMiX
 &RQWULEXWLRQV
AM i?Bb +?Ti2`  b2KB@bmT2`pBb2/ 2ti2MbBQM Q7 P:L: Bb T`2b2Mi2/ i?i `2HB2b QM M QMHBM2
H#2HBM; 7mM+iBQMb iQ H#2H mMH#2H2/ 2tKTH2b M/ BM+Q`TQ`i2 i?2K BMiQ i?2 KQ/2H QM@i?2@
~vX b M BKTQ`iMi `2bmHi- r2 b?Qr i?i Paa:L: QmiT2`7Q`Kb T`2pBQmb b2KB@bmT2`pBb2/
2ti2MbBQMb Q7 :L:- BX2X aa:L: Ub22 a2+iBQM 9XjXRV- r?B+? `2Hv QM Q|BM2 H#2HBM; bi`i2;B2bX
q2 HbQ b?Qr i?i Paa:L: +QKT`2b 7pQ`#Hv iQ Qi?2` bii2@Q7@i?2@`i b2KB@bmT2`pBb2/
H2`MBM; TT`Q+?2b QM biM/`/ #2M+?K`FBM; /ib2ibX 6m`i?2`KQ`2- Bi rBHH #2 b?QrM
i?i Paa:L: Bb +T#H2 Q7 miBHBxBM; /2Hv2/ H#2Hb M/ #2M2}ib 7`QK T`2pBQmbHv H2`M2/
mMH#2H2/ +i2;Q`B2bX

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
AM T`iB+mH`- r2 Qz2` i?2 7QHHQrBM; +QMi`B#miBQMb,
Ç Paa:L: b 2ti2MbBQM Q7 P:L:, q2 2ti2M/ i?2 P:L: H;Q`Bi?K #v M QM@i?2@
~v H#2HBM; bi2T BM Q`/2` iQ bbB;M H#2Hb iQ mMH#2H2/ /i QM@i?2@~v r?BH2 T`Q+2bbBM;
i?2KX
Ç *QKT`BbQM Q7 Paa:L: M/ aa:L:, q2 +QKT`2 Paa:L: rBi? aa:L:
(wFy3) b #b2HBM2 QM  +HbbB}+iBQM ibF M/ b?Qr i?i i?2 QMHBM2 +?`+i2` Q7
Paa:L: /Q2b MQi /2i2`BQ`i2 i?2 +HbbB}+iBQM T2`7Q`KM+2 +QKT`2/ iQ aa:L:-
#mi 2p2M QmiT2`7Q`Kb aa:L: BM d8W Q7 Qm` 2tT2`BK2MibX
Ç *QKT`BbQM Q7 Paa:L: M/ P:L:, q2 +QKT`2 Paa:L: iQ P:L: QM
b2p2`H /ib2ib iQ b?Qr i?2 2z2+i Q7 i?2 MQp2H H#2HBM; bi`i2;v 7Q` mMH#2H2/ /i
TQBMibX
Ç *QKT`BbQM Q7 Paa:L: M/ aiM/`/ aaG TT`Q+?2b, q2 b?Qr i?i Pa@
a:L: Bb +QKT2iBiBp2 rBi? `2bT2+i iQ Qi?2` 2bi#HBb?2/ b2KB@bmT2`pBb2/ +HbbB}+iBQM
TT`Q+?2b M/ /2KQMbi`i2 Bib T2`7Q`KM+2 QM aaG #2M+?K`F /ib2ibX
Ç Gi2 H#2HBM; rBi? Paa:L:, q2 HbQ BMp2biB;i2 i?2 +T#BHBiv Q7 Paa:L:
iQ /2H rBi? Hi2 H#2HBM; M/ i?2`27Q`2 H2i Paa:L: H2`M +i2;Q`B2b mMbmT2`pBb2/
i }`bi M/ i?2M i`+FBM; Bib +HbbB}+iBQM T2`7Q`KM+2 7Q` i?Qb2 +i2;Q`B2b r?BH2
bbB;MBM; i?2B` H#2Hb i  Hi2` TQBMi BM iBK2X
S`ib Q7 i?Bb +?Ti2` ?p2 H`2/v #22M Tm#HBb?2/ BM i?2 T`Q+22/BM;b Q7 i?2 qQ`Fb?QT QM
L2r *?HH2M;2b BM L2m`H *QKTmiiBQM UL*kV ("*RR#) BM kyRR M/ BM i?2 AMi2`MiBQMH
CQm`MH Q7 L2m`H avbi2Kb ("*Rk) BM kyRkX
 2IIOLQHVHPLVXSHUYLVHGOHDUQLQJZLWK*1*
AM i?Bb b2+iBQM a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b Uaa:L:V rBHH #2 /2b+`B#2/ BM /2iBH
b BMi`Q/m+2/ #v wFB 2i HX (wFy3)X aa:L: Bb  b2KB@bmT2`pBb2/ :L:@#b2/ +HbbB}2`
i?i miBHBx2b H#2H2/ M/ mMH#2H2/ /i BM  +HbbB}+iBQM ibFX Ai QT2`i2b Q|BM2 BM i?2
b2Mb2 i?i Bi Bi2`iBp2Hv bbB;Mb H#2Hb iQ mMH#2H2/ /i i?`Qm;? KmHiBTH2 Tbb2bX >Qr2p2`-
aa:L: `2M/2`b Bib2H7 B/2H 7Q`  +QKT`BbQM rBi? Qm` TT`Q+? b i?i Bi BKTHB+BiHv 7QHHQrb
i?2 irQ@H2p2H `+?Bi2+im`2 b /2b+`B#2/ BM a2+iBQM jX9Xj Q7 *?Ti2` j M/ i?mb T2`7Q`Kb
i?2 :L:@#b2/ +Hmbi2`BM; BM/2T2M/2MiHv Q7 i?2 H#2H BM7Q`KiBQMX aa:L: rBHH b2`p2 mb
b #b2HBM2 BM Q`/2` iQ +QKT`2 Qm` TT`Q+? ;BMbi M/ iQ mM/2`HBM2 i?2 /pMi;2b Q7
Paa:L:X

 2IIOLQHVHPLVXSHUYLVHGOHDUQLQJZLWK*1*
 6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV66*1*
AM i?2 TT`Q+? Q7 wFB 2i HX- irQ bi2Tb `2 Bi2`i2/ mMiBH i?2 H#2HBM; Q7 i?2 M2irQ`F
bi#BHBx2bX "Qi? bi2Tb `2 bBKBH` iQ i?Qb2 Q7 i?2 1tT2+iiBQM@JtBKBxiBQM U1JV TT`Q+?
(>`83)X AM  }`bi bi2T- i?2 M2irQ`F Bb i`BM2/ mbBM; H#2H2/ 2tKTH2b QMHvX h?2M- H#2Hb
`2 bbB;M2/ iQ M2m`QMb mbBM; M Q|BM2 H#2HBM; TT`Q+?X h?Bb bi2T +M #2 b22M b
KtBKBxiBQM@bi2T UJ@bi2TV- BM r?B+? i?2 M2irQ`F KtBKBx2b i?2 HBF2HB?QQ/ p(XL|CL) rBi?
CL #2BM; i?2 +i2;Q`v H#2Hb Q7 XLX AM i?2 2tT2+iiBQM@bi2T U1@bi2TV- mMH#2H2/ 2tKTH2b
`2 +HbbB}2/ BMiQ i?2 M2irQ`F M/ H#2H2/ TT`QT`Bi2HvX 6QHHQrBM; i?2 T`BM+BTH2 Q7 i?2
1J H;Q`Bi?K- i?2b2 irQ bi2Tb `2 i?2M Bi2`i2/ mMiBH i?2 H#2HBM; +QMp2`;2bX
 66*1* $OJRULWKP
AM i?2 7QHHQrBM;- r2 rBHH /2b+`B#2 2+? bi2T Q7 i?2 aa:L: H;Q`Bi?K BM /2iBH,
RX h?2 H;Q`Bi?K bi`ib rBi?  ;Bp2M b2i Q7 H#2H2/ M/ mMH#2H2/ i`BMBM; 2tKTH2b
XL, XU ⊆ X- b r2HH b M BMBiBHHv 2KTiv b2i Q7 M2rHv H#2H2/ /i XL′ X h?2 b2i
XL′ ?QH/b HH 2tKTH2b 7`QK XU i?i ?p2 #22M H#2H2/ /m`BM; i?2 Hbi Bi2`iBQM bi2T
Q7 i?2 i`BMBM; T`Q+2bbX
kX AM i?2 M2ti bi2T- i?2 :L: M2irQ`F i`BMb QMHv rBi? XLX AM i?Bb bi2T- i?2 +Hmbi2`BM;
Bb QMHv T2`7Q`K2/ QM i?2 #bBb Q7 i?2 72im`2 p2+iQ`b Q7 XL- rBi?Qmi iFBM; i?2 H#2H
BM7Q`KiBQM BMiQ ++QmMiX
jX G#2Hb `2 bbB;M2/ iQ 2+? M2m`QM Q7 i?2 M2irQ`F 7i2` i?2 :L: i`BMBM; ?b }MBb?2/X
b wFB 2i HX /Q MQi 2tTHB+BiHv /2b+`B#2 i?2B` H#2HBM; bi`i2;vX
9X AM i?Bb bi2T-  /i TQBMi xj ∈ XU Bb T`2b2Mi2/ iQ i?2 aa:L: M2irQ`F M/  rBMM2`
M2m`QM n Bb /2i2`KBM2/ #v i?2 KBMBKH /BbiM+2 iQ xjX
8X h?2 /i TQBMi xj /QTib i?2 H#2H Q7 n- ;2ib `2KQp2/ 7`QK XU M/ Bb //2/ iQ i?2
/ib2i Q7 M2rHv H#2H2/ /i XL′ X
eX .2T2M/BM; QM i?2 KQmMi Q7 mMH#2H2/ /i TQBMib H27i BM XU -  M2ti Bi2`iBQM bi2T
Bb T2`7Q`K2/X h?2 H;Q`Bi?K i?2M ;Q2b #+F iQ ai2T 9 BM Q`/2` iQ T`2b2Mi i?2 M2ti
mMH#2H2/ /i TQBMiX Pi?2`rBb2- ai2T d Bb TTHB2/X
dX AM i?Bb bi2T- i?2 aa:L: M2irQ`F `2i`BMb rBi? XL +XL′ X
3X h?2 H;Q`Bi?K biQTb B7 i?2 H#2Hb Q7 XU bi#BHBx2 /m`BM; i?2 Bi2`iBQMb BM i?2 b2Mb2
i?i i?2 H#2Hb /Q MQi +?M;2 MvKQ`2X

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
Ai b?QmH/ #2 K2MiBQM2/ i?i BM Qm` BKTH2K2MiiBQM i?2 aa:L: [mB+FHv bi#BHBx2/ BM HH
Q7 Qm` 2tT2`BK2Mib- r?B+? Bb mM/2`biM/#H2 7i2`  +HQb2` BMbT2+iBQM Q7 i?2 H;Q`Bi?KX b
BMBiBHHv K2MiBQM2/- aa:L: UM/ P:L:V /Q2b MQi miBHBx2 H#2H BM7Q`KiBQM iQ ;mB/2 i?2
+Hmbi2`BM; Q7 i?2 mM/2`HvBM; :L:X h?Bb K2Mb i?i 7i2` H#2HBM; HH mMH#2H2/ /i Ubi2Tb
9@eV M/ `2i`BMBM; aa:L: BM ai2T d- i?2 +Hmbi2`BM; rBHH `2KBM bi#H2 M/ i?mb i?2 H#2Hb
rBHH HbQ bi#BHBx2 7i2` i?2 M2ti Bi2`iBQMbX q2 b22  /2bB;M T`Q#H2K ?2`2 b M2m`QMb `2
H#2H2/ 7i2` i?2 :L:@#b2/ +Hmbi2`BM;X h?Bb K2Mb i?i Bi Bb MQi M2+2bb`v iQ `2i`BM i?2
aa:L: 7i2` i?2 b2+QM/ Bi2`iBQM BM r?B+? Bi Bb i`BM2/ rBi? i?2 +QKTH2i2 pBH#H2 /i
XL M/ XL′ - rBi? |XL′ | = |XU |X
H;Q`Bi?K 9 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b Uaa:L:V
R, :Bp2M XL M/ XU - H2i XL′ = {∅} `2T`2b2Mi M BMBiBH 2KTiv b2i Q7 M2rHv H#2H2/ /iX
k, S`2b2Mi XL iQ i?2 :L: H;Q`Bi?K M/ i`BM i?2 M2irQ`F QMHv rBi? XLX
j, G#2H HH i?2 M2m`QMb Q7 i?2 :L: M2irQ`F ++Q`/BM; iQ XLX
9, S`2b2Mi M BMTmi xj 7`QK XU Bi2`iBp2Hv M/ +QKTmi2 i?2 1m+HB/2M /BbiM+2 #2ir22M xj M/ 2p2`v
M2m`QM n Q7 i?2 :L: M2irQ`F,
Distance = ||ωn − xj ||2
8, G#2H xj ++Q`/BM; iQ i?2 +Hbb H#2H Q7 i?2 rBMM2` MQ/2X _2KQp2 xj 7`QK i?2 +m``2Mi mMH#2H2/
/ib2i- XU - M/ // xj BMiQ i?2 M2rHv H#2H2/ /ib2i XL′ X
e, A7 HH mMH#2H2/ /i ?b #22M H#2H2/- ;Q iQ d- Qi?2`rBb2 ;Q #+F iQ 9X
d, S`2b2Mi XL M/ XL′ iQ;2i?2` iQ i?2 :L: +HbbB}2` M/ `2i`BM i?2 +HbbB}2` rBi? XL + XL′ M/
2pHmi2 i?2 M2r +HbbB}+iBQM T2`7Q`KM+2X
3, *?2+F i?2 H#2Hb Q7 XL′ c B7 i?2v #2+QK2 bi#H2 /m`BM; bm++2bbBp2 Bi2`iBQMb- biQTX Pi?2`rBb2 ;Q #+F
iQ ai2T 9X
 /LPLWDWLRQVRI66*1*
h?2 KBM /Bb/pMi;2 Q7 i?2 aa:L: Bb i?2 7+i i?i H#2Hb `2 bbB;M2/ iQ 2+? M2m`QM
 TQbi2`BQ`B 7i2` i?2 2M/ Q7 i?2 i`BMBM; T?b2X h?mb- i?2 TT`Q+? Bb MQi #H2 iQ T`Q+2bb
 +QMiBMmQmb bi`2K Q7 H#2H2/ M/ mMH#2H2/ i`BMBM; 2tKTH2bX 6m`i?2`KQ`2- H#2H2/
M/ mMH#2H2/ 2tKTH2b `2 T`Q+2bb2/ BM /Bz2`2Mi T?b2b M/ i?2`27Q`2 M22/ iQ #2 biQ`2/
mMiBH i?2 aa:L: i`BMBM; 2M/bX MQi?2` /Bb/pMi;2 Q7 aa:L: Bb i?i  KBMBKH b2i Q7
H#2H2/ 2tKTH2b 7Q` 2+? +Hbb Bb +`m+BH 7Q` i?2 i`BMBM;X h?Bb 2p2M 2t+Hm/2b aa:L: 7`QK
#2BM; TTHB+#H2 iQ Hi2 H#2HBM; b+2M`BQb- b aa:L: `2[mB`2b HH +i2;Q`B2b iQ #2 FMQrM
i Bib BMBiBHBxiBQMX Pm` QMHBM2 p2`bBQM Q7 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b- T`2b2Mi2/
BM i?2 M2ti b2+iBQM- +B`+mKp2Mib i?2b2 T`Q#H2KbX

 2QOLQH6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV266*1*
)LJXUH  2QOLQH6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV266*1* SURFHVVLQJSLSHOLQH
 2QOLQH6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV
266*1*
AM i?Bb b2+iBQM r2 BMi`Q/m+2 Paa:L: b b2KB@bmT2`pBb2/ 2ti2MbBQM Q7 P:L:X i }`bi- r2
rBHH 2tTHBM i?2 M2r //BiBQMb i?i b2i Paa:L: M/ P:L: T`i- #27Q`2 r2 i?2M 7Q+mb
QM i?2 /2iBHb Q7 i?2 H;Q`Bi?KX q2 rBHH 7m`i?2` /Bb+mbb i?2 /vMKB+b Q7 i?2 Paa:L: M/
?Qr Bi `2Hi2b iQ i?2 irQ@H2p2H `+?Bi2+im`2 b /2b+`B#2/ BM a2+iBQM jX9XjX h?Bb HbQ BM+Hm/2b
i?2 +QM+2Ti Q7 Hi2 H#2H H2`MBM; M/ ?Qr Paa:L: +M /Ti iQ BiX
Paa:L: Bb  b2KB@bmT2`pBb2/ +HbbB}2` i?i- BM +QMi`bi iQ aa:L:- miBHBx2b H#2H2/ M/
mMH#2H2/ i`BMBM; 2tKTH2b mMB7Q`KHv 7Q` Bib +HbbB}+iBQM KQ/2H BM 2p2`v Bi2`iBQM bi2TX
h?Bb K2Mb i?i Paa:L: Bb #H2 iQ bQHp2  b2KB@bmT2`pBb2/ +HbbB}+iBQM ibF 7i2` 2+?
Bi2`iBQM bi2TX b b?QrM BM 6B;m`2 9Xk 7`QK H27i iQ `B;?i- H#2H2/ M/ mMH#2H2/ /i
TQBMib `2 i?2 BMTmi 7Q` Qm` Paa:L: H;Q`Bi?K M/ Bib T`Q+2bbBM; `2bmHib BM  Paa:L:
+HbbB}+iBQM KQ/2H r?B+? i?2M Bb +T#H2 Q7 T`2/B+iBM; T`2pBQmbHv mMb22M /i TQBMibX h?2
KBM /pMi;2 Q7 Paa:L: HB2b BM Bib #BHBiv iQ i`BM BM M QMHBM2 7b?BQM rBi?Qmi i?2
M22/ Q7 biQ`BM; i`BMBM; 2tKTH2b 2tTHB+BiHvX
 266*1* DVH[WHQVLRQRI2*1*
P:L: Bb M BM+`2K2MiH QMHBM2 +HbbB}2` i?i Bb +T#H2 Q7 +HbbB7vBM;  +QMiBMmQmb bi`2K
Q7 /i rBi?Qmi i?2 M22/ iQ 2tTHB+BiHv biQ`2 Mv i`BMBM; /iX Aib BKTHB+Bi irQ@H2p2H `@
+?Bi2+im`2 HHQrb P:L: iQ T`Q+2bb H#2H2/ M/ mMH#2H2/ /i- b i?2 /i Bb +Hmbi2`2/
/2T2M/BM; QM Bib bBKBH`Biv BM 72im`2 bT+2- rBi?Qmi Mv ;mB/M+2 Q7 +i2;Q`v H#2HbX
>Qr2p2`- P:L: QMHv KF2b mb2 Q7 mMH#2H2/ /i iQ `2/2}M2 i?2 72im`2 H2p2H- rBi?Qmi
BMi2;`iBM; i?Bb BM7Q`KiBQM BMiQ i?2 +i2;Q`v H2p2H Ub22 a2+iBQM jX9XjVX h?2`27Q`2- i?2 +Hb@
bB}+iBQM KQ/2H #b2/ QM P:L: /Q2b MQi #2M2}i 7`QK mMH#2H2/ /i BM  +HbbB}+iBQM

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
ibFX AM +QMi`bi- Paa:L: T`2/B+ib i?2 H#2Hb Q7 mMH#2H2/ 2tKTH2b BM Q`/2` iQ QTiBKBx2
i?2 KQ/2H M/ i?mb +?M;2 Bib +HbbB}+iBQM #2?pBQ`X
h?2 /Bz2`2M+2b Q7 Paa:L: M/ P:L: `2 KBMQ` #mi 2z2+iBp2- b r2 +M b?Qr BM Qm`
2pHmiBQM BM a2+iBQM 9Xe r?2M +QKT`BM; #Qi? Paa:L: M/ P:L:X Paa:L: BMi`Q@
/m+2b M //BiBQMH T`2/B+iBQM bi2T Uai2T 9 Q7 H;Q`Bi?K 8V BM r?B+? H#2Hb 7Q` mMH#2H2/
/i `2 T`2/B+i2/X 7i2` TTHvBM; i?2 bi2T Bi #2?p2b 2[mHHv iQ P:L:X b H#2HBM;
bi`i2;v BM ai2T 8 Ub22 H;Q`Bi?K 8V i?2 `2H#2H K2i?Q/ Ub22 a2+iBQM jX9XRV 7Q` i?2 2tT2`B@
K2Mib /2b+`B#2/ BM i?Bb +?Ti2`- r?B+? ?b T`Qp2M iQ #2 bBKTH2 M/ 2z2+iBp2 T`QpB/BM; i?2
bKHH2bi H#2H K2KQ`vX b T`2/B+iBQM bi`i2;v UHbQ BM ai2T 9V r2 +?Qb2 bBM;H2@HBMF;2 Ub22
a2+iBQM jXjXRV b Bi T2`7Q`K2/ #2bi BM T`2pBQmb P:L: 2tT2`BK2MibX AM ;2M2`H Bi Bb TQbbB@
#H2 iQ BKTH2K2Mi Paa:L: rBi? Mv Q7 i?2 P:L: `2Hi2/ QMHBM2 H#2HBM; M/ T`2/B+iBQM
bi`i2;B2bX
 266*1* $OJRULWKP
AM i?2 7QHHQrBM; r2 rBHH /2b+`B#2 i?2 bBM;H2 bi2Tb Q7 i?2 P:L: H;Q`Bi?KX h?2 +QKTH2i2
H;Q`Bi?K Bb b?QrM BM H;Q`Bi?K 8X q2 ?B;?HB;?i2/ i?2 MQp2H bi2T r?B+? b2ib Paa:L:
M/ P:L: T`iX
RX h?2 +HbbB}+iBQM KQ/2H Bb BMBiBHBx2/ rBi? irQ +QMM2+i2/ M2m`QMb i?i `2 `M/QKHv
TH+2/ BM 72im`2 bT+2X
kX h?2 }`bi biBKmHmb x ∈ Rn Q7 i?2 BMTmi bT+2 U}`bi i`BMBM; 2tKTH2V Bb T`2b2Mi2/ iQ
i?2 M2irQ`FX
jX h?2 irQ +HQb2bi M2m`QMb n1 M/ n2 `2 /2i2`KBM2/ b rBMM2` M/ b2+QM/ rBMM2`X
9X  H#2H 7Q` x Bb T`2/B+i2/ BM +b2 i?2`2 Bb MQ H#2H pBH#H2 7Q` i?Bb bT2+B}+
/i TQBMiX
8X ++Q`/BM; iQ i?2 mb2/ H#2HBM; bi`i2;v-  H#2H Bb bbB;M2/ iQ n1X
eX h?2 ;2 Q7 HH 2/;2b i?i +QMM2+i n1 iQ Qi?2` M2m`QMb Bb BM+`2b2/ #v RX
dX h?2 HQ+H 2``Q` p`B#H2 error(n1) Q7 n1 Bb mT/i2/X h?Bb 2``Q` p`B#H2 rBHH #2 mb2/
Hi2` BM Q`/2` iQ /2i2`KBM2 i?2 HQ+iBQM 7Q`  M2rHv BMb2`i2/ MQ/2X
3X AM i?Bb bi2T- n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/ iQr`/b x #v 7`+iBQMb eb
M/ en- `2bT2+iBp2HvX
NX h?2 M2m`QMb n1 M/ n2 ;2i +QMM2+i2/ M/ i?2 ;2 Q7 Bib 2/;2 Bb b2i iQ yX
RyX HH 2/;2b rBi? M ;2 ;`2i2` i?M amax b r2HH b HH M2m`QMb rBi?Qmi Mv +QMM2+iBM;
2/;2 `2 `2KQp2/X

 2QOLQH6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV266*1*
RRX A7 i?2 Bi2`iBQM +QmMi2` Bb  KmHiBTH2 Q7 i?2 T`K2i2` λ-  M2r MQ/2 nr Bb BMb2`i2/ BMiQ
i?2 M2irQ`FX Ai rBHH #2 BMb2`i2/ ?H7@rv #2ir22M i?2 M2m`QM nq rBi? i?2 ?B;?2bi HQ+H
2``Q` M/ Bib iQTQHQ;B+H M2B;?#Q` nf ?pBM; i?2 H`;2bi 2``Q` KQM; HH M2B;?#Q`b Q7
nqX AM //BiBQM- i?2 +QMM2+iBQM #2ir22M nq M/ nf Bb `2KQp2/ M/ #Qi? M2m`QMb `2
+QMM2+i2/ iQ nrX
RkX h?2 2``Q` p`B#H2b Q7 HH M2m`QMb `2 /2+`2b2/ #v  7+iQ` βX
RjX h?2 H;Q`Bi?K biQTb B7 i?2 biQTTBM; +`Bi2`BQM Bb K2i- BX2X- i?2 KtBKH M2irQ`F bBx2
Q` bQK2 Qi?2` T2`7Q`KM+2 K2bm`2 ?b #22M `2+?2/X
H;Q`Bi?K 8 PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b UPaa:L:V
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, S`2b2Mi M BMTmi p2+iQ` x ∈ Rn 7`QK i?2 BMTmi b2i Q` ++Q`/BM; iQ BMTmi /Bbi`B#miBQMX
j, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X9, A7 i?2 H#2H Q7 x Bb KBbbBM;- bbB;M  H#2H iQ x ++Q`/BM; iQ i?2 b2H2+i2/ T`2/B+iBQM bi`i2;vX
8, bbB;M i?2 H#2H Q7 x iQ n1 ++Q`/BM; iQ i?2 T`2b2Mi H#2HBM; bi`i2;vXe, AM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1Xd, lT/i2 i?2 HQ+H 2``Q` p`B#H2 #v //BM; i?2 b[m`2/ /BbiM+2 #2ir22M ωn1 M/ xX
∆error(n1) = |ωn1 − x|2
3, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b UBX2X HH i?2 M2m`QMb +QMM2+i2/ iQ n1 #v M 2/;2V iQr`/b x #v 7`+iBQMb Q7 eb
M/ en Q7 i?2 /BbiM+2,
∆ωn1 = eb(x− ωn1 )
∆ωn = en(x− ωn)
7Q` HH /B`2+i M2B;?#Q`b Q7 n1XN, A7 n1 M/ n2 `2 +QMM2+i2/ #v M 2/;2- b2i i?2 ;2 Q7 i?2 2/;2 iQ y U`27`2b?VX A7 i?2`2 Bb MQ bm+? 2/;2- +`2i2 QM2XRy, _2KQp2 2/;2b rBi? i?2B` ;2 H`;2` i?M amaxX A7 i?Bb `2bmHib BM M2m`QMb ?pBM; MQ 2KMiBM; 2/;2b- `2KQp2 i?2K b
r2HHX
RR, A7 i?2 MmK#2` Q7 BMTmi p2+iQ`b T`2b2Mi2/ Q` ;2M2`i2/ bQ 7` Bb M BMi2;2` Q` KmHiBTH2 Q7  T`K2i2` λ- BMb2`i  M2r MQ/2
nr b 7QHHQrb,
.2i2`KBM2 mMBi nq rBi? i?2 H`;2bi 2``Q`X
KQM; i?2 M2B;?#Q`b Q7 nq - }M/ MQ/2 nf rBi? i?2 H`;2bi 2``Q`X
AMb2`i  M2r MQ/2 nr ?H7rv #2ir22M nq M/ nf b 7QHHQrb,
ωnr =
ωnq + ωnf
2
*`2i2 2/;2b #2ir22M nr M/ nq - M/ nr M/ nf X _2KQp2 i?2 2/;2 #2ir22M nq M/ nf X
.2+`2b2 i?2 2``Q` p`B#H2 Q7 nq M/ nf #v KmHiBTHvBM; i?2K rBi?  +QMbiMi αX a2i i?2 2``Q` nr rBi? i?2 M2r 2``Q`
p`B#H2 Q7 nq XRk, .2+`2b2 HH 2``Q` p`B#H2b Q7 HH M2m`QMb ni #v  7+iQ` βXRj, A7 i?2 biQTTBM; +`Bi2`BQM Bb MQi K2i- ;Q #+F iQ ai2T UkVX
&RPSOH[LW\LQWLPHDQGVSDFH
Paa:L: BM?2`Bib P:L:bǶ +QKTH2tBiv BM iBK2 M/ bT+2 b Bi Bb #b2/ QM i?2 bK2 `@
+?Bi2+im`2X b M //BiBQM- Paa:L: miBHBx2b mMH#2H2/ /i TQBMib 7Q` Bib KQ/2H mT/i2b

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
M/ i?mb- /2T2M/BM; QM i?2 p2`;2 MmK#2` Q7 mMH#2H2/ /i TQBMib- BM+`2b2b i?2 +QK@
TmiiBQMH +QKTH2tBiv bHB;?iHvX >Qr2p2`- /m2 iQ i?2 iBK2 +QKTH2tBiv Q7 i?2 rBi? P:L:
BMi`Q/m+2/ QMHBM2 T`2/B+iBQM bi`i2;B2b HB2b BM p2`;2 M/ rQ`bi +b2 BM O(log2n)- Paa@
:L: vB2H/b 7Q` M Qp2`HH iBK2 +QKTH2tBiv BM p2`;2 M/ rQ`bi +b2 Q7 O(log2n) M/ 
bT+2 +QKTH2tBiv BM p2`;2 M/ rQ`bi +b2 Q7 O(n)X
 '\QDPLFVRIWKH266*1* ODEHOLQJ
Paa:L: #mBH/b mTQM P:L: M/ i?mb b?`2b i?2 bK2 BKTHB+Bi irQ@H2p2H `+?Bi2+im`2-
BM+Hm/BM;  72im`2 H2p2H r?B+? `2T`2b2Mib i?2 /i BM 72im`2 bT+2 M/  +i2;Q`v H2p2H
r?B+? #`B/;2b i?2 72im`2 H2p2H M/ i?2 +i2;Q`v H#2H bT+2 i?i Bb /2}M2/ r?2M T`Q+2bbBM;
H#2H2/ /iX >Qr2p2`- BM +QMi`bi iQ P:L:- Paa:L: H#2Hb mMH#2H2/ /i M/ i?mb
2ti2M/b i?2 KQmMi Q7 /i i?i 2z2+ib i?2 +i2;Q`v H2p2H- b i?2 /i TQBMi M/ Bib
UbbB;M2/V H#2H Bb 7m`i?2` T`Q+2bb2/X h?2 [mHBiv Q7 i?2 UM2rV /i i?2`27Q`2 `2HB2b QM i?2
[mHBiv Q7 i?2 T`2/B+iBQM Q7 i?2 +HbbB}+iBQM KQ/2H i T`2/B+iBQM iBK2X h?Bb Bb  T`Q#H2K
MQi T`iB+mH` HBKBi2/ iQ Paa:L:- #mi Q7 b2KB@bmT2`pBb2/ H2`MBM; BM ;2M2`H r?B+? `2[mB`2
+2`iBM /i bbmKTiBQMb Ub22 a2+iBQM kXjV iQ #2 7mH}HH2/ BM Q`/2` iQ #2 mb27mHX HbQ /`B7iBM;
+QM+2Tib `2  ?m;2 T`Q#H2K 7Q` b2KB@bmT2`pBb2/ TT`Q+?2bX AM *?Ti2` 8 r2 BMi`Q/m+2 M
2ti2MbBQM Q7 :L: i?i T`iB+mH`Hv //`2bb2b i?Bb +?HH2M;2X >Qr2p2`- BM Q`/2` iQ /22THv
mM/2`biM/ i?2 /vMKB+b Q7 Paa:L:- r2 rBHH ?p2  +HQb2` HQQF i r?i r2 +HH H#2HBM;
/vMKB+b Q7 i?2 Paa:L: H#2HBM;X
)LJXUH  ,OOXVWUDWLRQRIWKHODEHOLQJG\QDPLFVRI266*1*
6B;m`2 9Xj BHHmbi`i2b i?2b2 H#2HBM; /vMKB+b Q7 Paa:L:X h?2 };m`2 b?Qrb i?`22 bi2Tb
Q7 i?2 H#2HBM; T`Q+2bb- r?B+? +?`+i2`Bx2b Paa:L:X AM i?2 }`bi BK;2 UH27iV-  M2r
mMH#2H2/ /i TQBMi xj Bb T`2b2Mi2/ iQ i?2 Paa:L: M2irQ`FX AM i?Bb BK;2 i?2 M2`2bi

 2QOLQH6HPLVXSHUYLVHG*URZLQJ1HXUDO*DV266*1*
Without late labels With 25% of late labels
With 50% of late labels With 100% of late labels
)LJXUH  ' 9LVXDOL]DWLRQRI266*1* GXULQJWKHSURFHVVLQJRI63,5$/ZLWK   ODWHODEHOV
M2B;?#Q` n1 /Q2b MQi T`QpB/2  H#2H- r?BH2 i?2 b2+QM/ M2`2bi M2B;?#Q` n2 Bb H#2H2/ rBi?
+i2;Q`v AX ++Q`/BM; iQ i?2 M2r T`2/B+iBQM bi`i2;v Q7 Paa:L: xj /QTib i?2 H#2H Q7
i?2 +HQb2bi M2B;?#Q` BM i?2 M2irQ`F i?i T`QpB/2b  H#2HX h?2`27Q`2- xj Bb H#2H2/ rBi?
+i2;Q`v A ++Q`/BM; iQ n2- b /2TB+i2/ BM i?2 b2+QM/ BK;2 UKB//H2VX >Qr2p2`- i?2 KQbi
BMi2`2biBM; T`i Q7 i?2 H#2HBM; /vMKB+b `2 b?QrM BM i?2 i?B`/ BK;2 U`B;?iVX 7i2`  H#2H
T`2/B+iBQM 7Q` M mMH#2H2/ /i TQBMi- Paa:L: 7QHHQrb i?2 #2?pBQ` Q7 P:L: M/ i?mb
H#2Hb i?2 rBMM2` M2m`QM n1 ++Q`/BM; iQ i?2 H#2H Q7 i?2 T`2b2Mi2/ biBKmHmb xj- r?B+? Bb
BM Qm` +b2 i?2 +i2;Q`v H#2H AX h?Bb /2KQMbi`i2b ?Qr Paa:L: T`QT;i2b +i2;Q`B2b
BM i?2 M2irQ`F M/ 7m`i?2`KQ`2 ?Qr Bi ;2M2`HBx2b M/ 2tTM/b i?2 FMQrM +i2;Q`B2bX
Paa:L: Bb KBMHv /2bB;M2/ iQ T`Q+2bb H#2H2/ M/ mMH#2H2/ /i BM  b2KB@bmT2`pBb2/
+HbbB}+iBQM b+2M`BQ- #mi Bb HbQ +T#H2 Q7 /TiBM; iQ b+2M`BQb BM r?B+?  r2F bm@
T2`pBbBQM Bb ;Bp2M BM 7Q`K Q7 Hi2 H#2H H2`MBM;X b /2b+`B#2/ 2`HB2` BM i?Bb +?Ti2`- Hi2

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
H#2H H2`MBM; BMpQHp2b +i2;Q`v H#2Hb ctj i?i +Q``2bTQM/ iQ i?2 /i TQBMib xti ∈ X t iQ
#2 ;Bp2M i t + k rBi? k > 0X q?BH2 Paa:L: 2tTM/b M/ T`QT;i2b Bib FMQrM +i@
2;Q`B2b Qp2` i?2 M2irQ`F- /m2 iQ Bib H#2HBM; /vMKB+b Q7 H#2HBM; Bi biBHH [mB+FHv /Tib
iQ M2rHv ;Bp2M H#2Hb ++Q`/BM; iQ i?2 P:L: H#2HBM; bi`i2;vX AM Q`/2` iQ /2KQMbi`i2
i?Bb #2?pBQ`- r2 pBbmHHv M/ 2tT2`BK2MiHHv BMp2biB;i2 i?2 /TiiBQM Q7 Paa:L: iQ@
r`/b Hi2 H#2HBM; b+2M`BQbX AM 6B;m`2 9X9 i?2 Paa:L: M2irQ`F Bb pBbmHBx2/ BM 7Qm`
BK;2b 7i2` #2BM; i`BM2/ rBi? i?2 aSA_GR /ib2i Ub22 a2+iBQM jXeV M/ p`BQmb H#2H
+QM};m`iBQMbX 6Q` i?2 pBbmHBxiBQM BM i?2 }`bi BK;2 UiQT@H27iV- Paa:L: rb i`BM2/
rBi? HH /i TQBMib Q7 aSA_GR- r?BH2 QMHv H#2Hb 7Q` +i2;Q`v e- +i2;Q`v 3 M/ +i2;Q`v
Ry ?p2 #22M T`QpB/2/X 6Q` i?2 Qi?2` BK;2b r2 bBKTHv T`QpB/2/ i?2 KBbbBM; H#2Hb 7Q`
HH +i2;Q`B2b M/ H2i i?2 +i2;Q`v H2p2H Q7 Paa:L: /Ti iQ i?Qb2 H#2Hb- #v T`QpB/BM;
k8W Q7 i?2 Hi2 H#2Hb UiQT@`B;?iV- 8yW Q7 i?2 Hi2 H#2Hb U#QiiQK@H27iV- M/ RyyW Q7 i?2
Hi2 H#2Hb U#QiiQK@`B;?iVX 7i2` ?pBM; b22M k8W Q7 i?2 Hi2 H#2Hb- Paa:L: H`2/v ?b
+[mB`2/ HH +i2;Q`B2b rBi?  MmK#2` Q7 M2m`QMbX Hi?Qm;? i?2 +i2;Q`v #QmM/`B2b `2
#Hm``2/ iQ bQK2 /2;`22- 2bT2+BHHv i i?2 +i2;Q`v #QmM/`v QM iQT Q7 i?2 bTB`H- i?2 Qp2`HH
/Bbi`B#miBQM Q7 i?2 Ry +i2;Q`B2b Bb H`2/v +H2`Hv pBbB#H2X 7i2` ?pBM; b22M 8yW Q7 i?2 Hi2
H#2Hb- i?2 +i2;Q`v #QmM/`B2b ;Qi KQ`2 T`2+Bb2 r?BH2 QMHv  72r r`QM;Hv H#2H2/ M2m`QMb
`2 H27i BMbB/2 i?2 +i2;Q`v /Bbi`B#miBQMbX 7i2` b22M HH Q7 i?2 Hi2 H#2Hb- HH +i2;Q`B2b
`2 r2HH 2bi#HBb?2/ BM i?2 Paa:L: M2irQ`F M/ MQ Q#pBQmbHv r`QM;Hv H#2H2/ M2m`QMb
`2 H27iX h?2 pBbmHBxiBQM b?Qrb i?i Paa:L: [mB+FHv /Tib i?2 +i2;Q`v iQTQHQ;v UBib
+i2;Q`v H2p2HV M/ i?mb Bb +T#H2 Q7 /TiBM; iQ  Hi2 H#2H H2`MBM; b+2M`BQX AM a2+iBQM
9Xe- r2 rBHH 2tT2`BK2MiHHv b?Qr i?i i?2 T`BQ` FMQrH2/;2 #Qmi +i2;Q`v bi`m+im`2b +M
#2 #2M2}+BH BM  Hi2 H#2HBM; +HbbB}+iBQM ibFX
 'DWDVHWV
q2 2pHmi2 Paa:L: QM Qp2`HH bBt /ib2ib- BM+Hm/BM; i?`22 `iB}+BH b2ib U;k9R+- ;k9R/-
.B;BiRV- M/ i?`22 `2H b2ib UlaSa- *PAG- "*AVX h?2b2 /ib2ib ?p2 #22M T`QTQb2/ #v
*?T2HH2 2i HX (*?ye) b #2M+?K`FBM; 7Q` b2KB@bmT2`pBb2/ +HbbB}+iBQM M/ `2 rB/2Hv
mb2/ BM i?Bb }2H/X h?2 `iB}+BH /ib2ib r2`2 bT2+B}+HHv ;2M2`i2/ BM Q`/2` iQ 7mH}HH
i?2 /i bbmKTiBQMb r2 /2b+`B#2/ BM a2+iBQM kXjX q2 mb2 aa:L: b #b2HBM2 7Q` Qm`
TT`Q+? M/ 2pHmi2 i?2 +HbbB}+iBQM ++m`+v QM i2bi 7Q` i?2 bBt /ib2ib /2b+`B#2/
#2HQr BM KQ`2 /2iBHX 1t+2Ti 7Q` i?2 "*A /ib2i- HH aaG #2M+?K`FBM; /ib2ib BM+Hm/2
R8yy /i TQBMib Q7 k9R /BK2MbBQMH 72im`2 p2+iQ`bX AM Q`/2` iQ pBbmHBx2 i?2 /i- 6B;m`2
9Xe b?Qrb  irQ@/BK2MbBQMH `2T`2b2MiiBQM Q7 2+? /ib2i THQiiBM; i?2 }`bi irQ T`BM+BTH
+QKTQM2Mib 7i2` TTHvBM;  S`BM+BTH *QKTQM2Mi MHvbBb US*V (S2yR)X
q2 /2b+`B#2 i?2b2 /ib2ib BM r?i 7QHHQrb,

 'DWDVHWV
JF	JG
h?2 }`bi `iB}+BH /ib2i U;k9R+V Bb  :mbbBM KBtim`2 /Bbi`B#miBQM i?i rb ;2M2`i2/
#v irQ mMBi@p`BM+2 BbQi`QTB+ :mbbBMb rBi? i?2B` +2Mi2`b ?pBM;  /BbiM+2 Q7 kX8 7`QK
2+? Qi?2` BM  `M/QK /B`2+iBQMX //BiBQMHHv- HH /BK2MbBQMb `2 biM/`/Bx2/ BM i?2
b2Mb2 i?i i?2v `2 b?B7i2/ M/ `2b+H2/ iQ x2`Q@K2M M/ mMBi p`BM+2X h?2 /ib2i Bb
/2bB;M2/ iQ 7mH}HH i?2 +Hmbi2` bbmKTiBQM- #mi MQi i?2 KMB7QH/ bbmKTiBQMX h?Bb K2Mb
i?i /i TQBMib Q7 i?2 bK2 +Hmbi2`b `2 HBF2Hv iQ #2HQM; iQ i?2 bK2 +i2;Q`vX AM 6B;m`2
9Xe UiQT@H27iV-  irQ@/BK2MbBQMH `2T`2b2MiiBQM Q7 #Qi? +i2;Q`B2b Bb b?QrM ++Q`/BM; iQ
i?2 irQ KQbi p`vBM; /BK2MbBQMbX "Qi? :mbbBM /Bbi`B#miBQMb `2 +H2`Hv pBbB#H2 BM i?2
BK;2X
h?2 b2+QM/ `iB}+BH /ib2i U;k9R/V Bb  bBKBH` :mbbBM KBtim`2 /Bbi`B#miBQM bm+? b
;k9R+X >Qr2p2`- i?2 irQ +Hbb2b - " r2`2 bTHBi BMiQ A1-A2 M/ B1-B2- b /2TB+i2/ BM
6B;m`2 9Xe UiQT@`B;?iVX h?2 /BbiM+2 #2ir22M i?2 bm#+Hbb2b (A1, B1) M/ (A2, B2) rb b2i
iQ kX8 BM `M/QK /B`2+iBQM- r?BH2 i?2 BMi2`+Hbb /BbiM+2 #2ir22M (A1, A2) M/ (B1, B2) Bb
eX h?2 /ib2i rb /2bB;M2/ BM bm+?  rv i?i i?2b2 bm#+Hbb2b `2 MQi +QMp2t- i?mb MQi
7mH}HHBM; i?2 +Hmbi2` bbmKTiBQM MvKQ`2X
'LJLW
AM i?2 Hbi `iB}+BH /ib2i- BK;2b Q7 i?2 /B;Bi ǶRǶ r2`2 ;2M2`i2/X h?2b2 16×16 BK;2b `2
i?2 `2bmHi Q7 i`Mb7Q`KiBQMb Q7 i?2 /B;Bi HQM; }p2 /2;`22b Q7 7`22/QK, irQ 7Q` i`MbHiBQMb
U(@yXRj-yXRj) 2+?V- QM2 7Q` `QiiBQM U(−90◦-90◦)V- QM2 7Q` HBM2 i?B+FM2bb U(yXyk-yXy8)V- M/
QM2 7Q` i?2 bKHH HBM2 i i?2 #QiiQK U(y-yXR)VX h?2 +Hbb H#2Hb r2`2 b2i ++Q`/BM; iQ i?2
iBHi M;H2- rBi? i?2 #QmM/`v +Q``2bTQM/BM; iQ M mT`B;?i /B;BiX //BiBQMH MQBb2 rb
//2/ BM Q`/2` iQ KF2 i?2 ibF  bHB;?iHv KQ`2 /B{+mHiX AM i?Bb +b2- i?2 /ib2i Bb
;2M2`i2/ iQ 7mH}HH i?2 KMB7QH/ bbmKTiBQM- #mi /Q2b MQi T`QpB/2  +Hmbi2` bi`m+im`2X Aib
irQ@/BK2MbBQMH T`QD2+iBQM Bb b?QrM BM 6B;m`2 9Xe UKB/@H27iVX
8636
h?Bb }`bi `2H /ib2i Bb /2`Bp2/ 7`QK i?2 r2HH FMQrM laSa ?M/r`BiBM; /ib2i- r?B+?
BM+Hm/2b 16×16 BK;2b Q7 Ry ?M/r`Bii2M /B;BibX h?2 /B;Bib ǵkǶ M/ ǵ8Ƕ r2`2 bbB;M2/ iQ i?2
}`bi +i2;Q`v- r?BH2 i?2 `2bi Q7 i?2 i2M /B;Bib UǵRǶ- ǵjǶ- ǵ9Ƕ- ǵeǶ- ǵdǶ- ǵ3Ƕ- ǵNǶ- ǵRyǶV r2`2 bbB;M2/
iQ i?2 b2+QM/ +i2;Q`vX h?mb- i?2 /ib2i Bb BK#HM+2/ rBi? i?2 `iBQ Q7 R,9X h?2 Q`B;BMH
/ib2i Bb HbQ KQ/B}2/ #v //BiBQMH BMi`Q/m+2/ MQBb2 M/ KbF2/ /BK2MbBQMb BM Q`/2` iQ
b2i i?Bb /ib2i T`iX  T`QD2+iBQM Q7 i?2 /ib2i QMiQ i?2 irQ KQbi p`BMi /BK2MbBQMb
Bb b?QrM BM 6B;m`2 9Xe UKB/@`B;?iVX

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
&2,/
h?2 b2+QM/ `2H /ib2i Bb /2`Bp2/ 7`QK i?2 *QHmK#B Q#D2+i BK;2 HB#``v U*PAG@RyyV
(LLJNe) M/ BM+Hm/2b +QHQ` BK;2b Q7 Ryy /Bz2`2Mi Q#D2+ib iF2M 7`QK p`vBM; M;H2b
UBM bi2Tb Q7 8 /2;`22bV i  `2bQHmiBQM Q7 128 × 128X h?2 /ib2i rb ;BM KQ/B}2/ BM
b2p2`H rvb iQ T`QpB/2  mMB[m2 b2KB@bmT2`pBb2/ H2`MBM; #2M+?K`F b2iX 1p2`v BK;2
rb /QrMbKTH2/ iQ 16×16 BK;2b #v p2`;BM; Qp2` 8×8 TBt2H #HQ+FbX h?2`2#v- QMHv i?2
BM7Q`KiBQM Q7 i?2 `2/ _:" +?MM2H rb +QMbB/2`2/X h?2 mi?Q`b Q7 i?2 /ib2i `M/QKHv
b2H2+i2/ k9 Qmi Q7 i?2 Ryy Q#D2+ib M/ T`iBiBQM2/ i?2K BMiQ bBt +i2;Q`B2b rBi? 7Qm` Q#D2+ib
2+?X 6BMHHv- i?2v TTHB2/ M H;Q`Bi?K iQ BMi`Q/m+2 MQBb2 M/ KbFBM; /BK2MbBQMbX h?2
/ib2i Bb pBbmHBx2/ BM 6B;m`2 9Xe U#QiiQK@H27iVX
%&,
AM i?2 Hbi `2H /ib2i- 11: U2H2+i`Q2M+2T?HQ;`T?vV K2bm`2K2Mib r2`2 `2+Q`/2/ 7`QK
jN 2H2+i`Q/2bX b Tm#HBb?2/ #v #v GH 2i HX (Ga>+y9)- i?2 2tT2`BK2Mib +QMbBbi Q7 `2+Q`/BM;b
7`QK 9yy i`BHb rBi? bm#D2+ib BK;BMBM;  H27i ?M/ KQp2K2Mi U+i2;Q`v @RV M/  `B;?i
?M/ KQp2K2Mi U+i2;Q`v YRVX M miQ`2;`2bbBQM KQ/2H Q7 i?2 Q`/2` j rb TTHB2/ iQ i?2
`2bmHiBM; jN iBK2 b2`B2b BM Q`/2` iQ +QMbi`m+i  RRd UjN × jV@/BK2MbBQMH 72im`2 p2+iQ`X 
irQ@/BK2MbBQMH T`QD2+iBQM Q7 "*A Bb /2TB+i2/ BM 6B;m`2 9Xe U#QiiQK@`B;?iVX
 (YDOXDWLRQ
AM i?Bb b2+iBQM r2 2pHmi2 Paa:L: b b2KB@bmT2`pBb2/ 2ti2MbBQM Q7 P:L: Q7 *?Ti2`
j BM Qm` 2tT2`BK2MibX q2 2tT2`BK2MiHHv +QKT`2 Bib +HbbB}+iBQM T2`7Q`KM+2 iQ M
2tBbiBM; b2KB@bmT2`pBb2/ H2`MBM; TT`Q+?- BX2X a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b
Uaa:L:V9- QM biM/`/ b2KB@bmT2`pBb2/ +HbbB}+iBQM #2M+?K`F /ib2ibX q2 rBHH b?Qr
i?i Paa:L: QmiT2`7Q`Kb aa:L: BM KQbi Q7 i?2 /ib2ibX 6m`i?2`KQ`2- Paa:L: rBHH
#2 +QKT`2/ iQ biM/`/ b2KB@bmT2`pBb2/ +HbbB}2`b /2b+`B#2/ BM i?2 HBi2`im`2X h?2`2#v-
r2 HbQ +QKT`2 Qm` `2bmHib iQ  R@L2`2bi L2B;?#Q` UR@LLV- P:L: M/ HBM2` KmHiB@+Hbb
amTTQ`i o2+iQ` J+?BM2 UaoJV +HbbB}2`- r?B+? `2 i`BM2/ rBi? H#2H2/ 2tKTH2b QMHvX
h?Bb HHQrb mb iQ [mMiB7v i?2 #2M2}i Q7 b2KB@bmT2`pBb2/ H2`MBM; 7Q` i?Qb2 /ib2ibX q2
HbQ BMp2biB;i2 B7 Paa:L: #2M2}ib 7`QK T`BQ` +Hmbi2`2/ mMH#2H2/ /i BM  Hi2 H#2HBM;
b+2M`BQX
9q2 mb2 i?2 KBM@/Bbi K2i?Q/ 7`QK a2+iBQM jXjXR b H#2HBM; bi`i2;v 7Q` aa:L:X

 (YDOXDWLRQ
 3DUDPHWHUV
b r2 rMi #Qi? :L: p`BiBQMb- aa:L: M/ Paa:L:- iQ #2 +QKT`#H2- r2 +?Qb2 
}t2/ b2i Q7 T`K2i2`bX AM +QMi`bi iQ i?2 b2i r2 mb2 BM i?2 `2bi Q7 Qm` 2tT2`BK2Mib- r2
+?Qb2 iQ mb2  b2i i?`Qm;?Qmi Qm` 2tT2`BK2Mib i?i rb T`QTQb2/ #v wFB 2i HX(wFy3)
7Q` aa:L: iQ T`QpB/2  7B` +QKT`BbQM ?2`2X >Qr2p2`- r2 7QmM/ Qmi i?i i?2 T`K2i2`
b2i Q7 P:L: M/ Bib 2ti2MbBQMb Bb BMb2MbBiBp2 iQr`/b T`K2i2` +?M;2b 7Q` KQbi Q7 i?2
T`K2i2`bX AM Qm` 2tT2`BK2Mib BM i?Bb +?Ti2` i?2 T`K2i2`b `2 i?mb b2i b 7QHHQrb,
BMb2`iBQM T`K2i2` λ = 300c KtBKmK ;2 amax = 100c /TiiBQM T`K2i2` 7Q` rBMM2`
eb = 0.2c /TiiBQM T`K2i2` 7Q` M2B;?#Q`?QQ/ en = 0.006c 2``Q` p`B#H2 /2+`2b2
α = 0.5c 2``Q` p`B#H2 /2+`2b2 β = 0.995X h?2 H;Q`Bi?K biQTb r?2M  M2irQ`F bBx2 Q7
kyy M2m`QMb Bb `2+?2/X Pm` 2tT2`BK2Mib `2 +``B2/ Qmi mbBM;  Rk@7QH/ +`Qbb pHB/iBQM
rBi? Ryy H#2H2/ 2tKTH2b T2` 7QH/- `2bT2+iBp2HvX h?Bb b2imT +Q``2bTQM/b iQ i?2 b2imT
mb2/ BM *?T2HH2 2i HX (*Py8) r?2`2  MmK#2` Q7 bii2@Q7@i?2@`i aaG H;Q`Bi?Kb r2`2
#2M+?K`F2/X
 ([SHULPHQWV	5HVXOWV
q2 2pHmi2 i?2 ++m`+v Q7 HH +QKT`2/ H;Q`Bi?Kb QM i2bi- b b?QrM BM h#H2 9XR M/
h#H2 9XkX 1+? `Qr BM i?2 i#H2 `2T`2b2Mib i?2 ++m`+v QM i2bi p2`;2/ Qp2` i?2 Rk 7QH/bX
h?2 #2bi ++m`+v Bb ?B;?HB;?i2/ BM 2+? `QrX q2 HbQ +QKT`2 iQ  R@LL +HbbB}2` M/
 HBM2` KmHiB@+Hbb aoJ BM Q`/2` iQ T`QpB/2 M Qp2`HH #b2HBM2 7Q` HH aaG TT`Q+?2bX
"Qi? +HbbB}2`b r2`2 QMHv i`BM2/ rBi? i?2 H#2H2/ /i TQBMib Q7 Qm` /i b2ibX
6Q` i?2 Hi2 H#2HBM; b+2M`BQ- r2 +QKT`2 Paa:L: iQ  KQ/B}2/ p2`bBQM Paa:L:@J-
BM Q/2` iQ /2KQMbi`i2 i?2 #2M2}i Q7  T`BQ`B +Hmbi2`BM; Q7 +i2;Q`B2b r?B+? `2 H#2H2/ BM
/2HvX 6Q` i?2b2 2tT2`BK2Mib r2 H2i Paa:L: T`Q+2bb i?2 +QKTH2i2 *PAG /ib2i r?BH2
QMHv T`2b2MiBM; i?2 H#2Hb 7Q` *i2;Q`v e- *i2;Q`v 3 M/ +i2;Q`v RyX q2 i?2M bi2TrBb2
T`QpB/2 i?2 H#2Hb 7Q` i?2 KBbbBM; +i2;Q`B2b M/ K2bm`2 i?2 +HbbB}+iBQM T2`7Q`KM+2
Q7 Paa:L: 7Q` i?Qb2 Hi2 H#2H2/ +i2;Q`B2bX Paa:L:@J BM +QMi`bi iQ Paa:L: HbQ
/Tib iQ i?2 Hi2 H#2Hb rBi?Qmi T`Q+2bbBM; i?2 mMH#2H2/ /i  T`BQ`B- biBHH T`QpB/BM; i?2
bK2 M2irQ`F bBx2X h?2 ++m`+v +m`p2 Q7 Paa:L: M/ Paa:L:@J BM i?2b2 2tT2`BK2Mib
Bb /2TB+i2/ BM 6B;m`2 9X8X
5HVXOWV
h?2 `2bmHib HB+2Mb2 i?2 7QHHQrBM; Q#b2`piBQMb,

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
Ç *QKT`BbQM Q7 Paa:L: M/ aa:L:,++Q`/BM; iQ h#H2 9XR- Paa:L: +H2`Hv
QmiT2`7Q`Kb aa:L: QM }p2 Qmi Q7 bBt /ib2ib U;k9R+- ;k9R/- *PAGV rBi? 8kXN3W-
ekXeeW- 3RX98W 7Q` Paa:L: M/ 9NXe9W- 99XyjW- d8X9NW 7Q` aa:L:X "Qi? ?p2
 +QKT`#H2 T2`7Q`KM+2 QM i?2 /ib2ib U.B;BiR- laSaV rBi? NeXddW- NjXydW 7Q`
Paa:L: M/ NeXkyW- NkX83W 7Q` aa:L:X 6Q` i?2 "*A /ib2i aa:L: T2`7Q`Kb
#2bi rBi? 3yX8RW +QKT`2/ iQ dNX9dW 7Q` Paa:L:X PM p2`;2- Paa:L: ?b HbQ
 ?B;?2` ++m`+v rBi? ddXdjW +QKT`2/ iQ aa:L: rBi? djXy3WX ++Q`/BM; iQ i?2b2
`2bmHib- Bi Bb pHB/ iQ +HBK i?i Paa:L: QmiT2`7Q`Kb aa:L:- r?BH2 +B`+mKp2MiBM;
i?2 M22/ iQ 2tTHB+BiHv biQ`2 i`BMBM; 2tKTH2b M/ T2`7Q`K b2p2`H Tbb2b Qp2` i?2
/i mMiBH `2+?BM; +QMp2`;2M+2X
Ç *QKT`BbQM Q7 Paa:L: M/ P:L:, h?2 `2bmHib BM h#H2 9XR b?Qr i?i 2t@
i2M/BM; P:L: rBi?  b2KB@bmT2`pBb2/ +QKTQM2Mi UPaa:L:V BKT`Qp2b Bib +HbbB@
}+iBQM T2`7Q`KM+2 7Q` i?2 /ib2ib U;k9R+- ;k9R/- *PAG- "*AV #v eX88W- dXe3W-
9Xj9W- kXR9WX h?2`2 `2 QMHv irQ /ib2ib U.B;BiR- laSaV 7Q` r?B+? Paa:L: vB2H/b
rQ`b2 `2bmHib +QKT`2/ iQ P:L: M/ Bib T2`7Q`KM+2 /2+`2b2b #v RXy9W- RXk3W-
H#2Bi i?2b2 /Bz2`2M+2b `2 +H2`Hv KBMQ`X AMi2`2biBM;Hv- i?2b2 `2 HbQ i?2 /ib2ib
7Q` r?B+?  b2KB@bmT2`pBb2/ aoJ +HbbB}2` UhaoJV T2`7Q`Kb rQ`b2 rBi? NjX9NW-
NyXkjW i?M  biM/`/ aoJ rBi? N9X9dW- NyXk8W Ub22 h#H2 9XkVX h?Bb b?Qrb i?i
aaG Bb MQi 2z2+iBp2 7Q` i?2b2 T`iB+mH` /ib2ibX
Ç *QKT`BbQM Q7 Paa:L: M/ biM/`/ b2KB@bmT2`pBb2/ H2`MBM; H;Q@
`Bi?Kb, q2 //BiBQMHHv +QKT`2/ Qm` `2bmHib iQ i?2 `2bmHib Q7 biM/`/ b2KB@
bmT2`pBb2/ +HbbB}+iBQM H;Q`Bi?Kb Tm#HBb?2/ #v *?T2HH2 2i HX (*Py8)- MK2Hv
h`Mb/m+iBp2 aoJ UhaoJV (CQ) UmbBM;  HBM2` F2`M2HV- *Hmbi2`@E2`M2H (LQ#yj)-
.i@/2T2M/M+v `2;mH`BxiBQM (*ye) M/ GQr@.2MbBiv a2T`iBQM UG.aV (*Py8)X
q2 /B/ MQi `2BKTH2K2Mi i?2b2 H;Q`Bi?Kb- #mi +QKT`2/ Qm` `2bmHib iQ i?2 Tm#HBb?2/
`2bmHib mbBM; i?2 bK2 /i mM/2` bK2 +QM/BiBQMbX h?2 `2bmHib `2 bmKK`Bx2/
BM h#H2 9XkX PM irQ /ib2ib U;k9R+- ;k9R/V- Paa:L: T2`7Q`Kb /2}MBi2Hv rQ`b2
+QKT`2/ iQ i?2 Qi?2` b2KB@bmT2`pBb2/ H2`MBM; TT`Q+?2b rBi? 8kXN3W- ekXeeWX
PM i?2 Qi?2` 7Qm` /ib2ib U.B;BiR- laSa- *PAG- "*AV- i?2 T2`7Q`KM+2 Q7 Paa@
:L: Bb #2ii2` i?M i?2 QM2b Q7 RLL- aoJ- haoJ M/ *Hmbi2`@E2`M2H rBi? NeXddW-
NjXydW- 3RX98W- dNX9dW- r?BH2 i?2 *Hmbi2`@E2`M2H H;Q`Bi?K T2`7Q`Kb #2bi QM p2`@
;2X h?2`27Q`2- i?2 `2bmHib `2 +QKT`#H2 iQ i?Qb2 Q7 Qi?2` bii2@Q7@i?2@`i b2KB@
bmT2`pBb2/ H2`MBM; TT`Q+?2bX PM QM2 /ib2i- BX2X "*A- Bi Bb 2p2M i?2 +b2 i?i
Paa:L: QmiT2`7Q`Kb HH Qi?2` TT`Q+?2b #v 7` dNX9dWX h?2b2 `2bmHib +H2`Hv HB@
+2Mb2 i?2 +QM+HmbBQM i?i Paa:L: +M +QKT2i2 rBi? Qi?2` b2KB@bmT2`pBb2/ H2`MBM;
TT`Q+?2bX
Ç Paa:L: pbX Paa:L:@J, ++Q`/BM; iQ 6B;m`2 9X8- Paa:L: +H2`Hv #2M2}ib
7`QK Bib  T`BQ`B +Hmbi2`BM; Q7 mMH#2H2/ /i M/- 7m`i?2`KQ`2- [mB+FHv /Tib iQ
i?2 M2r H#2HbX Paa:L: +?B2p2b M ++m`+v Q7 33W 7i2` b22M HH H#2H2/ M/

 (YDOXDWLRQ
Hi2 H#2H2/ 2tKTH2b +QKT`2/ iQ e3XkdW Q7 Paa:L:@JX Ai Bb MQiB+2#H2 i?i i?2
++m`+v +m`p2 Q7 Paa:L: Bb bKQQi?2` i?M i?Qb2 Q7 Paa:L:@J- r?B+? Bb KQbi
T`Q##H2 M BM/B+iBQM 7Q`  KQ`2 mMB7Q`KHv `2T`2b2MiiBQM Q7 i?2 mM/2`HvBM; +i2@
;Q`B2b #v Paa:L:X
P:L: aa:L: Paa:L:
UH#2H2/ /iV
;k9R+ 9eX9j 9NXe9 8kXN3
;k9R/ 89XN3 99Xyj ekXee
.B;BiR NdX3R NeXky NeXdd
laSa N9Xj8 NkX83 NjXyd
*PAG ddXRR d8X9N 3RX98
"*A ddXjj 3yX8R dNX9d
p2`;2 d9Xed djXy3 ddXdj
7DEOH  $YHUDJHGFODVVLILFDWLRQDFFXUDF\RI2*1*66*1* DQG266*1* SHUIRUPHGRQGDWDVHWVVHYHUDOGDWDVHWV
 'LVFXVVLRQ
Pm` 2tT2`BK2Mib b?Qr i?2 #2M2}i Q7 i?2 b2KB@bmT2`pBb2/ P:L: UPaa:L:VX Ai +H2`Hv
QmiT2`7Q`Kb aa:L: M/ BKT`Qp2b i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 P:L: BM 7Qm` Qmi Q7
bBt /ib2ibX h?2 irQ /ib2ib U.B;BiR- laSaV BM r?B+? i?2 b2KB@bmT2`pBb2/ TT`Q+?2b
UPaa:L:- haoJV vB2H/ rQ`b2 `2bmHib +QKT`2/ iQ i?2B` Q`B;BMH H;Q`Bi?Kb UP:L:-
aoJV b22K iQ #2 p2`v 2bv iQ +HbbB7v b 2p2`v +QKT`2/ H;Q`Bi?K +?B2p2b M ++m`+v
Qp2` NyWX h?2 `2bmHib Q7 i?2 R@LL TT`Q+? HbQ HB+2Mb2 i?Bb Q#b2`piBQM b Bi T2`7Q`Kb
Km+? #2ii2` QM i?Qb2 /ib2ib i?M QM i?2 Qi?2`bX Ai b22Kb i?i BM i?2b2 +b2b b2KB@
bmT2`pBb2/ H2`MBM; +M MQi BKT`Qp2 i?2 +HbbB}+iBQM T2`7Q`KM+2 7m`i?2`X
6Q` 7Qm` Qmi Q7 bBt /ib2ib- Paa:L: M/ P:L: +?B2p2 #2ii2` `2bmHib +QKT`2/ iQ 
biM/`/ aoJ UrBi?  HBM2` F2`M2HV r?BH2 HbQ #2BM; +QKT`#H2 iQ Qi?2` biM/`/ aaG
H;Q`Bi?KbX Ai Bb bi`BFBM; i?i Paa:L: QmiT2`7Q`Kb HH Qi?2` TT`Q+?2b #v 7` QM i?2
"*A /ib2iX h?Bb /ib2i Bb +?`+i2`Bx2/ #v i?2 pBH#BHBiv Q7 QMHv 72r /i TQBMib U9yy
BM iQiHV b r2HH b #v HQr@/BK2MbBQMH 72im`2 p2+iQ`b URRd /BK2MbBQMbVX Paa:L: i?mb
b22Kb iQ ;2M2`HBx2 #2ii2` QM HQr MmK#2`b Q7 2tKTH2bX
P:L: M/ Paa:L: b?Qr rQ`bi `2bmHib QM i?2 /ib2ib ;k9R+ M/ ;k9R/X AM Q`/2`
iQ b?2/ HB;?i QM i?Bb Q#b2`piBQM- r2 T2`7Q`K2/  S* iQ `2/m+2 i?2 /BK2MbBQMHBiv Q7
i?2 /i iQ i?2 MmK#2` Q7 T`BM+BTH +QKTQM2Mib i?i +Tim`2 90W Q7 i?2 p`BM+2X h?2
`2bmHib `2 b?QrM BM h#H2 9XjX h?2 MHvbBb b?Qrb i?i i?Qb2 irQ /ib2ib ?p2  Km+?

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
R@LL aoJ P:L: haoJ *Hmbi2`@E2`M2H .i@.2TX _2;X G.a Paa:L:
UH#2H2/ /i QMHvV
;k9R+ 8NXdk deX3N 9eX9j 3RX89 3eX8R dNXeN 3RXNe 8kXN3
;k9R/ ekX8R d8Xje 89XN3 ddX83 N8Xy8 edXR3 deXke ekXee
.B;BiR NjX33 N9X9d NdX3R NjX9N NeXkR NdX8e NeX89 NeXdd
laSa NkXje NyXk8 N9Xj8 NyXkj NyXe3 N9XNy N8Xy9 NjXyd
*PAG deXdj ddXyd ddXRR d9Xky d3XyR 33X89 3eXk3 3RX98
"*A 88XRd e8XeN ddXjj eeXd8 e9X3j 8kX8j 8eXyj dNX9d
p2`;2 djX9y dNXNe d9Xed 3yXej 38Xkj 3yXyd 3kXyk ddXdj
7DEOH  $YHUDJHGFODVVLILFDWLRQDFFXUDF\RI116902*1*266*1* DQGVWDQGDUG66/ DSSURDFKHVRQEHQFKPDUNLQJ
GDWDVHWV
?B;?2` +QKTH2tBiv UrBi? RNk M/ RNj +QKTQM2MibV +QKT`2/ iQ i?2 `2bi- r?B+? b22Kb
#2 i?2 `2bQM 7Q` i?2 r2F `2bmHib Q7 #Qi? P:L: M/ Paa:L:X h?2B` T2`7Q`KM+2 Bb
2p2M rQ`b2 i?M i?2 QM2 Q7 R@LL- r?B+? ?BMib i i?2 7+i i?i bQK2 T`ib Q7 i?2 /i `2
mM/2``2T`2b2Mi2/ BM i?2 P:L:fPaa:L:X h?Bb +QmH/ #2 /m2 iQ iQQ 72r M2m`QMb Q` /m2
iQ  p2`v bT`b2Hv H#2H2/ M2irQ`FX AM 7+i- i?2 Paa:L: H;Q`Bi?K /Q2b MQi ;m`Mi22
i?i HH M2m`QMb `2 +imHHv H#2H2/X h?Bb Bb mM/2`biM/#H2 b #Qi? /ib2ib /Q MQi 7mH}HH
i?2 KMB7QH/ bbmKTiBQM- i?mb bmz2`BM; 7`QK i?2 +m`b2 Q7 /BK2MbBQMHBiv BM i?2 b2Mb2 i?i
i?2 ?B;? MmK#2` Q7 /BK2MbBQMb `2[mB`2b  MmK#2` Q7 2tKTH2b i?i Bb 2tTQM2MiBH BM i?2
MmK#2` Q7 2tKTH2b BM Q`/2` iQ +HbbB7v i?2KX AM +b2 Q7 .B;BiR- i?2 KMB7QH/ bbmKTiBQM
Bb 7mH}HH2/- r?B+? K2Mb i?i i?2 ?B;? /BK2MbBQMHBiv HB2b QM  HQr /BK2MbBQMH KMB7QH/X
h?Bb 2tTHBMb i?2 #2ii2` T2`7Q`KM+2 Q7 P:L: M/ Paa:L: QM i?Bb /ib2i- BM bTBi2 Q7
Bib ?B;?@/BK2MbBQMHBivX
;k9R+ ;k9R/ .B;BiR laSa *PAG "*A
RNj RNk R9d ej 9k R8
7DEOH  1XPEHURISULQFLSDOFRPSRQHQWVWKDWFDSWXUHRIWKHGDWDYDULDQFH
 6XPPDU\
AM i?Bb +?Ti2` r2 ?p2 T`2b2Mi2/ M 2ti2MbBQM Q7 P:L: iQ M QMHBM2 b2KB@bmT2`pBb2/
+HbbB}2` r?B+? BM //BiBQM iQ P:L: T`2/B+ib H#2Hb 7Q` mMH#2H2/ /i BM Q`/2` iQ miBHBx2
#Qi? H#2H2/ M/ mMH#2H2/ /i 7Q` Bib +HbbB}+iBQM KQ/2H QM@i?2@~vX q2 ?p2 b?QrM
i?i Paa:L: `2M/2`b Bib2H7 B/2H 7Q` ibFb BM r?B+? QMHv r2F Q` T`iBH bmT2`pBbBQM BM
i?2 7Q`K Q7 H#2Hb Bb pBH#H2- b2KB@bmT2`pBb2/ +HbbB}+iBQM M/ Hi2 H#2HBM; BM T`iB+mH`X

 6XPPDU\
)LJXUH  $FFXUDF\IRUODWHODEHOHGFDWHJRULHVRI266*1* DQG266*1*0
q2 2tT2`BK2MiHHv +QKT`2/ Paa:L: iQ M 2tBbiBM; b2KB@bmT2`pBb2/ H2`MBM; TT`Q+?
#b2/ QM :L: Uaa:L:V r?B+? Bb Q|BM2 BM i?2 b2Mb2 i?i Bi `2[mB`2b iQ biQ`2 i?2 +QKTH2i2
i`BMBM; /i BM Q`/2` iQ Bi2`iBp2Hv T`2/B+i mMH#2H2/ /i M/ `2i`BM Bib KQ/2H 7i2`r`/bX
q2 2pHmi2/ #Qi? H;Q`Bi?Kb QM #2M+?K`FBM; b2KB@bmT2`pBb2/ +HbbB}+iBQM /ib2ib M/
+QmH/ b?Qr i?i Paa:L: QmiT2`7Q`Kb aa:L: BM d8W Q7 Qm` 2tT2`BK2Mib r?BH2 T`Q+2bbBM;
2+? /i TQBMi BM QM2 TbbX
q2 ?p2 HbQ b?QrM i?i Paa:L: BKT`Qp2b i?2 ++m`+v T2`7Q`KM+2 Q7 P:L: QM
i?2 /ib2ib rBi? mT iQ dXe3WX PM irQ /ib2i Paa:L: T`QpB/2b  HQr2` T2`7Q`KM+2
+QKT`2/ iQ P:L: rBi? M ++m`+v /2+`2b2 Q7 mT iQ RXk3WX h?Qb2 irQ /ib2ib b22K iQ
#2 /B{+mHi 7Q` b2KB@bmT2`pBb2/ +HbbB}+iBQM TT`Q+?2b- b HbQ i?2 i`Mb/m+iBp2 p2`bBQM
Q7 i?2 aoJ UhaoJV T2`7Q`Kb rQ`b2 i?M i?2 biM/`/ aoJX
6m`i?2`KQ`2- r2 ?p2 b?QrM i?i Paa:L: +QKT`2b 7pQ`#Hv iQ Qi?2` biM/`/ b2KB@
bmT2`pBb2/ +HbbB}+iBQM TT`Q+?2bX h?2 `2bmHib Q7 Paa:L: `2 #2ii2` i?M i?2 `2bmHib
Q7 ?H7 Q7 i?2 7Qm` +QKT`2/ biM/`/ aaG TT`Q+?2b 7Q` 7Qm` Qmi Q7 bBt /ib2ibX PM i?2
Qi?2` irQ /ib2ib Paa:L: M/ P:L: T2`7Q`K rQ`b2- r?B+? KQbi T`Q##Hv `2Hi2b iQ
i?2 ?B;? +QKTH2tBiv Q7 i?Qb2 /ib2ibX
q2 HbQ BMp2biB;i2/ i?2 /TiiBQM #BHBiv Q7 Paa:L: iQr`/b Hi2 H#2HBM; b+2M`BQb-
BM r?B+? +i2;Q`v H#2Hb `2 ;Bp2M 7i2` i?2 +Q``2bTQM/BM; /i TQBMib ?p2 H`2/v #22M

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*
T`2b2Mi2/ iQ i?2 M2irQ`FX q2 pBbmHBx2/ i?2 7bi /TiBQM Q7 Paa:L: BM bm+? b+2M`BQb
M/ 7m`i?2`KQ`2 2tT2`BK2MiHHv b?Qr2/ i?2 #2M2}i Q7 M mMbmT2`pBb2/ +i2;Q`v 7Q`KiBQM
bi2T T`BQ` iQ mb2 i?2 H#2Hb pBH#H2 Hi2` BM iBK2 iQ H2`M i?2b2 +[mB`2/ +i2;Q`B2bX
AM i?2 M2ti +?Ti2` r2 rBHH BMi`Q/m+2 i?2 b2+QM/ 2ti2MbBQM Q7 P:L:- .vMKB+ PMHBM2
:`QrBM; L2m`H :b U.uL:V- r?B+? Bb +T#H2 Q7 [mB+FHv /TiBM; iQ MQM@biiBQM`v
bi`2K /i r?BH2 bQHpBM; i?2 THbiB+Biv@bi#BHBiv /BH2KK #2ii2` i?M 2tBbiBM; :L:@#b2/
TT`Q+?2bX

 6XPPDU\
-5
-4
-3
-2
-1
 0
 1
 2
 3
 4
 5
-5 -4 -3 -2 -1  0  1  2  3  4  5
g241c
-5
-4
-3
-2
-1
 0
 1
 2
 3
 4
 5
-8 -6 -4 -2  0  2  4  6
g241d
-8
-6
-4
-2
 0
 2
 4
 6
 8
 10
-10 -8 -6 -4 -2  0  2  4  6  8  10
Digit1
-20
-15
-10
-5
 0
 5
 10
 15
-25 -20 -15 -10 -5  0  5  10
USPS
-10
-5
 0
 5
 10
 15
 20
 25
-20 -15 -10 -5  0  5  10  15
COIL
-20
-15
-10
-5
 0
 5
 10
 15
-25 -20 -15 -10 -5  0  5  10  15
BCI
)LJXUH  ' 9LVXDOL]DWLRQVRIWKH66/ EHQFKPDUNGDWDVHWV

&KDSWHU /HDUQLQJZLWKZHDNVXSHUYLVLRQEDVHGRQ266*1*

Chapter5
Learning with non-stationary data based on
DYNG
AM i?Bb +?Ti2` r2 BMi`Q/m+2 .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V-  MQp2H QMHBM2
bi`2K /i +HbbB}+iBQM TT`Q+? #b2/ QM PMHBM2 :`QrBM; L2m`H :b UP:L:VX .uL:
2tTHQBib H#2HH2/ /i /m`BM; T`Q+2bbBM; iQ /Ti i?2 M2irQ`F bi`m+im`2 b r2HH b i?2 bT22/
Q7 ;`Qri? Q7 i?2 M2irQ`F iQ i?2 `2[mB`2K2Mib Q7 i?2 +HbbB}+iBQM ibFX Ai i?mb bT22/b mT
H2`MBM; 7Q` M2r +i2;Q`B2bfH#2Hb M/ /KT2Mb ;`Qri? Q7 i?2 bm#M2irQ`F `2T`2b2MiBM;
i?2 +i2;Q`v QM+2 i?2 +HbbB}+iBQM T2`7Q`KM+2 +QMp2`;2bX q2 b?Qr i?i i?Bb bi`i2;v
Bb #2M2}+BH BM HB72@HQM; H2`MBM; b2iiBM;b BMpQHpBM; MQM@biiBQM`v /i- ;BpBM; .uL: M
BM+`2b2/ T2`7Q`KM+2 BM ?B;?Hv MQM@biiBQM`v T?b2b +QKT`2/ iQ P:L:X q2 rBHH HbQ
+QKT`2 .uL: rBi?  MQp2H +HbbB}2` PMHBM2 :`QrBM; L2m`H :b rBi? liBHBiv UP:L:@
lV #b2/ QM 2tBbiBM; :L: 2ti2MbBQMb 7Q` MQM@biiBQM`v /i- BX2X :`QrBM; L2m`H :b
rBi? liBHBiv U:L:@lV Ub22 a2+iBQM kXRXkV- M/ 7m`i?2`KQ`2 b?Qr i?i .uL: QmiT2`7Q`Kb
P:L:@l BM Qm` 2tT2`BK2Mib M/ i?mb T`QpB/2b  #2ii2` bQHmiBQM iQ i?2 THbiB+Biv@bi#BHBiv
/BH2KK +QKT`2/ iQ P:L:@lX
ai`2Kb Q7 /i MQr/vb 2K2`;2 BM  MmK#2` Q7 TTHB+iBQM /QKBMb- BM T`iB+mH` BM
i?Qb2 +QM+2`M2/ rBi? T`Q+2bbBM; /i Q`B;BMiBM; 7`QK bQ+BH K2/B TTHB+iBQMb- b2MbQ`
M2irQ`Fb- M2rb 722/b- 2i+X (:Jy8)X AM KMv b+2M`BQb- QM2 rBb?2b iQ +HbbB7v i?2 /i
Bi2Kb BM i?2b2 bi`2Kb BMiQ  MmK#2` Q7 2pQHpBM; +i2;Q`B2bX AM Q`/2` iQ b+H2 iQ Kb@
bBp2 KQmMib Q7 /i- TT`Q+?2b iQ +HbbB7v bi`2K /i b?QmH/ #2 #H2 iQ rQ`F rBi?
MQM@biiBQM`v /i- BX2X rBi? +?M;BM; /i M/ +i2;Q`v /Bbi`B#miBQMb M/ #2 #H2 iQ
/2i2+i M2r +i2;Q`B2b QM@i?2@~vX AM `2+2Mi v2`b- i?2`2 ?p2 #22M  MmK#2` Q7 :L:@#b2/
H;Q`Bi?Kb i?i BM+Q`TQ`i2 H#2H BM7Q`KiBQM- bm+? b AM+`2K2MiH :L: UA:L:V Ub22
a2+iBQM kXRXkV- 1M?M+2/ a2H7@Q`;MBx2/ AM+`2K2MiH L2m`H L2irQ`F U1aPALLV (6P>yd)
M/ a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b Uaa:L:V Ub22 a2+iBQM 9XjXRVX >Qr2p2`- MQM2

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
)LJXUH  '\QDPLF2QOLQH*URZLQJ1HXUDO*DV'<1* DVFRPSRQHQWRIWKH*&0 IUDPHZRUN
Q7 i?2b2 TT`Q+?2b `2 2[mBTT2/ rBi? K2+?MBbKb iQ /Ti iQ  +?M;BM; /i M/ +i2@
;Q`v /Bbi`B#miBQM b 7Q` i?Qb2 H;Q`Bi?Kb H#2H BM7Q`KiBQM /Q2b MQi BM~m2M+2 i?2 #2?pBQ`
Q7 i?2 M2irQ`F- BX2X Bib ;`Qri?X :L:@l- BMbi2/- Bb /2bB;M2/ iQ 7QHHQr  +?M;BM; /i
/Bbi`B#miBQM- #mi biBHH M22/b iQ #2 2ti2M/2/ iQ  +HbbB}2` BM Q`/2` iQ #2 mb27mH BM  +HbbB}@
+iBQM ibFX AM i?Bb +?Ti2`- r2 i?mb T`2b2Mi .uL: b  MQp2H TT`Q+? i?i miBHBx2b H#2H
BM7Q`KiBQM BM Q`/2` iQ [mB+FHv /Ti iQ MQM@biiBQM`v /i BM  +HbbB}+iBQM ibFX
 &KDOOHQJHV
AM  +HbbB}+iBQM ibF BMpQHpBM; MQM@biiBQM`v /i-  KQ/2HM Bb i`BM2/ iQ T`QpB/2 
bQHmiBQM 7Q` i?2 7mM+iBQM f t : X t → Ct- rBi? X t #2BM; i?2 72im`2 BMTmi bT+2 M/ Ct #2BM;
i?2 +Q``2bTQM/BM; +i2;Q`v bT+2 i  +2`iBM iBK2 tX  T`QT2`iv i?i mMB[m2Hv TTHB2b iQ
MQM@biiBQM`v /i Bb ;Bp2M #v i?2 7+i i?i i?2 7QHHQrBM; 2[miBQMb +M #2 7mH}HH2/,
∃i, j ∈ N, i ̸= j : X t+i \X t+j ̸= ∅ U8XRV
∃k, l ∈ N, k ̸= l : Ct+k \ Ct+l ̸= ∅ U8XkV
AM MQM@biiBQM`v +HbbB}+iBQM b+2M`BQb- M2Bi?2` /i /Bbi`B#miBQM- MQ` +i2;Q`v /Bbi`B#m@
iBQM +M #2 bbmK2/ b }t2/ M/ ;Bp2M i Mv TQBMi BM iBK2- r?B+? H2/b iQ i?2 bQ +HH2/
THbiB+Biv@bi#BHBiv /BH2KKX h?2 +?HH2M;2 Bb iQ }M/  #HM+2 #2ir22M H2`MBM; ~2tB#BHBiv
M/ ;2M2`HBxiBQMX b /Bb+mbb2/ BM a2+iBQM kX9- i?2`2 `2  MmK#2` Q7 TT`Q+?2b r?B+?
KF2 mb2 Q7  irQ@Hv2`2/ K2KQ`v bi`m+im`2- BX2X  b?Q`i@i2`K K2KQ`v UahJV M/ 

 &RQWULEXWLRQV
HQM;@i2`K K2KQ`v UGhJVX >Qr2p2`- Bi rQmH/ #2 /2bB`#H2 iQ ?p2  KQ`2 mMB7Q`KHv +Hb@
bB}+iBQM KQ/2H r?B+? BKTHB+BiHv BM+Q`TQ`i2b bBKBH` ahJ M/ GhJ K2+?MBbKb BM Q`/2`
iQ #2 KQ`2 2{+B2Mi BM K2KQ`v mb;2 M/ T`Q+2bbBM;fT`2/B+iBQM iBK2X
6Q` i?2 `2bi Q7 i?Bb b2+iBQM r2 rBHH /2b+`B#2 i?2 +?HH2M;2b i?i `Bb2 rBi?BM  +HbbB}+iBQM
b+2M`BQ BMpQHpBM; MQM@biiBQM`v /i,
Ç 6bi /TiiBQM iQr`/b +?M;BM; /i /Bbi`B#miBQMb, h?2 KQ/2H M Bb `2@
[mB`2/ iQ [mB+FHv /Ti iQ  +?M;BM; /i M/ +i2;Q`v /Bbi`B#miBQMX >Qr2p2`- i?Bb
+M [mB+FHv H2/ iQ M Qp2`}iiBM; bBimiBQM BM r?B+? i?2 #BHBiv iQ ;2M2`HBx2 Qp2`
i?2 H2`M2/ /i /2+`2b2b M/ i?mb i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 M /`QTbX Ai
Bb BKTQ`iMi iQ }M/  `2bQM#H2 #HM+2 #2ir22M i?2 H2`MBM; ~2tB#BHBiv M/ i?2
`Q#mbiM2bb ;BMbi Qp2`}iiBM;X
Ç .2i2+iBQM Q7 M2r +i2;Q`B2b QM@i?2@~v,  +QM+2Ti /`B7i BMpQHp2b i?2 `2KQpH Q7
+i2;Q`B2b cj rBi? cj ∈ Ct−1 ∧ cj ̸∈ Ct- b r2HH b i?2 BMi`Q/m+iBQM Q7 M2r +i2;Q`B2b
cl rBi? cl ∈ Ct∧ cl ̸∈ Ct−k M/ k = 1, 2, ..., nX h?2 KQ/2HM Bb `2[mB`2/ iQ ;`Qr rBi?
i?2 M2rHv 2K2`;BM; +i2;Q`B2b M/ [mB+FHv /Ti iQ i?2KX
Ç _2;mHiBQM Q7 `2bQm`+2 `2[mB`2K2Mib, qBi?  BM+`2bBM; KQmMi Q7 MQM@biiBQM`v
/i BM  HB72@HQM; H2`MBM; b+2M`BQ-M b?QmH/ ;`Qr ++Q`/BM;Hv 7QHHQrBM; i?2 2pQHp@
BM; +i2;Q`B2bX >Qr2p2`- Bi Bb M2+2bb`v iQ `2iBM M 2{+B2M+v BM T`Q+2bbBM; iBK2 M/
K2KQ`v mb;2- r?B+? i?mb `2[mB`2b K2+?MBbKb Q7 `2;mHiBQM M/ QTiBKBxiBQM i?i
#HM+2b ;`Qri? QM i?2 QM2 ?M/ M/ +HbbB}+iBQM T2`7Q`KM+2 QM i?2 Qi?2` ?M/X
 &RQWULEXWLRQV
AM i?Bb +?Ti2` r2 `2 +QM+2`M2/ rBi? 2tTHQ`BM; ?Qr iQ BKT`Qp2 i?2 +HbbB}+iBQM T2`7Q`@
KM+2 Q7 P:L: #v 2tTHQBiBM; H#2H BM7Q`KiBQMX AM T`iB+mH` r2 rQmH/ HBF2 P:L: iQ
#2?p2 BM i?2 7QHHQrBM; 7b?BQM, BV Bi /B`2+iHv BMb2`ib  M2r M2m`QM 7Q` M mMb22M H#2H- BBV Bi
;`Qrb /vMKB+HHv b i?2 ibF `2[mB`2b #v BMb2`iBM; M2m`QMb b HQM; b i?2 2``Q` 7Q`  +Hbb
/2+`2b2b- /KT2MBM; i?Bb ;`Qri? QM+2 i?2 +HbbB}+iBQM 2``Q` +QMp2`;2bX hQr`/ K22iBM;
i?2b2 /2bB/2`i- BM i?Bb +?Ti2`- r2 T`2b2Mi M 2ti2MbBQM Q7 PMHBM2 :`QrBM; L2m`H :b
i?i r2 +HH .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:VX .uL: mb2b H#2H BM7Q`KiBQM
Q7 i?2 T`2b2Mi2/ biBKmHmb M/ i`+Fb i?2 +HbbB}+iBQM 2``Q` 7Q` 2+? +Hbb iQ BMb2`i M2m`QMb
b HQM; b i?2 +HbbB}+iBQM T2`7Q`KM+2 7Q` i?Bb +Hbb ;`QrbX q2 2pHmi2 .uL: QM i?2
ibF Q7 +HbbB7vBM;  i2timH bi`2K Q7 /i QM irQ /ib2ib- b?QrBM; i?i Bi QmiT2`7Q`Kb
P:L: M/ i?i Bi 2p2M QmiT2`7Q`Kb  aoJ +HbbB}2` r?2M #Qi? mb2  +QKT`#H2 KQmMi
Q7 K2KQ`vX
AM T`iB+mH`- r2 Qz2` i?2 7QHHQrBM; +QMi`B#miBQMb,

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Ç .uL: b 2ti2MbBQM Q7 P:L:, q2 2ti2M/ P:L: #v BMi`Q/m+BM; irQ MQp2H
M2m`QM BMb2`iBQM bi`i2;B2b BM Q`/2` iQ 7QHHQr MQM@biiBQM`v /i M/  +?M;BM;
+i2;Q`v /Bbi`B#miBQM M/ i?2`2#v H2i i?2 M2irQ`F ;`Qr ++Q`/BM; iQ Bib +HbbB}+iBQM
ibFX
Ç *QKT`BbQM Q7 .uL: M/ P:L:@l, q2 rBHH 2ti2M/ M 2tBbiBM; :L:@#b2/
TT`Q+? 7Q` MQM@biiBQM`v /i BX2X :`QrBM; L2m`H :b rBi? liBHBiv U:L:@lV
iQ i?2 QMHBM2 +HbbB}2` PMHBM2 :`QrBM; L2m`H :b rBi? liBHBiv UP:L:@lV #b2/
QM H#2HBM; M/ T`2/B+iBQM bi`i2;B2b Q7 P:L:X q2 rBHH 2tT2`BK2MiHHv b?Qr i?i
.uL: +H2`Hv QmiT2`7Q`Kb P:L:@l M/ P:L: BM Qm` 2tT2`BK2MibX
Ç *QKT`BbQM Q7 .uL: M/ aoJ, q2 rBHH +QKT`2 Qm` TT`Q+? iQ  HBM2`
KmHiB@+Hbb aoJ M/ b?Qr i?i- Hi?Qm;? .uL: /Q2b MQi bB;MB}+MiHv QmiT2`7Q`K
i?2 aoJ- Bi T`QpB/2b  KQ`2 `2HB#H2 T`2/B+iBQM T2`7Q`KM+2 M/ Bb i?mb T`272`#H2
BM MQM@biiBQM`v /i b2iiBM;bX
Ai b?QmH/ #2 K2MiBQM2/ i?i .uL: ?b H`2/v #22M Tm#HBb?2/ BM i?2 T`Q+22/BM;b Q7 i?2
1m`QT2M avKTQbBmK QM `iB}+BH L2m`H L2irQ`Fb ("*Rj) BM kyRjX
 *URZLQJ1HXUDO*DVZLWK8WLOLW\*1*8
AM i?Bb b2+iBQM r2 rBHH /2b+`B#2 :`QrBM; L2m`H :b rBi? liBHBiv U:L:@lV b T`QTQb2/
#v 6`BixF2 (6`BNd)X :L:@l Bb  +Hmbi2`BM; H;Q`Bi?K- bm+? b :L:- rBi?  7Q+mb QM MQM@
biiBQM`v /iX h?2 Q`B;BMH :L: /2i2`KBM2b i?2 miBHBiv Q7  M2m`QM #v Bib +iBpBiv BM 
bm#+Hmbi2` r?B+? Bb 7Q`K2/ #v  +QMM2+i2/ ;`QmT Q7 M2m`QMb BMbB/2 i?2 :L: M2irQ`FX A7
i?2 bm#+Hmbi2` Bb +iBp2- r?B+? K2Mb i?i QM2 Q7 i?2 M2m`QMb Q7 i?2 bm# +Hmbi2` Bb rBMM2`
iQ i?2 T`2b2Mi2/ biBKmHmb- i?2M i?2 2/;2b Q7 HH M2B;?#Q`BM; M2m`QMb ;2 M/ ;2i `2KQp2/ B7
i?2v ;2i QH/2` i?M i?2 i?`2b?QH/ amax Ub22 a2+iBQM kXRXkVX AM +QMi`bi- :L:@l BMi`Q/m+2b
 miBHBiv ii`B#mi2 7Q` 2+? M2m`QM i?i `2~2+ib i?2 miBHBiv Q7  M2m`QM /2T2M/BM; QM i?2
/2MbBiv Q7 Bib M2B;?#Q`BM; M2m`QMb- rBi?Qmi iFBM; i?2 :L: HBMFb M/ i?2B` iQTQHQ;v BMiQ
++QmMiX :L:@l bm#biBimi2b i?2 H`2/v 2tTHBM2/ M2m`QM `2KQpH bi`i2;v Q7 :L: M/
`2KQp2b M2m`QMb 7Q` r?B+? i?2 miBHBiv /2+`2b2b #2HQr  T`2/2}M2/ 7`+iBQM Q7 i?2 rQ`bi
HQ+H 2``Q` BM i?2 M2irQ`FX AM i?2 7QHHQrBM;- r2 rBHH /2b+`B#2 i?2 :L:@l H;Q`Bi?K BM
/2iBHX
 *1*8 $OJRULWKP
AM i?2 7QHHQrBM;- r2 rBHH /2b+`B#2 i?2 :L:@l H;Q`Bi?K BM /2iBHX h?2 H;Q`Bi?K Bb /2TB+i2/
BM H;Q`Bi?K eX ai2Tb r?B+? `2 MQp2H +QKT`2/ iQ :L: `2 ?B;?HB;?i2/X

 &RQWULEXWLRQV
H;Q`Bi?K e :`QrBM; L2m`H :b rBi? liBHBiv U:L:@lV
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, S`2b2Mi M BMTmi p2+iQ` x ∈ Rn 7`QK i?2 BMTmi b2i Q` ++Q`/BM; iQ BMTmi /Bbi`B#miBQMX
j, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X9, AM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1X8, lT/i2 i?2 HQ+H 2``Q` p`B#H2 #v //BM; i?2 b[m`2/ /BbiM+2 #2ir22M ωn1 M/ xX
∆error(n1) = |ωn1 − x|2
e, lT/i2 i?2 miBHBiv p`B#H2 #v //BM; i?2 /BbiM+2 #2ir22M ∆error(n1) M/ ∆error(n2)X
∆utility(n1) = ∆error(n2)−∆error(n1)
d, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b UBX2X HH i?2 M2m`QMb +QMM2+i2/ iQ n1 #v M 2/;2V iQr`/b x #v 7`+iBQMb Q7 eb
M/ en Q7 i?2 /BbiM+2,
∆ωn1 = eb(x− ωn1 ),∆ωn = en(x− ωn)
7Q` HH /B`2+i M2B;?#Q`b Q7 n1X3, A7 n1 M/ n2 `2 +QMM2+i2/ #v M 2/;2- b2i i?2 ;2 Q7 i?2 2/;2 iQ y U`27`2b?VX A7 i?2`2 Bb MQ bm+? 2/;2- +`2i2 QM2XN, _2KQp2 2/;2b rBi? i?2B` ;2 H`;2` i?M amaxX 6BM/ i?2 M2m`QM nl ?pBM; i?2 bKHH2bi miBHBiv M/ i?2
M2m`QM nm ?pBM; i?2 rQ`bi HQ+H 2``Q`X _2KQp2 nl- B7 i?2 7QHHQrBM; 2[miBQM Bb i`m2,
error(nm)
utility(nl)
> k
Ry, A7 i?2 MmK#2` Q7 BMTmi p2+iQ`b T`2b2Mi2/ Q` ;2M2`i2/ bQ 7` Bb M BMi2;2` Q` KmHiBTH2 Q7  T`K2i2` λ- BMb2`i  M2r MQ/2
nr ++Q`/BM; iQ P:L: Ub22 a2+iBQM jX9XkVXRR, .2+`2b2 HH 2``Q` p`B#H2b M/ miBHBiv p`B#H2b Q7 HH M2m`QMb ni #v  7+iQ` βXRk, A7 i?2 biQTTBM; +`Bi2`BQM Bb MQi K2i- ;Q #+F iQ ai2T UkVX
RX i }`bi- i?2 M2irQ`F Bb BMBiBHBx2/ rBi? irQ `M/QKHv TH+2/ M2m`QMbX
kX S`2b2Mi i?2 }`bi biBKmHmb x ∈ Rn Q7 i?2 72im`2 BMTmi bT+2 iQ i?2 :L:@l M2irQ`FX
jX AM i?Bb bi2T- r2 }M/ i?2 rBMM2` M/ b2+QM/ rBMM2` n1 M/ n2 r?B+? `2 +HQb2bi iQ x-
++Q`/BM; iQ i?2 1m+HB/2M /BbiM+2X
9X h?2 ;2 Q7 HH 2/;2b i?i +QMM2+i n1 iQ Qi?2` M2m`QMb Bb BM+`2b2/ #v RX
8X AM i?Bb bi2T- i?2 HQ+H 2``Q` p`B#H2 error(n1) Bb mT/i2/X h?Bb p`B#H2 Hi2` ?2HTb
iQ B/2MiB7v +M/B/i2b 7Q` r?B+?  M2r M2m`QM Bb BMb2`i2/ BM #2ir22MX
eX ++Q`/BM; iQ i?Bb bi2T- i?2 miBHBiv p`B#H2 utility(n1) Q7 i?2 rBMM2` M2m`QM
Bb mT/i2/ #v //BM; i?2 /BbiM+2 #2ir22M ∆error(n1) M/ ∆error(n2)X
dX M /TiiBQM Q7 n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b iQr`/b x #v 7`+iBQMb eb M/ en-
`2bT2+iBp2Hv- Bb T2`7Q`K2/X
3X  M2r +QMM2+iBQM #2ir22M n1 M/ n2 Bb +`2i2/ M/ i?2 ;2 Q7 i?2 2/;2 Bb b2i iQ yX

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
NX HH 2/;2b rBi? M ;2 ;`2i2` i?M amax `2 `2KQp2/X //BiBQMHHv- i?2
M2m`QM nm ?pBM; i?2 HQr2bi miBHBiv ;2ib `2KQp2/ BM +b2 i?2 miBHBiv Bb
bKHH2` i?M i?2 7`+iBQM k Q7 i?2 rQ`bi 2``Q` BM i?2 M2irQ`FX
RyX AM i?Bb bi2T- /2T2M/BM; QM i?2 Bi2`iBQM M/ i?2 T`K2i2` λ-  M2r MQ/2 nr Bb
BMb2`i2/ BMiQ i?2 M2irQ`FX Ai rBHH #2 BMb2`i2/ ?H7@rv #2ir22M i?2 M2m`QM nq rBi?
i?2 ?B;?2bi HQ+H 2``Q` M/ Bib iQTQHQ;B+H M2B;?#Q` nf ?pBM; i?2 H`;2bi 2``Q` KQM;
HH M2B;?#Q`b Q7 nqX AM //BiBQM- i?2 +QMM2+iBQM #2ir22M nq M/ nf Bb `2KQp2/ M/
#Qi? M2m`QMb `2 +QMM2+i2/ iQ nrX
RRX h?2 2``Q` M/ miBHBiv p`B#H2b Q7 HH M2m`QMb `2 /2+`2b2/ #v  7+iQ` βX
RkX AM i?2 Hbi bi2T- i?2 H;Q`Bi?K biQTb B7 i?2 biQTTBM; +`Bi2`BQM Bb K2i- BX2X- i?2 KtBKH
M2irQ`F bBx2 Q` bQK2 Qi?2` T2`7Q`KM+2 K2bm`2 ?b #22M `2+?2/X
 /LPLWDWLRQVRI*1*8
PM2 Q7 i?2 /Bb/pMi;2b Q7 :L:@l Bb Bib ?B;? b2MbBiBpBiv iQr`/b `TB/Hv +?M;BM; /i
/Bbi`B#miBQMbX S`2HBKBM`v 2tT2`BK2Mib ?p2 b?QrM i?i i?2 M2irQ`F +QKTH2i2Hv KQp2b iQ 
M2r TQbBiBQM BM 72im`2 bT+2 BM +b2 i?2 /i /Bbi`B#miBQM +?M;2 BMpQHp2b  `2HiBp2Hv ?B;?
1m+HB/2M /BbiM+2 #2ir22M i?2 QH/ M/ M2r TQbBiBQM Q7 i?2 T`2b2Mi2/ /iX h?Bb b2MbBiBpBiv
Bb mM/2`biM/#H2- b bm+?  ?B;? /BbiM+2 BM 1m+HB/2M bT+2 H2/b iQ  ?B;? HQ+H 2``Q`X
b :L:@l `2KQp2b M2m`QMb B7 i?2B` miBHBiv 7HHb #2HQr  7`+iBQM Q7 i?2 rQ`bi HQ+H 2``Q`-
r?B+? Bb ?B;? BM bm+? b+2M`BQ- i?2 +QKTH2i2 M2irQ`F rBHH ;2i /2H2i2/ M/ #mBHi M2r i i?2
M2r TQbBiBQM BM 72im`2 bT+2X .2T2M/BM; QM i?2 7`2[m2M+v Q7 bm+? /`KiB+H +?M;2- i?2
M2irQ`F rQmH/ `2KBM mMbi#H2 mMH2bb i?2 T`K2i2` k Bb b2i iQ  ?B;? pHm2 ++Q`/BM;HvX
"bB+HHv- k Bb `2bTQMbB#H2 7Q` i?2 #HM+2 #2ir22M THbiB+Biv M/ bi#BHBiv M/ i?Bb HbQ Bb 
T`Q#H2K- b Bi Bb `2[mB`2/ iQ +`27mHHv #2 b2i 7Q` 2+? bT2+B}+ TTHB+iBQM /QKBM /m2 iQ i?2
/2bi`m+iBp2 Mim`2 Q7 :L:@lX AM +QMi`bi- Qm` TT`Q+? .uL: T`QpB/2b  MQM@/2bi`m+iBp2
TT`Q+? r?B+? /Q2b MQi BM~m2M+2 i?2 `2KQpH bi`i2;v Q7 :L: M/ KF2b .uL: KQ`2
BMb2MbBiBp2 iQr`/b 2ti`2K2 +?M;2b BM i?2 /i /Bbi`B#miBQMX
Ai b?QmH/ HbQ #2 K2MiBQM2/ i?i :L:@l Bb MQi  +HbbB}+iBQM H;Q`Bi?K M/ i?mb Bb
`2[mB`2/ iQ #2 2ti2M/2/ ++Q`/BM;HvX AM a2+iBQM 8X8- r2 rBHH #`B2~v /2b+`B#2 i?2 2ti2MbBQM
Q7 :L:@l iQ PMHBM2 :`QrBM; L2m`H :b rBi? liBHBiv UP:L:@lV #v KFBM; mb2 Q7 i?2
QMHBM2 H#2HBM; M/ T`2/B+iBQM bi`i2;B2b BMi`Q/m+2/ BM *?Ti2` jX

 '\QDPLF2QOLQH*URZLQJ1HXUDO*DV'<1*
)LJXUH  '\QDPLF2QOLQH*URZLQJ1HXUDO*DV'<1* SURFHVVLQJSLSHOLQH
 '\QDPLF2QOLQH*URZLQJ1HXUDO*DV'<1*
AM i?Bb b2+iBQM r2 BMi`Q/m+2 .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V b 2ti2MbBQM Q7
P:L: rBi? M 2KT?bBb QM i?2 T`Q+2bbBM; Q7 MQM@biiBQM`v /iX i }`bi- r2 rBHH 2tTHBM
i?2 //BiBQMb i?i b2i .uL: M/ P:L: T`iX h?2M r2 rBHH 2tTHBM i?2 .uL: H;Q`Bi?K
BM /2iBH- #27Q`2 r2 i?2M /Bb+mbb Bib BKTHB+Bi irQ@Hv2`2/ K2KQ`v bi`m+im`2 +QMbBbiBM; Q7 
b?Q`i@i2`K K2KQ`v UahJV M/  HQM;@i2`K K2KQ`v UGhJVX
.uL: Bb  +HbbB}+iBQM H;Q`Bi?K i?i 2tTHQBib H#2H BM7Q`KiBQM BM Q`/2` iQ `2+i iQ
+QM+2Ti /`B7ib #v BMi`Q/m+BM; irQ MQp2H M2m`QM BMb2`iBQM bi`i2;B2bX b b?QrM BM 6B;m`2
8Xk 7`QK H27i iQ `B;?i- i?2 .uL: H;Q`Bi?K T`Q+2bb2b BMTmi ;Bp2M b /i +i2;Q`v TB`BM;b
M/ `2bmHib BM  +HbbB}+iBQM KQ/2H r?B+? Bb +T#H2 Q7 T`2/B+iBM; mMb22M /i TQBMib
QM@i?2@~vX Aib KBM /pMi;2 HB2b BM Bib irQ MQp2H M2m`QM BMb2`iBQM bi`i2;B2b i?i HHQr
.uL: iQ 7QHHQr MQM@biiBQM`v /i M/ iQ [mB+FHv `2+i iQ +QM+2Ti /`B7iBM; +i2;Q`B2bX
 '<1* DVH[WHQVLRQRI2*1*
P:L: Bb M QMHBM2 +HbbB}2` r?B+? Bb +T#H2 Q7 T`Q+2bbBM; M/ T`2/B+iBM; /i QM@i?2@~v-
rBi?Qmi i?2 M22/ iQ biQ`2 Mv i`BMBM; 2tKTH2 2tTHB+BiHvX Hi?Qm;? P:L: Bb +T#H2
Q7 T`Q+2bbBM;  +QMiBMmQmb bi`2K Q7 /i- Bi H+Fb i?2 #BHBiv iQ `2+i iQ +?M;BM; /Bb@
i`B#miBQMb- b Bib M2m`QM BMb2`iBQM bi`i2;v /Q2b MQi BM+Q`TQ`i2 i?2 H#2H BM7Q`KiBQM Q7
i?2 /iX AM +QMi`bi- .uL: miBHBx2b i?2 H#2H BM7Q`KiBQM BM Q`/2` iQ [mB+FHv `2+i iQ
+?M;BM; /i M/ +i2;Q`v /Bbi`B#miBQMbX
.uL: BMi`Q/m+2b irQ MQp2H M2m`QM BMb2`iBQM bi`i2;B2b r?B+? /2T2M/ QM i?2 +i2;Q`v
H#2H BM7Q`KiBQM M/ HHQr .uL: iQ QmiT2`7Q`K P:L: r?2M T`Q+2bbBM; MQM@biiBQM`v
/i- b b?QrM BM a2+iBQM 8X8X AM T`iB+mH`- i?2 irQ M2r M2m`QM BMb2`iBQM bi`i2;B2b +M
#2 /2b+`B#2/ b 7QHHQrb,

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
Ç 6bi@KTTBM; BMb2`iBQM bi`i2;v, h?2 }`bi BMb2`iBQM bi`i2;v Bb `2bTQMbB#H2 7Q` 
7bi /TiiBQM iQr`/b MQp2H +i2;Q`B2bX b bQQM b  M2r biBKmHmb xi rBi?  MQp2H
+i2;Q`v cj Bb T`2b2Mi2/ iQ i?2 M2irQ`F-  M2r M2m`QM nnew Bb BMb2`i2/ i i?2 TQbBiBQM
Q7 xi rBi? lt(xnew) := cjX
Ç .BbiM+2@#b2/ BMb2`iBQM bi`i2;v, h?2 b2+QM/ MQp2H M2m`QM BMb2`iBQM bi`i2;v
BMb2`ib M2r M2m`QMb 7Q` 2+? +i2;Q`v 7i2` 2p2`v Bi2`iBQM- b HQM; b Bib +HbbB}+@
iBQM T2`7Q`KM+2 BM+`2b2bX h?2 Tm`TQb2 Q7 i?Bb bi`i2;v Bb iQ [mB+FHv 2bi#HBb? 
`2bQM#H2 `2T`2b2MiiBQM Q7 2+? +i2;Q`v M/ BM T`iB+mH` Q7 M2r +i2;Q`B2bX h?2
bi`i2;v rQ`Fb b 7QHHQrb, AM +b2 Q7  KBbKi+? #2ir22M i?2 H#2H Q7 n1 M/ i?2
H#2H Q7 biBKmHmb xi- .uL: /2i2`KBM2b i?2 M2`2bi M2m`QM nlb rBi? lt(nlb) = lt(xi)
M/ BMb2`ib  M2r M2m`QM B7 i?2 /BbiM+2 |ωnlb − xi|2 ≥ |ωnlb − xi|2τ + |ωn1 − xi|2-
BX2X B7 nlb Bb iQQ 7` rv 7`QK xi +QKT`2/ iQ n1X AM i?2 Qi?2` +b2 nlb Bb /Ti2/
iQr`/b xiX h?2`2#v- |ωnlb − xi|2τ + |ωn1 − xi|2 +M #2 b22M b  pB;BHM+2 T`K2i2`
b FMQrM 7`QK /TiBp2 _2bQMM+2 h?2Q`v U_hV (:`Q3d) M/ i?mb +QMi`QHb i?2 bBx2
Q7 i?2 //BiBQMH M2irQ`F K2KQ`v T`QpB/2/ #v .uL:X h?2 /BbiM+2@#b2/ BMb2`iBQM
bi`i2;v Bb BHHmbi`i2/ BM 6B;m`2 8XjX
h?2 6bi@KTTBM; BMb2`iBQM bi`i2;v Bb TTHB2/ BM 2p2`v Bi2`iBQM B7 `2[mB`2/- r?BH2 i?2
/BbiM+2@#b2/ BMb2`iBQM bi`i2;v Bb QMHv TTHB2/ B7 i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 +i2@
;Q`v lt(xi) = cj BKT`Qp2/ i Bi2`iBQM t +QKT`2/ iQ Bi2`iBQM t− λX AM Q`/2` iQ i`+F i?Bb
T2`7Q`KM+2- bBKBH` iQ i?2 HQ+H 2``Q`- r2 BMi`Q/m+2  7mM+iBQM classError : C × T → R
rBi? C #2BM; i?2 b2i Q7 FMQrM +i2;Q`B2b M/ T #2BM; M Bi2`iBQM MmK#2`X q2 /2MQi2 #v
classErrort(ci) i?2 +HbbB}+iBQM 2``Q` Q7 +i2;Q`v ci- r?B+? Bb /2}M2/ b 7QHHQrb,
classErrort(ci) =
t∑
s=1
⎧⎨⎩1− ∆error
s(ws(xs))
Ktn∈N (errors(n)) B7 ci = ls(ws(xs))
0 2Hb2
AM 2+? Bi2`iBQM- r2 QMHv TTHv i?Bb 7mM+iBQM iQ  +i2;Q`v BM +b2 Q7 KBbKi+? #2ir22M
lt(ws(ns)) M/ lt(xs)X 6Q` 2p2`v mT/i2-  pHm2 #2ir22M [0 : 1] Bb //2/ iQ i?2 +HbbB}+iBQM
2``Q` Q7 ci- /2T2M/BM; QM i?2 /BbiM+2 #2ir22M rBMM2` M2m`QM ws(xs) M/ biBKmHmb xsX h?2
BMimBiBQM Bb i?i  KBb+HbbB}+iBQM Q7 xs rBi? ws(xs) M/ xs #2BM; +HQb2- Bb rQ`b2 i?M
 KBb+HbbB}+iBQM rBi? #Qi? #2BM; 7` rv 7`QK 2+? Qi?2`X Hi?Qm;? classErrort(ci)
TQi2MiBHHv ?QH/b  +QKTH2i2 +HbbB}+iBQM 2``Q` ?BbiQ`v 7Q` 2+? FMQrM +i2;Q`v ci mMiBH
Bi2`iBQM t- r2 QMHv biQ`2 i?2 Hbi pHm2 M/ +QKT`2 Bi iQ i?2 KQbi `2+2Mi QM2 7i2` λ
Bi2`iBQMb ?p2 Tbb2/X h?Bb /2+`2b2b i?2 K2KQ`v mb;2 7Q` 2+? +i2;Q`v iQ O(1)X
 '<1* $OJRULWKP
AM r?i 7QHHQrb- r2 rBHH /2b+`B#2 2p2`v bi2T Q7 i?2 .uL: H;Q`Bi?KX h?2 +QKTH2i2 H;Q@
`Bi?K Bb /2TB+i2/ BM H;Q`Bi?K dX

 '\QDPLF2QOLQH*URZLQJ1HXUDO*DV'<1*
)LJXUH  ,OOXVWUDWLRQRIWKH'LVWDQFHEDVHGLQVHUWLRQVWUDWHJ\RI'<1*
Ç AM i?2 }`bi bi2T- i?2 M2irQ`F Bb BMBiBHBx2/ rBi? irQ `M/QKHv TH+2/ M2m`QMb ni, njX
Ç AM i?2 b2+QM/ bi2T- i?2 Bi2`iBQM HQQT bi`ib r?B+? `mMb b HQM; b bi`2K BMTmi Bb
pBH#H2- r?B+? i?2Q`2iB+HHv +QmH/ #2 BM}MBivX
Ç AM ai2T j- i?2 M2ti biBKmHmb xi Bb T`2b2Mi2/ iQ i?2 M2irQ`F i Bi2`iBQM tX
Ç ++Q`/BM; iQ ai2T 9- i?2 rBMM2` n1 M/ b2+QM/ rBMM2` M2m`QM n2 `2 /2i2`KBM2/
++Q`/BM; iQ i?2 1m+HB/2M /BbiM+2 #2ir22M M2m`QMb M/ biBKmHmbX
Ç ai2Tb 8@3 /2b+`B#2 i?2 7bi@KTTBM; BMb2`iBQM bi`i2;vX AM i?2b2 bi2Tb-  M2r M2m`QM
nnew Bb BMb2`i2/ BMiQ i?2 M2irQ`F i i?2 TQbBiBQM Q7 xi BM 72im`2 bT+2X Ai /QTib
i?2 H#2H lt(xi) Q7 i?2 biBKmHmb xi M/ ;2ib +QMM2+i2/ iQ i?2 T`2pBQmbHv /2i2`KBM2/
rBMM2` M2m`QM n1X
Ç AM bi2T N- i?2 2``Q` p`B#H2 Q7 n1 Bb mT/i2/ ++Q`/BM; iQ P:L: Ub22 a2+iBQM jX9XkV
M/ i?2 2KMiBM; 2/;2b Q7 n1 BM+`2K2Mi i?2B` ;2 #v QM2X
Ç AM bi2Tb Ry@Rk- i?2 +HbbB}+iBQM 2``Q` p`B#H2 Q7 +i2;Q`v lt(n1) = c1 Bb mT/i2/ rBi?
∆classErrort(c1) = 1− ∆errort(n1)Ktn∈N (errort(n)) X
Ç AM ai2T Rj- i?2 rBMM2` M2m`QM n1 Bb H#2H2/ ++Q`/BM; iQ i?2 mb2/ QMHBM2 H#2HBM;
bi`i2;vX AM Qm` +b2 r2 mb2/ i?2 `2H#2H K2i?Q/ Ub22 a2+iBQM jX9V i?`Qm;?Qmi Qm`
2tT2`BK2Mib- r?B+? bBKTHv /QTib i?2 H#2H Q7 i?2 biBKmHmbX
Ç AM ai2T R9- n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/ iQr`/b i?2 biBKmHmb #v i?2
7`+iBQM Q7 eb M/ en- `2bT2+iBp2HvX
Ç ai2Tb R8@kj 7Q`K i?2 /BbiM+2@#b2/ BMb2`iBQM bi`i2;v- BM r?B+? #bB+HHv i?`22
+QM/BiBQMb M22/ iQ 7mH}HH2/ BM Q`/2` iQ BMb2`i  M2r M2m`QM i i?2 TQbBiBQM Q7 i?2
biBKmHmbX h?2 }`bi irQ Q7 i?2K `2 i?2 `2[mB`2K2Mib i?i lt(n1) ̸= lt(xi) M/
impl(lt(xi)) = ǵǵtrueǴ- r?B+? K2Mb i?i i?2 H#2Hb Q7 M2m`QM n1 M/ biBKmHmb xi

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
/Bz2` 7`QK 2+? Qi?2`- b r2HH b i?i i?2 +HbbB}+iBQM 2``Q` Q7 +i2;Q`v cj = lt(x1)
BKT`Qp2/ Qp2` i?2 Hbi t − λ Bi2`iBQMbX A7 #Qi? +`Bi2`B `2 7mH}HH2/- i?2 H;Q`Bi?K
/2i2`KBM2b i?2 +HQb2bi M2m`QM nlb iQ x i?i b?`2b Bib H#2H rBi? lt(nlb) = lt(x)X h?2
Hbi +QM/BiBQM /2+B/2b B7 i?2 /BbiM+2 #2ir22M nlb M/ i?2 biBKmHmb Bb biBHH +HQb2 2MQm;?
iQ /Ti nlb Q` iQ BMb2`i  M2r M2m`QM BMbi2/X AM +b2 i?i  M2r M2m`QM Bb BMb2`i2/-
Bi rBHH ;2i +QMM2+i2/ iQ nlbX
Ç AM ai2T k9- HH 2/;2b M/ M2m`QMb `2 `2KQp2/ ++Q`/BM; iQ i?2 +`Bi2`B Q7 P:L:X
Ç ++Q`/BM; iQ bi2Tb k8@j9- i?2 +HbbB}+iBQM 2``Q` Q7 HH FMQrM +i2;Q`B2b i Bi2`iBQM
t Bb +QKT`2/ iQ i?Qb2 Q7 Bi2`iBQM t − λX A7 i?2 +HbbB}+iBQM 2``Q` /2+`2b2/ i?2M
i?2 #QQH2M 7mM+iBQM imp : C → {true, false} Bb b2i iQ i?2 pHm2 ǳi`m2Ǵ BM Q`/2`
iQ BM/B+i2 i?i i?2 +HbbB}+iBQM T2`7Q`KM+2 7Q` i?2 T`iB+mH` +i2;Q`v BKT`Qp2/X
Pi?2`rBb2 Bi Bb b2i iQ ǳ7Hb2ǴX //BiBQMHHv r2 BMb2`i  M2r M2m`QM ++Q`/BM; iQ i?2
P:L: H;Q`Bi?KX
Ç AM ai2T j8- i?2 2``Q` p`B#H2b b r2HH b i?2 +HbbB}+iBQM 2``Q`b 7Q` HH M2m`QMb M/
HH +i2;Q`B2b- `2bT2+iBp2Hv- `2 /2+`2b2/ #v i?2 7+iQ` βX 7i2` i?i r2 +QMiBMm2 i?2
HQQT +v+H2 rBi? i?2 M2ti biBKmHmb M/ ai2T kX
&RPSOH[LW\LQWLPHDQGVSDFH
h?2 //BiBQMb r2 BMi`Q/m+2 /Q MQi BM+`2b2 i?2 Qp2`HH +QKTH2tBiv Q7 .uL: +QKT`2/
iQ P:L:X b BM i?2 +b2 Q7 P:L:- r2 M22/ iQ `mM i?`Qm;? HH M2m`QMb BM Q`/2` iQ
/2i2`KBM2 i?2 M2`2bi M2B;?#Q`- iQ /Ti i?2 M2m`QMbǶ TQbBiBQMb- Bib HQ+H 2``Q`b- b r2HH b
BM+`2b2 HBMF ;2bX bbmKBM; i?2 r?QH2 M2irQ`F Bb biQ`2/ b  #@i`22 mbBM; i?2 BM a2+iBQM
kXRXk BMi`Q/m+2/ h`22:L: b+?2K- i?2M 2+? b2`+?- BMb2`iBQM Q` `2KQpH QT2`iBQM ?b 
+QKTH2tBiv Q7 O(log2n) rBi? n #2BM; i?2 MmK#2` Q7 M2m`QMbX b 7Q` P:L:- i?2 +QKTH2tBiv
Q7 i?2 H#2HBM; M/ i?2 T`2/B+iBQM Bb BM O(1) M/ BM O(log2n)- `2bT2+iBp2Hv- r?2M i?2 `2H#2H
K2i?Q/ M/ i?2 bBM;H2@HBMF;2 T`2/B+iBQM bi`i2;v Bb mb2/X Pm` M2r //BiBQMb - i?2 7bi@
KTTBM; bi`i2;v M/ i?2 /BbiM+2@#b2/ bi`i2;v ?p2  +QKTH2tBiv Q7 O(1) M/ O(log2n)-
`2bT2+iBp2HvX >Qr2p2`- bi2Tb ke@jk ?p2  +QKTH2tBiv Q7 O(log2k)- rBi? k #2BM; i?2 MmK#2`
Q7 FMQrM +i2;Q`B2bX lM/2` i?2 bbmKTiBQM i?i QMHv +i2;Q`B2b `2KBM biQ`2/ i?i `2
T`2b2Mi BM i?2 M2irQ`F- r2 ?p2  rQ`bi +b2 +QKTH2tBiv Q7 O(log2n)X aQ Qp2`HH- .uL:
?b  p2`;2 M/ rQ`bi +b2 iBK2 +QKTH2tBiv Q7 O(log2n)X
h?2 K2KQ`v mb;2 Q7 .uL: Bb ;BM bBKBH` iQ P:L:- b r2 QMHv M22/ iQ biQ`2 i?2
TQbBiBQM Q7 2+? M2m`QM- Bib +QMM2+iBQM- Bib HQ+H 2``Q` M/ Bib H#2HX .uL: //BiBQMHHv
biQ`2b i?2 HH i?2 FMQrM +i2;Q`B2b M/ i?2B` +m``2Mi M/ Hbi UQ7 Bi2`iBQM t−λV +HbbB}+iBQM
2``Q`- r?B+? BM rQ`bi +b2 Bb BM bT+2 +QKTH2tBiv Q7 O(n)X

 '\QDPLF2QOLQH*URZLQJ1HXUDO*DV'<1*
H;Q`Bi?K d .vMKB+ PMHBM2 :`QrBM; L2m`H :b U.uL:V
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, r?BH2 Stream.hasNext /Q
j, xi := Stream.next(t) rBi? xi ∈ RnX9, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X8, B7 lt(xi) Bb mMFMQrM i?2Me, //  M2m`QM nnew rBi? ωnnew = xi M/ lt(nnew) = lt(xi)Xd, *`2i2 M 2/;2 #2ir22M nnew M/ n1X3, 2M/ B7
N, lT/i2 i?2 HQ+H 2``Q` p`B#H2 Q7 n1 M/ BM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1 ++Q`/BM; iQ P:L: Ub22
a2+iBQM kVX
Ry, B7 lt(n1) ̸= lt(xi) i?2M
RR, lT/i2 i?2 +Hbb 2``Q`, ∆classErrort(c1) = 1− ∆errort(n1)Ktn∈N (errort(n)) - rBi? lt(n1) = c1XRk, 2M/ B7
Rj, lt(n1) := lt(xi) &P:L: `2H#2H@K2i?Q/'R9, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b ++Q`/BM; iQ P:L: M/ +QMM2+i n1 M/ n2XR8, B7 lt(n1) ̸= lt(xi) ∧ imp(lt(xi)) = ǴtrueǴ i?2MRe, 6BM/ M2`2bi mMBi nlb rBi? lt(nlb) = lt(xi)XRd, B7 |ωnlb − xi|2 ≥ |ωnlb − xi|2τ + |ωn1 − xi|2 i?2MR3, //  M2m`QM nnew rBi? ωnnew = xi M/ lt(nnew) = lt(xi)XRN, *`2i2 M 2/;2 #2ir22M nnew M/ nlbXky, 2Hb2
kR, JQp2 nlb iQr`/b xi #v i?2 7`+iBQM Q7 eb, ∆ωnlb = eb(xi − ωnlb )kk, 2M/ B7
kj, 2M/ B7
k9, _2KQp2 2/;2b M/ M2m`QMb ++Q`/BM; iQ P:L:X
k8, B7 t KQ/ λ = 0 i?2M
ke, 7Q` HH +Hbb2b ci ∈ C /Qkd, B7 classErrort−λ(ci) > classErrort(ci) i?2Mk3, imp(ci) = ǵǵtrueǴkN, 2Hb2
jy, imp(ci) = ǵǵfalseǴjR, 2M/ B7
jk, 2M/ 7Q`
jj, AMb2`i  M2r M2m`QM M/ mT/i2 i?2 M2irQ`F HBMF bi`m+im`2 ++Q`/BM; iQ P:L:X
j9, 2M/ B7
j8, .2+`2b2 HH HQ+H 2``Q` p`B#H2b Q7 HH M2m`QMb ni M/ HH +Hbb 2``Q` p`B#H2b Q7 HH +Hbb2b ci #v  7+iQ` βXje, t++X
jd, 2M/ r?BH2
aQ Qp2`HH- .uL: ?b  p2`;2 M/ rQ`bi +b2 iBK2 +QKTH2tBiv Q7 O(log2n) M/  +QK@
TH2tBiv BM bT+2 Q7 O(n) X
 0HPRU\6WUXFWXUHV
AM i?2 7QHHQrBM; r2 rMi iQ ?B;?HB;?i i?2 irQ@Hv2`2/ K2KQ`v bi`m+im`2X aBKBH` iQ i?2 irQ@
H2p2H `+?Bi2+im`2- r2 2tTHBM2/ BM a2+iBQM jX9Xj- .uL: T`QpB/2b  irQ@Hv2`2/ K2KQ`v
bi`m+im`2 r?B+? Bb QMHv iQ bQK2 /2;`22 2tTHB+BiHv BKTH2K2Mi2/X PM2 Q7 i?2 Hv2`b Bb 2tTHB+BiHv
BKTH2K2Mi2/- r?BH2 i?2 Qi?2` QM2 Bb bm#D2+i Q7 Qm` BMi2`T`2iiBQMX L2p2`i?2H2bb- Bi Bb
BKTQ`iMi iQ /22T2M i?2 /Bb+mbbBQM Q7 i?2 K2KQ`v `+?Bi2+im`2 Q7 .uL: BM Q`/2` iQ
mM/2`biM/ ?Qr .uL: rQ`FbX b BHHmbi`i2/ BM 6B;m`2 8X9 M/ H`2/v K2MiBQM2/ #27Q`2-

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
)LJXUH  7ZROD\HUHGPHPRU\VWUXFWXUHVFKHPDRI'<1*
.uL: BM+Hm/2b  b?Q`i@i2`K K2KQ`v UahJV M/  HQM;@i2`K K2KQ`v UGhJVX h?2 ahJ Bb
2tTHB+BiHv BKTH2K2Mi2/ #v i?2 7bi@KTTBM; BMb2`iBQM bi`i2;v- b Bi +mb2b MQp2H +i2;Q`B2b
iQ /B`2+iHv KMB72bi BM i?2 .uL: M2irQ`FX >Qr2p2`- i?Qb2 +i2;Q`B2b Kv Q` Kv MQi
2pQHp2 BM i?2 M2irQ`F- /2T2M/BM; QM ?Qr 7`2[m2MiHv i?2v TT2` BM i?2 /iX .m2 iQ i?2
BKTHB+Bi GhJ #b2/ QM i?2 /BbiM+2@#b2/ BMb2`iBQM bi`i2;v M/ i?2 :L:@#b2/ M2m`QM
BMb2`iBQM M/ `2KQpH bi`i2;B2b- MQp2H +i2;Q`B2b rBHH 2tTM/ Q` /BbTT2`X
h?2 bi`m+im`2 b?Qrb i?i .uL:- bBKBH` iQ Qi?2` 2tBbiBM; TT`Q+?2b- #HM+2b i?2 THbiB+Biv@
bi#BHBiv /BH2KK #v T`QpB/BM;  ahJ M/ GhJ- r?B+? +M #2 +QMbB/2`2/ b QM2 Q7 i?2
KBM /pMi;2b Q7 .uL: +QKT`2/ iQ Qi?2` :L:@#b2/ TT`Q+?2b- bm+? b :L:@lX
h?2 ahJ HHQrb i?2 KQ/2H iQ /B`2+iHv /Ti iQ M2r mMFMQrM +i2;Q`B2b- r?BH2 i?2 GhJ
HHQrb i?Qb2 +i2;Q`B2b iQ `TB/Hv ;`Qr BMbB/2 i?2 M2irQ`FX

 'DWDVHW
 'DWDVHW
AM i?Bb b2+iBQM r2 /2b+`B#2 i?2 /ib2i r2 mb2/ BM Qm` 2tT2`BK2Mib rBi? .uL:X Ai b?QmH/
#2 K2MiBQM2/ i?i r2 2pHmi2 .uL: QM  bKHH `iB}+BH /ib2i BM i?Bb +?Ti2`- BM Q`/2`
iQ b?Qr Bib T2`7Q`KM+2 +QKT`2/ iQ P:L:@l- P:L: M/ M HBM2` KmHiB@+Hbb aoJ BM
 bKHH +QMi`QHH2/ 2MpB`QMK2MiX AM *?Ti2` d- r2 rBHH 7m`i?2` /2KQMbi`i2 i?2 /pMi;2
Q7 .uL: r?2M TTHB2/ iQ `2HBbiB+ bi`2K /ib2ibX
>Qr2p2`- 7Q` Qm` 2pHmiBQM BM i?Bb +?Ti2` r2 mb2 i?2 aSA_GR /ib2i- r?B+? r2 H`2/v
BMi`Q/m+2/ BM a2+iBQM jX8 M/ mb2/ rBi? P:L:X AM +QMi`bi iQ i?2 b2T`iBQM Q7 i?2 /ib2i
++Q`/BM; iQ i?2 Ry@7QH/ +`Qbb pHB/iBQM- ?2`2 r2 mb2  b2i mT r?B+? Bb +HQb2` iQ  `2HBbiB+
bi`2K /ib2iX AM T`iB+mH`- i?2`2 Bb MQ b2T`iBQM #2ir22M /Bz2`2Mi i`BMBM; b2ib b
r2 QMHv BMi2``mTi i?2 T`Q+2bbBM; BM Q`/2` iQ T2`7Q`K  T`2/B+iBQM 7Q` mMb22M /i b 
i2bi iQ [mMiB7v i?2 +HbbB}+iBQM ++m`+v Q7 i?2 M2irQ`FX h?2 i2bi b2i- r?B+? r2 mb2 7Q`
i?2 T`2/B+iBQM- Bb 7Q`K2/ #v iFBM; 8yW Q7 HH 2tKTH2b 7Q` 2+? +i2;Q`v M/ 2t+Hm/BM;
i?2K 7`QK i?2 b2i Q7 /i mb2/ 7Q` i`BMBM;X q2 `272` iQ i?2 +m``2Mi bii2 Q7 i?2 /i b2ib
Ui`BMfi2biV b bMTb?QibX hrQ Q7 bm+? bMTb?Qib `2 b?QrM BM 6B;m`2 8X8X h?2 };m`2 b?Qrb
i?2 pBH#H2 /i 7Q` i`BMBM; UH27i bB/2V M/ i2bi U`B;?i bB/2V i bMTb?Qi 9 M/ bMTb?Qi
3X
AM i?2 M2ti b2+iBQM r2 rBHH 7m`i?2` /2b+`B#2 ?Qr i?2 /i 2pQHp2b Qp2` iBK2 M/ r?B+? /i
Bb pBH#H2 BM 2+? bMTb?QiX
 (YDOXDWLRQ
AM i?Bb b2+iBQM r2 2pHmi2 .uL: b 2ti2MbBQM Q7 P:L: BM  bi`2K /i b+2M`BQ BMpQHp@
BM; MQM@biiBQM`v /i M/ +QM+2Ti /`B7iX q2 rBHH +QKT`2 .uL: iQ PMHBM2 :`QrBM;
L2m`H :b rBi? liBHBiv UP:L:@lV- M QMHBM2 +HbbB}+iBQM H;Q`Bi?K r?B+? Bb #b2/ QM
:L:@l r?BH2 /QTiBM; QMHBM2 H#2HBM; M/ T`2/B+iBQM bi`i2;B2b Q7 P:L:X q2 mb2 P:L:@
l M/ P:L: b #b2HBM2b 7Q` Qm` 2tT2`BK2Mib M/ rBHH 2tT2`BK2MiHHv b?Qr i?i .uL:
bB;MB}+MiHv QmiT2`7Q`Kb P:L:@l M/ P:L:- rBi?Qmi bm#biBimiBM; i?2 mM/2`HvBM; M2m@
`QM BMb2`iBQM M/ `2KQpH bi`i2;B2b Q7 :L: b #v P:L:@lX q2 HbQ +QKT`2 .uL: iQ
i?2 biM/`/ P:L: H;Q`Bi?K BM Q`/2` iQ b?Qr i?2 BKT`Qp2K2Mi Q7 Qm` //BiBQMb iQr`/b
MQM@biiBQM`v /i- b r2HH b iQ  HBM2` KmHiB@+Hbb aoJX
 3DUDPHWHUV	2*1*8
AM Q`/2` iQ +QKT`2 .uL: iQ Qm` #b2HBM2b- r2 +?Qb2  }t2/ b2i Q7 :L: T`K2i2`bX h?2
b2i ?b #22M 2KTB`B+HHv /2i2`KBM2/ #v i`BH@M/@2``Q` i?`Qm;? T`2HBKBM`v 2tT2`BK2MibX

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
Training set Test set
)LJXUH  7UDLQLQJDQGWHVWVHWRI63,5$/DW6QDSVKRWXSSHUDQG6QDSVKRWORZHU
6Q` Qm` 2tT2`BK2Mib r2 ?p2 b2i i?2 :L: T`K2i2`b 7Q` .uL:- P:L:@l M/ P:L:
b 7QHHQrb, BMb2`iBQM T`K2i2` λ = 30c KtBKmK ;2 amax = 100c /TiiBQM T`K2i2`
7Q` rBMM2` eb = 0.1c /TiiBQM T`K2i2` 7Q` M2B;?#Q`?QQ/ en = 0.0006c 2``Q` p`B#H2
/2+`2b2 α = 0.5c 2``Q` p`B#H2 /2+`2b2 β = 0.0005 M/ HHQr2/  KtBKmK MmK#2` Q7
M2m`QMb nmax = 120X 6Q` P:L:@l r2 //BiBQMHHv b2i i?2 :L:@l T`K2i2` k = 3.0-
b r2 +?B2p2/ #2bi `2bmHib rBi? BiX h?2 7+iQ` HHQrb :L:@l iQ ?p2  ?B;?2` K2KQ`v-
+QKT`2/ iQ k = 1.0- b i?2 rQ`bi miBHBiv Kv #2 i?`22 iBK2b bKHH2` i?M i?2 rQ`bi HQ+H
2``Q` Q7 i?2 M2irQ`FX 6Q` .uL: r2 b2i τ = 0.3 b r2 +?B2p2/ #2bi `2bmHib BM HH Q7 Qm`
2tT2`BK2Mib- BM+Hm/BM; i?2 `2H bi`2K /i 2tT2`BK2Mib Q7 *?Ti2` dX 6Q` i?2 aoJ r2
+?Qb2  KmHiB@+Hbb aoJ rBi?  HBM2` F2`M2H M/ i`BM2/ Bi BM  QM2@pb@HH 7b?BQM M/
`2HB2/ QM i?2 +QKKQMHv mb2/ aoJ HB#``v HB#aoJ (*GRR)X
b :L:@l Bb  +Hmbi2`BM; H;Q`Bi?K i?i Bb MQi +T#H2 Q7 T`Q+2bbBM; +i2;Q`v H#2H BM@
7Q`KiBQM- r2 2ti2M/2/ :L:@l iQ i?2 QMHBM2 +HbbB}2` PMHBM2 :`QrBM; L2m`H :b rBi?
liBHBiv UP:L:@lVX P:L:@l bBKTH2 /QTib i?2 QMHBM2 H#2HBM; K2i?Q/ `2H#2H M/ i?2
T`2/B+iBQM bi`i2;v bBM;H2@HBMF;2 Q7 P:L: b BMi`Q/m+2/ BM a2+iBQM jX9XR M/ a2+iBQM
jXjXRX P:L:@l 7m`i?2`KQ`2 /2KQMbi`i2b i?2 ;2M2`H TTHB+#BHBiv Q7 i?2 K2+?MBbKb
BMi`Q/m+2/ BM i?Bb i?2bBb #2vQM/ :L: iQ Qi?2` bQ`ib Q7 iQTQHQ;B+H 72im`2 KTbX h?2

 (YDOXDWLRQ
MQp2H bi`i2;B2b- BM T`iB+mH` i?2 QM2b BMi`Q/m+2/ #v .uL:- /Q MQi KQ/B7v Q` bm#biBimi2
i?2 mM/2`HvBM; +Hmbi2`BM; b+?2K- b i?2v bBKTH2 2ti2M/ BiX
 ([SHULPHQWV	5HVXOWV
6Q` Qm` 2tT2`BK2Mib rBi? .uL: r2 2pHmi2/ i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 .uL:-
P:L:@l- P:L: M/ i?2 aoJ QM i?2 aSA_GR /ib2iX h?2`2#v- r2 b2T`i2/ i?2
/ib2i bQ i?i 8yW Q7 HH 2tKTH2b Q7 2+? +i2;Q`v rBHH #2 b?QrM i?`Qm;? 2p2`v bMT@
b?QiX AM T`iB+mH`- r2 QMHv b?Qr QM2 +i2;Q`v i  iBK2 7Q` 2+? bMTb?Qi- r?BH2 ?pBM;
Ry bMTb?Qib Qp2`HHX h?Bb K2Mb i?i BM aMTb?Qi k- 7Q` 2tKTH2- r2 2t+HmbBp2Hv b?Qr
i?2 2tKTH2b 7Q` *i2;Q`v k r?BH2 BM aMTb?Qi j r2 2t+HmbBp2Hv T`2b2Mi i?2 biBKmHmb Q7
*i2;Q`v j- 2i+XX h?2 i2bi b2i- BMbi2/- ;`/mHHv ;`Qrb- b rBi? 2p2`v bMTb?Qi  M2r +i@
2;Q`v Bb //2/ iQ BiX h?2`27Q`2-  T`2/B+iBQM Bb #bB+HHv T2`7Q`K2/ QM HH +i2;Q`B2b b22M
bQ 7`X M BHHmbi`iBQM Q7 aMTb?Qi 9 M/ aMTb?Qi 3 Bb ;Bp2M #v 6B;m`2 8X8X AM +QMi`bi iQ
T`2pBQmb 2tT2`BK2Mib- i?2 biQTTBM; +`Bi2`BmK 7Q` P:L: UM/ P:L:@lV Bb i?i HH /i
?b #22M T`Q+2bb2/X
6Q` i?2 aoJ r2 M22/2/ iQ /Ti i?2 b+2M`BQ bHB;?iHv- b i?2 aoJ Bb M Q|BM2 +HbbB}2`
r?B+? Bb `2[mB`2/ iQ 2tTHB+BiHv biQ`2 i?2 i`BMBM; 2tKTH2b M/ `2i`BM BM Q`/2` iQ BM+Q`@
TQ`i2 M2rHv ;BM2/ FMQrH2/;2X AM Q`/2` iQ KF2  7B` +QKT`BbQM- r2 HHQr2/ i?2 aoJ
 biQ`;2 Q7 n = 112 i`BMBM; 2tKTH2b- rBi? n #2BM; 2[mH iQ i?2 MmK#2` Q7 M2m`QMb Q7
.uL:X q?BH2 i?2 /i 2pQHp2b /m`BM; i?2 /Bz2`2Mi bMTb?Qib- i?2 aoJ Bb `2[mB`2/ iQ
2[mHHv `2T`2b2Mi i?2 `2H2pMi +i2;Q`B2b rBi? i?2 ;Bp2M KQmMi Q7 K2KQ`v M/ i?mb Bb
`2[mB`2/ iQ BMb2`i M/ `2KQp2 2tKTH2b 7`QK Bib i`BMBM; b2iX h?Qb2 `2KQpH QT2`iBQMb
`2 #b2/ QM i?2 }`bi BM @ }`bi Qmi U6A6PV T`BM+BTH2X
Pm` `2bmHib `2 b?QrM BM h#H2 8XR M/ 6B;m`2 8XeX h#H2 8XR b?Qrb i?2 p2`;2/ +HbbB}@
+iBQM ++m`+v BM+Hm/BM; biM/`/ /2pBiBQM Q7 HH +QKT`2/ H;Q`Bi?Kb BM i?2 }`bi `QrX
//BiBQMHHv i?2 i#H2 HBbib i?2 MmK#2` Q7 p2+iQ`b- r?B+? BM+Hm/2b M2m`QMb M/ HbQ i`BMBM;
2tKTH2b M/ bmTTQ`i p2+iQ`b 7Q` i?2 aoJ BM i?2 b2+QM/ `QrX h?Bb b?QmH/ BM/B+i2 i?2
K2KQ`v /2KM/ Q7 2+? H;Q`Bi?K i?`Qm;?Qmi i?Bb 2pHmiBQMX AM 6B;m`2 8Xe- r2 /2TB+i2/
i?2 /2p2HQTK2Mi Q7 i?2 ++m`+v +m`p2 7Q` .uL:- P:L:@l M/ P:L: Qp2` i?2 T`Q+2bb@
BM; Q7 i?2 /i b2iX h?2`2#v- i?2 t@tBb biM/b 7Q` i?2 MmK#2` Q7 bMTb?Qib M/ i?2 v@tBb
`2p2Hb i?2 +Q``2bTQM/BM; ++m`+vX
5HVXOWV
h?2 `2bmHib HB+2Mb2 i?2 7QHHQrBM; Q#b2`piBQMb,

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
.uL: P:L:@l P:L: aoJ
++m`+v d8XR ± kXNW 83XN ± eXyW 83X3 ± jXeW djX3 ± ReX8W
Oo2+iQ`b RRk Ryy Ryk kk9
7DEOH  $YHUDJHG FODVVLILFDWLRQ SHUIRUPDQFH RI '<1* 2*1*8 2*1* DQG 690 RQ 63,5$/ DQG QXPEHU RI VWRUHG
YHFWRUV
Ç *QKT`BbQM Q7 .uL: M/ P:L:@l, ++Q`/BM; iQ i?2 }`bi `Qr Q7 h#H2 8XR-
.uL: bB;MB}+MiHv QmiT2`7Q`Kb P:L:@l rBi? M p2`;2 ++m`+v Q7 75.1± 2.9W
+QKT`2/ iQ 58.9 ± 6.0WX .uL: HbQ T`QpB/2b  HQr2` biM/`/ /2pBiBQM r?B+?
//BiBQMHHv Bb Q#b2`p#H2 BM 6B;m`2 8XeX h?2 };m`2 b?Qrb i?i 2bT2+BHHv BM i?2
#2;BMMBM; T?b2 Q7 i?2 T`Q+2bbBM; i aMTb?Qi k- .uL: QmiT2`7Q`Kb P:L:@l #v
M BM+`2b2/ T2`7Q`KM+2 Q7 27WX Ai HbQ +QM}`Kb i?2 HQr2` biM/`/ /2pBiBQM Q7
.uL: BM i?i Bib ++m`+v Bb KQ`2 bi#H2 +QKT`2/ iQ P:L:@l Qp2` i?2 T`Q+2bbBM;X
Ç *QKT`BbQM Q7 .uL: M/ P:L:, h?2 }`bi `Qr Q7 h#H2 8XR HbQ b?Qrb i?i
.uL: bB;MB}+MiHv QmiT2`7Q`Kb P:L: rBi? M p2`;2 ++m`+v Q7 75.1 ± 2.9W
+QKT`2/ iQ 58.8 ± 3.6WX *QKT`2/ iQ P:L:- .uL: BM+`2b2b i?2 T2`7Q`KM+2
#v 27W M/ HbQ b?Qrb  bHB;?iHv #2ii2` bi#BHBiv BM T2`7Q`KM+2 rBi?  biM/`/
/2pBiBQM Q7 2.9W +QKT`2/ iQ P:L: rBi? 3.6WX
Ç *QKT`BbQM Q7 P:L:@l M/ P:L:, h?2 `2bmHib BM i?2 }`bi `Qr Q7 h#H2
8XR b?Qr i?i P:L:@l T`QpB/2b  bHB;?iHv #2ii2` p2`;2/ ++m`+v +QKT`2/ iQ
P:L: rBi?  +HbbB}+iBQM T2`7Q`KM+2 Q7 58.9 ± 6.0W +QKT`2/ iQ 58.8 ± 3.6WX
h?2 biM/`/ /2pBiBQM Q7 P:L:@l Bb irB+2 b Km+? +QKT`2/ iQ P:L: rBi? 6.0W
+QKT`2/ iQ 3.6WX h?Bb /Bz2`2M+2 #2+QK2b +H2` r?2M BMbT2+iBM; #Qi? ++m`+v
+m`p2b b /2TB+i2/ BM 6B;m`2 8XeX h?2 };m`2 b?Qrb i?i P:L:@l bi`ib rBi? M
++m`+v i?i Bb 8.7W #2HQr i?2 QM2 Q7 P:L: i aMTb?Qi k M/ ;`/mHHv BM+`2b2b
mMiBH Bi QmiT2`7Q`Kb P:L: rBi?  /Bz2`2M+2 Q7 3.4W i aMTb?Qi d- mT iQ 3.6W i
aMTb?Qi RyX
Ç *QKT`BbQM Q7 .uL: M/ aoJ, b b?QrM BM i?2 }`bi `Qr Q7 h#H2 8XR- .uL:
T2`7Q`Kb bHB;?iHv #2ii2` +QKT`2/ iQ i?2 aoJ rBi?  +HbbB}+iBQM ++m`+v Q7 75.1±
2.9W +QKT`2/ iQ 73.8± 16.5WX q2 TTHB2/  i@i2bi M/ +QmH/ MQi T`Qp2 i?2 `2bmHib
iQ #2 bB;MB}+MiHv /Bz2`2MiX M BMi2`2biBM; Q#b2`piBQM- ?Qr2p2`- Bb i?i i?2 biM/`/
/2pBiBQM Bb HKQbi e iBK2b b ?B;? b i?2 biM/`/ /2pBiBQM Q7 .uL:- rBi? 16.5W
+QKT`2/ iQ 2.9W Q7 .uL:X
Ç J2KQ`v mb;2, AM i?2 b2+QM/ `Qr Q7 h#H2 8XR i?2 mb2/ MmK#2` Q7 p2+iQ`b `2
b?QrMX AM +b2 Q7 .uL:- P:L:@l M/ P:L: i?Bb `2~2+ib i?2 MmK#2` Q7 M2m`QMb
i?i i?2 M2irQ`F ?b biQ`2/X AM +b2 Q7 i?2 aoJ i?2 MmK#2` +QMbBbib Q7 i?2 biQ`2/
i`BMBM; 2tKTH2b M/ mb2/ bmTTQ`i p2+iQ`bX h?2 aoJ ?b i?2 ?B;?2bi K2KQ`v mb;2

 (YDOXDWLRQ
)LJXUH  3HUIRUPDQFHGHYHORSPHQWRI'<1*2*1*8 DQG2*1* RQWKH63,5$/GDWDVHW
rBi? kk9 p2+iQ`b- 7QHHQr2/ #v .uL: rBi? RRk p2+iQ`b- P:L: rBi? Ryk p2+iQ`b M/
P:L:@l rBi? Ryy biQ`2/ p2+iQ`bX
 'LVFXVVLRQ
h?2 `2bmHib Q7 Qm` 2tT2`BK2Mib b?Qr i?2 /pMi;2 Q7 .uL: BM  bi`2K /i b+2M`BQ
r?B+? BMpQHp2b MQM@biiBQM`v /i b r2HH b +QM+2Ti /`B7iX .uL: bB;MB}+MiHv QmiT2`@
7Q`Kb HH Qi?2` +QKT`2/ :L:@#b2/ TT`Q+?2bX 6m`i?2`KQ`2- Bi 2p2M T2`7Q`Kb bHB;?iHv
#2ii2` i?M i?2 aoJ- Hi?Qm;? r2 /Q MQi +QMbB/2` i?2 /Bz2`2M+2 b #2BM; bB;MB}+MiX
>Qr2p2`- i?2 :L:@#b2/ +HbbB}2`b HHQr  KQ`2 `2HB#H2 T`2/B+iBQM rBi? M HKQbi mT iQ
e iBK2b H2bb biM/`/ /2pBiBQMX h?Bb `2HB#BHBiv Bb p2`v BKTQ`iMi 7Q` bi`2K /i M/ HB72@
HQM; H2`MBM; TTHB+iBQMb- b  T`2/B+iBQM Bb T2`7Q`K2/ QM /2KM/ M/ Bi Bb i?mb +`m+BH
7Q` i?2 mb#BHBiv Q7 bm+?  +HbbB}+iBQM KQ/2HX .uL: b?Qrb i?2 #2bi T2`7Q`KM+2 M/
?B;?2bi `2HB#BHBiv M/ i?mb `2M/2`b Bib2H7 b KQbi B/2H 7Q` bi`2K /i b+2M`BQb +QKT`2/
iQ P:L:@l- P:L: M/ i?2 aoJX h?2 ?B;? /2;`22 Q7 BMbi#BHBiv Q7 i?2 aoJ Bb mM/2`@
biM/#H2 b i?2 KQmMi Q7 i`BMBM; 2tKTH2b 7Q` 2+? `2i`BMBM; Q7 i?2 +HbbB}2` b22Kb iQ
#2 BMbm{+B2Mi M/ +mb2b bQK2 Q7 i?2 +i2;Q`B2b iQ #2 mM/2``2T`2b2Mi2/ r?BH2 Qi?2`b `2
`2bQM#H2 `2T`2b2Mi2/ #v i?2 ;Bp2M b2i Q7 bmTTQ`i p2+iQ`bX
*QKT`BM; i?2 K2KQ`v mb;2 Q7 HH H;Q`Bi?Kb- i?2 aoJ /2KM/b i?2 ?B;?2bi KQmMi
Q7 K2KQ`vX >Qr2p2`- rBi?BM i?2 :L:@#b2/ +HbbB}2`b- .uL: `2[mB`2b  12W BM+`2b2/

&KDSWHU /HDUQLQJZLWKQRQVWDWLRQDU\GDWDEDVHGRQ'<1*
K2KQ`v KQmMi +QKT`2/ iQ P:L:@l- r?B+? Bb /m2 iQ Bib MQM@/2bi`m+iBp2 Mim`2X AM `2H@
iBQM iQ i?2 T2`7Q`KM+2 BKT`Qp2K2Mi Q7 .uL: rBi?  16.2W BM+`2b2/ ++m`+v +QKT`2/
iQ P:L:@l- i?2 bHB;?iHv ?B;?2` K2KQ`v mb;2 b?QmH/ #2 +QMbB/2`2/ b `2bQM#H2X
 6XPPDU\
AM i?Bb +?Ti2` r2 ?p2 T`2b2Mi2/ .uL: b 2ti2MbBQM Q7 P:L: rBi? 2KT?bBb QM MQM@
biiBQM`v /i M/ +QM+2Ti /`B7iX .uL: BMi`Q/m+2b irQ MQp2H M2m`QM BMb2`iBQM bi`i2;B2b
r?B+? HHQr i?2 KQ/2H iQ [mB+FHv ;`Qr M/ /Ti iQ M2r 2pQHpBM; +i2;Q`B2b M/- 7m`i?2`@
KQ`2- /KTBM; i?Bb ;`Qri? r?2M i?2 +HbbB}+iBQM T2`7Q`KM+2 7Q`  +i2;Q`v +QMp2`;2bX
q2 ?p2 HbQ BMi`Q/m+2/ P:L:@l b QMHBM2 +HbbB}2` #b2/ QM :L:@l M/ mb2/ Bi b #b2@
HBM2 7Q` Qm` 2tT2`BK2MibX q2 /Bb+mbb2/ i?2 b?Q`i@i2`K M/ HQM;@i2`K K2KQ`v Q7 .uL:
M/ ?Qr i?2 /Bz2`2Mi M2m`QM BMb2`iBQM bi`i2;B2b M/ M2m`QM `2KQpH bi`i2;B2b `2HBx2
i?2 irQ K2KQ`v bi`m+im`2bX q2 ?p2 2pHmi2/ .uL:- P:L:@l- P:L: M/  HBM2`
KmHiB@+Hbb aoJ BM  bi`2K /i b+2M`BQ r?B+? BMpQHp2b MQM@biiBQM`v /i M/ +QM+2Ti
/`B7iX h?2`2#v- r2 b?QrM i?i .uL: bB;MB}+MiHv QmiT2`7Q`Kb i?2 :L:@#b2/ +HbbB}2`b-
2bT2+BHHv BM i?2 #2;BMMBM; T?b2 Q7 i?2 T`Q+2bbBM;X 6m`i?2`KQ`2- .uL: +?B2p2b bHB;?iHv
#2ii2` `2bmHib i?M i?2 aoJ r?BH2 T`QpB/BM;  bBt iBK2b KQ`2 `2HB#H2 T`2/B+iBQM ++m`+vX
q2 HbQ +QKT`2/ i?2 K2KQ`v mb;2 Q7 HH H;Q`Bi?Kb M/ 7QmM/ i?2 aoJ b #2BM; KQbi
K2KQ`v /2KM/BM;X Pmi Q7 i?2 :L:@#b2/ H;Q`Bi?Kb- .uL: `2[mB`2b i?2 KQbi K2K@
Q`v /m2 iQ Bib MQM@/2bi`m+iBp2 Mim`2X h?2 BM+`2b2 Q7 K2KQ`v mb;2- ?Qr2p2`- +M #2
+QMbB/2`2/ b `2bQM#H2 r?2M iFBM; BMiQ ++QmMi Bib BM+`2b2/ T2`7Q`KM+2X
AM i?2 M2ti +?Ti2`- r2 rBHH BMi`Q/m+2 i?2 Hbi 2ti2MbBQM Q7 P:L: rBi?BM i?2 :*J 6`K2@
rQ`F i?i Bb +T#H2 Q7 T`Q+2bbBM; /i +QKBM; 7`QK KmHiBTH2 /QKBMb BM  bBM;H2 +HbbB}@
+iBQM M2irQ`FX

Chapter6
Learning with multi-view data based on VONG
AM i?Bb +?Ti2`- r2 BMi`Q/m+2 JmHiB@pB2r PMHBM2 :`QrBM; L2m`H :b UoPL:V b M 2t@
i2MbBQM Q7 P:L:X oPL: Bb M QMHBM2 +HbbB}2` i?i Bb +T#H2 Q7 T`Q+2bbBM; /i +QKBM;
7`QK KmHiBTH2 /QKBMbX b 2+? Q7 i?2b2 /QKBMb `2M/2`b  mMB[m2 pB2r QM i?2 /i-
oPL: T`2/B+ib +i2;Q`v H#2Hb T`2 pB2rX h?2`27Q`2- Bi BMi`Q/m+2b  M2r KmHiB@pB2r H@
#2HBM; M/ KmHiB@pB2r T`2/B+iBQM bi`i2;v i?i BMpQHp2 i?2 b2H2+iBQM Q7 `2H2pMi 72im`2
bT+2 /BK2MbBQMb- KbFBM; i?2K 7Q` 2+? pB2r BM/2T2M/2MiHvX q2 //BiBQMHHv BMi`Q/m+2
 MBp2 KmHiB@H#2H +HbbB}+iBQM TT`Q+?- BX2X P:L:+- i?i Bb HbQ #b2/ QM P:L: M/
b2`p2b mb b #b2HBM2 BM Qm` 2pHmiBQMX q2 rBHH +QKT`2 #Qi? H;Q`Bi?Kb QM irQ `iB}+BH
KmHiB@pB2r /ib2ib M/ b?Qr i?i oPL: bB;MB}+MiHv QmiT2`7Q`Kb P:L:+ QM #Qi? Q7
i?2 b2ibX 6m`i?2`KQ`2- r2 rBHH BMp2biB;i2 i?2 BKT+i Q7 i?2 M2r KmHiB@pB2r bi`i2;B2b QM
i?2 +HbbB}+iBQM T2`7Q`KM+2 BM/2T2M/2MiHv- M/ i?2`27Q`2 +QKT`2 oPL: iQ oPL:@JX
oPL:@J Bb  p2`bBQM Q7 oPL: r?B+? QMHv BKTH2K2Mib Bib KmHiB@pB2r T`2/B+iBQM bi`i2;v-
#mi /QTib i?2 MBp2 KmHiB@H#2HBM; Q7 P:L:+X
q?BH2 biM/`/ KmHiB@pB2r QMHBM2 +HbbB}+iBQM TT`Q+?2b 7QHHQr i?2 bbmKTiBQM i?i
pB2rb `2 ;2M2`i2/ #v i?2 bK2 /QKBM- r2 2ti2M/ i?2 KmHiB@pB2r +HbbB}+iBQM +?HH2M;2
BM i?i r2 bbmK2 i?2 /i iQ #2 +QKTQb2/ Qmi Q7 KmHiBTH2 /QKBMb- M/ i?2`27Q`2 2+? pB2r
#2BM; ;2M2`i2/ #v  /Bz2`2Mi /QKBMX h?2`2#v- r2 /2}M2  /QKBM b  bm#b2i Q7 72im`2
bT+2 /BK2MbBQMb M/  b2i Q7 mMB[m2 bm#+i2;Q`vfT`QT2`iv H#2HbX b  +QMb2[m2M+2 iQ Qm`
2ti2M/2/ +?HH2M;2- 2+? /i BMbiM+2 Bb bbB;M2/ iQ KmHiBTH2 /QKBMb M/ i?mb `2[mB`2b
KmHiBTH2 bm#+i2;Q`v H#2Hb iQ #2 bT2+B}2/X h?Bb +mb2b KQbi Q7 i?2 2tBbiBM; KmHiB@pB2r
+HbbB}+iBQM TT`Q+?2b iQ #2 mMmb#H2 7Q` Qm` ibFX lbmHHv- M 2Mb2K#H2 Q7 +HbbB}2`b
rQmH/ #2 mb2/ BM bm+? b+2M`BQ- r?B+? Bb MQi M `+?Bi2+im`2 Q7 +?QB+2 BM HB72@HQM; H2`MBM;
/m2 iQ Bib BM+`2b2/ +QKTH2tBiv M/ K2KQ`v `2[mB`2K2MiX >Qr2p2`- BM i?Bb +?Ti2` r2 rBHH
/2KQMbi`i2 i?i Bi Bb TQbbB#H2 iQ bQHp2 Qm` KmHiB@pB2r +HbbB}+iBQM ibF #v T`QpB/BM; 
bBM;H2 ?QKQ;2MQmb KQ/2H i?i Bb +T#H2 Q7 T`2/B+iBM;  +i2;Q`v H#2H 7Q` M mMb22M /i
TQBMib BM 2+? pB2r@BM/2T2M/2MiHvX

&KDSWHU /HDUQLQJZLWKPXOWLYLHZGDWDEDVHGRQ921*
)LJXUH  0XOWLYLHZ2QOLQH*URZLQJ1HXUDO*DV921*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 &KDOOHQJHV
AM Qm` KmHiB@pB2r +HbbB}+iBQM b+2M`BQ- i?2 KQ/2H M Bb `2[mB`2/ iQ H2`M i?2 KTTBM;
#2ir22M  /i TQBMi xi ∈ X M/  b2i Q7 bm#+i2;Q`v H#2Hb c′j ∈ C ′- r?B+? `2 ;Bp2M
b imTH2 (xi, c′j)X h?2`2#v- 72im`2 p2+iQ`b 7`QK X b r2HH b b2ib Q7 bm#+i2;Q`v H#2Hb
7`QK C ′ `2 7Q`K2/ b T`Q/m+i Q7 72im`2 bm#bT+2b X =∏ok=1Xdk M/ bm#+i2;Q`v H#2Hb
C ′ =
∏o
k=1Cdk +QKBM; 7`QK i?2 /Bz2`2Mi /QKBMb dk ∈ D- rBi? k = 1, 2, ..., oX
 ǳ`2/ #QQFǴ- 7Q` 2tKTH2- ?b  +2`iBM +QHQ`- b?T2 M/ Ki2`BHX :Bp2M i?2b2 /QKBMb Q7
ǳ+QHQ`Ǵ- ǳb?T2Ǵ M/ ǳKi2`BHǴ- i?2 /i BMbiM+2 Q7  ǳ`2/ #QQFǴ (xi, c′j) +M #2 /2b+`B#2/
#v Bib +QKTQb2/ 72im`2 p2+iQ` xi M/ Bib b2i Q7 bm#+i2;Q`v H#2Hb c′j = {ǳ`2/Ǵ- ǳb[m`2Ǵ-
ǳTT2`Ǵ}X h?2`2#v- r2 bbmK2 i?2 /QKBMb M/- BM T`iB+mH`- i?2B` 72im`2 bm#bT+2b M/
b2ib Q7 bm#+i2;Q`v H#2Hb iQ #2 /BbDQBMiX 6Q` Qm` 2tKTH2- i?Bb K2Mb i?i i?2`2 `2 MQ
72im`2 bm#bT+2 /BK2MbBQMb b r2HH b MQ bm#+i2;Q`v H#2Hb i?i `2 `2H2pMi iQ KQ`2
i?M QM2 Q7 i?2 i?`22 /QKBMbX
 pB2r +M i?2M #2 b22M b T`QD2+iBQM
π : X × C ′ ×D →
o∏
k=1
Xdk ×
o∏
k=1
Cdk - rBi?
∀k, l, dl ∈ D, k ̸= l : Xdk = ∅ ∧ Cdk = ∅.

 &RQWULEXWLRQV
h?2 T`QD2+iBQM 7mM+iBQM π i?2`2#v KbFb 72im`2 bT+2 /BK2MbBQMb M/ 2t+Hm/2b +i2;Q`v
H#2Hb i?i `2 B``2H2pMi iQ dkX AM r?i 7QHHQrb- r2 /2MQi2 i?Bb KbFBM; T`QD2+iBQM 7mM+iBQM
#v πdk(xi, c′j)X
:Bp2M i?Bb b2iiBM;- i?2 7QHHQrBM; +?HH2M;2b `Bb2,
Ç G2`MBM; rBi? KmHiBTH2 pB2rb, lbmHHv  +HbbB}2` Bb i`BM2/ iQ bQHp2  +HbbB}+@
iBQM ibF #v H2`MBM; i?2 T`2/B+iBQM 7mM+iBQM f : X → CX >Qr2p2`- BM Qm` KmHiB@pB2r
+HbbB}+iBQM b+2M`BQ i?2 KQ/2HM Bb `2[mB`2/ iQ H2`M M 2ti2M/2/ T`2/B+iBQM 7mM+@
iBQM fmulti : X × D → C- r?B+? /2T2M/b QM  /QKBM dk ∈ DX 6m`i?2`KQ`2- i?2
+QM/BiBQMH BM/2T2M/2M+2 Q7 /QKBMb `2[mB`2b M iQ T2`7Q`K KmHiBTH2 +HbbB}+iBQM
ibFb i QM+2- rBi?Qmi i?2K +QMi`B#miBM; iQ 2+? Qi?2` b- 7Q` 2tKTH2- BM i?2 *Q@
h`BMBM; T`/B;K Ub22 a2+iBQM kXjVX
Ç :`QmTBM; Q7 +i2;Q`B2b #v pB2rb, q?2M H2`MBM;  T`2/B+iBQM 7mM+iBQM fmulti
T2` pB2r- i?2 72im`2 bT+2 M22/b iQ #2 KbF2/ ++Q`/BM;HvX h?Bb K2Mb i?i M
b?QmH/ BM+Q`TQ`i2 b2p2`H KbFBM; 7mM+iBQMb πdk 7Q` i?2 /Bz2`2Mi /QKBMb- BM Q`/2`
iQ T`QD2+i i?2 BMTmi xi iQ i?2 72im`2 bm#bT+2 Q7 dk M/ iQ bbB;M bm#+i2;Q`v H#2Hb
Q7 Cdk iQ i?2 KQ/2HMX
Ç *QKT+i mMB7Q`K +HbbB}+iBQM KQ/2H, S`QpB/BM;  mMB7Q`K KQ/2H BM  KmHiB@
pB2r +HbbB}+iBQM ibF Bb +?HH2M;BM;- b i?2 /i Bb ?2i2`Q;2MQmb +mb2/ #v Bib
+QKTQbBiBQMH Mim`2 M/ Bib 72im`2 bm#bT+2b M/ bm#+i2;Q`B2b +QKBM; 7`QK KmH@
iBTH2 /QKBMbX _2T`2b2MiBM; bm+? /i BM  ?QKQ;2MQmb KQ/2H `2[mB`2b  bi2T Q7
2M+Q/BM; M/ /2+Q/BM; BM i?2 b2Mb2 i?i i?2 /Bp2`b2 /i Bb mMB7Q`KHv `2T`2b2Mi2/ BM
M U2M+Q/2V M/ biBHH #2BM; `2+HH#H2 #v Bib /QKBM {HBiBQM U/2+Q/2VX
 &RQWULEXWLRQV
AM i?Bb +?Ti2`-  KmHiB@pB2r 2ti2MbBQM Q7 P:L: Bb T`2b2Mi2/ i?i `2HB2b QM QMHBM2 KmHiB@
pB2r H#2HBM; M/ KmHiB@pB2r T`2/B+iBQM bi`i2;B2bX q2 rBHH KF2 mb2 Q7 Qm` MQp2H TT`Q+?
BM M QMHBM2 +HbbB}+iBQM ibF i?i BMpQHp2b /i +QKBM; 7`QK b2p2`H /QKBMbX h?2`2#v-
r2 2pHmi2 oPL: QM irQ `iB}+BH KmHiB@pB2r /ib2ib i?i BM+Hm/BM; /Bz2`2Mi /2;`22b Q7
/QKBM +Q``2HiBQMbX q2 rBHH 7m`i?2`KQ`2 BMi`Q/m+2 P:L:+ b MBp2 KmHiB@H#2H 2ti2MbBQM
Q7 P:L:- M/ miBHBx2 i?Bb H;Q`Bi?K b #b2HBM2 7Q` oPL:- r?BH2 b?QrBM; i?i oPL:
+H2`Hv QmiT2`7Q`Kb P:L:+ QM #Qi? /ib2ibX AM Q`/2` iQ BMp2biB;i2 i?2 BKT+i Q7 i?2
KbFBM; QM i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 oPL:- r2 HbQ +QKT`2 oPL: ;BMbi
oPL:@J-  p2`bBQM Q7 oPL: r?B+? 2t+Hm/2b i?2 KbFBM; BM r?2M H#2HBM; M2m`QMbX
AM T`iB+mH`- r2 Qz2` i?2 7QHHQrBM; +QMi`B#miBQMb,

&KDSWHU /HDUQLQJZLWKPXOWLYLHZGDWDEDVHGRQ921*
Ç oPL: b KmHiB@pB2r 2ti2MbBQM Q7 P:L:, q2 2ti2M/ P:L: #v  MQp2H QM@
i?2@~v KmHiB@pB2r H#2HBM; M/ T`2/B+iBQM bi`i2;v r?B+? HHQr oPL: iQ H2`M rBi?
/i +QKBM; 7`QK KmHiBTH2 /QKBMb M/ biQ`2 i?Bb BM7Q`KiBQM BM  bBM;H2 M2irQ`FX
Ç P:L:+ b MBp2 KmHiB@H#2H 2ti2MbBQM Q7 P:L:, q2 2ti2M/ P:L: rBi? 
MBp2 KmHiB@H#2HBM; bi`i2;v i?i #mBH/b mTQM i?2 H#2HBM; bi`i2;B2b Q7 P:L:- BM
Q`/2` iQ T`QpB/2 M BMimBiBp2 #b2HBM2 i?i r2 +M +QKT`2 rBi?X
Ç *QKT`BM; oPL: rBi? P:L:+, q2 +QKT`2 i?2 T2`7Q`KM+2 Q7 oPL: M/
P:L:+ BM  +HbbB}+iBQM ibF M/ b?Qr i?i oPL: +H2`Hv QmiT2`7Q`Kb P:L:+
QM #Qi? Q7 Qm` `iB}+BH KmHiB@pB2r /ib2ibX
Ç *QKT`BM; oPL:rBi? oPL:@J, q2 +QKT`2 oPL: iQ oPL:@J M/ /2KQM@
bi`i2 i?2 #2M2}i Q7 i?2 KbFBM; 7Q` 2+? pB2r- r?B+? Bb T2`7Q`K2/ /m`BM; i?2 b@
bB;MK2Mi Q7 H#2Hb iQ M2m`QMb BM i?2 oPL: M2irQ`FX
 2*1*+ $ QDLYHPXOWLODEHODSSURDFKEDVHGRQ
2*1*
AM i?Bb b2+iBQM r2 BMi`Q/m+2 P:L:+ b MBp2 KmHiB@H#2H 2ti2MbBQM Q7 P:L:X P:L:+
rBHH b2`p2 mb b #b2HBM2 7Q` oPL: b Bi T`QpB/2b M BMimBiBp2 TT`Q+? QM /TiBM; P:L:
iQ  KmHiB@pB2r /i +HbbB}+iBQM T`Q#H2KX P:L:+ /QTib i?2 `+?Bi2+im`2 Q7 P:L:
b QMHBM2 +HbbB}2` M/ bBKTHv KQ/B}2b Bib QMHBM2 H#2HBM; M/ QMHBM2 T`2/B+iBQM bi`i2;B2b-
r?B+? Bb #b2/ QM i?2 `2H#2H K2i?Q/ Ub22 a2+iBQM jX9XRV M/ i?2 bBM;H2@HBMF;2 T`2/B+iBQM
bi`i2;v Ub22 a2+iBQM jXjXkVX AM +QMi`bi iQ i?2 `2H#2H K2i?Q/ Q7 P:L:- P:L:+ /QTib
i?2 +QKTH2i2 bm#+i2;Q`v H#2H b2i b ;Bp2M #v i?2 biBKmHmbX h?2`27Q`2- m H#2Hb `2
bbB;M2/ iQ 2+? bBM;H2 M2m`QM BM i?2 M2irQ`F- rBi? m = |D| #2BM; i?2 MmK#2` Q7 HH
/QKBMb `2H2pMi iQ i?Bb ibFX 6Q` i?2 bBM;H2@HBMF;2 T`2/B+iBQM bi`i2;v- P:L:+ bBKTHv
`2im`Mb HH bm#+i2;Q`v H#2Hb Q7 i?2 M2m`QM r?B+? T`QpB/2b i?2 +HQb2bi 1m+HB/2M /BbiM+2
iQ i?2 biBKmHmbX
 2*1*+ $OJRULWKP
AM i?2 7QHHQrBM;- i?2 +QKTH2i2 P:L:+ H;Q`Bi?K rBHH #2 /2b+`B#2/ bi2T #v bi2T- b /2TB+i2/
BM H;Q`Bi?K 3X h?2 ?B;?HB;?i2/ bi2Tb K`F i?2 +?M;2b Q7 P:L:+ +QKT`2/ iQ i?2
Q`B;BMH P:L:X
RX AM i?2 }`bi bi2T- i?2 H;Q`Bi?K bi`ib rBi? irQ M2m`QMb- `M/QKHv TH+2/ BM i?2
72im`2 bT+2X

 2*1*+ $ QDLYHPXOWLODEHODSSURDFKEDVHGRQ2*1*
kX h?2 }`bi biBKmHmb x ∈ Rn Q7 i?2 BMTmi bT+2 U}`bi i`BMBM; 2tKTH2V M/
Bib +Q``2bTQM/BM; b2i Q7 H#2Hb Bb T`2b2Mi2/ iQ i?2 M2irQ`FX
jX h?2 irQ M2m`QMb n1 M/ n2 r?B+? KBMBKBx2 i?2 1m+HB/2M /BbiM+2 iQ x `2 B/2MiB}2/
b }`bi M/ b2+QM/ rBMM2`X
9X h?2 b2i Q7 H#2Hb Bb bbB;M2/ iQ n1X h?2 `2H#2H K2i?Q/ Bb mb2/ ?2`2 Ub22
a2+iBQM jX9XRV
8X h?2 ;2 Q7 HH 2/;2b i?i +QMM2+i n1 iQ Qi?2` M2m`QMb Bb BM+`2b2/ #v RX
eX AM i?Bb bi2T- i?2 HQ+H 2``Q` p`B#H2 error(n1) Q7 n1 Bb mT/i2/X h?Bb 2``Q` p`B#H2
rBHH #2 mb2/ Hi2` BM Q`/2` iQ /2i2`KBM2 i?2 HQ+iBQM 7Q`  M2rHv BMb2`i2/ MQ/2X
dX AM i?Bb bi2T- n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/ iQr`/b x #v 7`+iBQMb eb
M/ en- `2bT2+iBp2HvX
3X  M2r +QMM2+iBQM #2ir22M n1 M/ n2 Bb +`2i2/ M/ i?2 ;2 Q7 i?2 2/;2 Bb b2i iQ yX
NX HH 2/;2b rBi? M ;2 ;`2i2` i?M amax b r2HH b HH M2m`QMb rBi?Qmi Mv +QMM2+iBM;
2/;2 `2 `2KQp2/X
RyX .2T2M/BM; QM i?2 Bi2`iBQM M/ i?2 T`K2i2` λ-  M2r MQ/2 nr Bb BMb2`i2/ BMiQ i?2
M2irQ`FX Ai rBHH #2 BMb2`i2/ ?H7@rv #2ir22M i?2 M2m`QM nq rBi? i?2 ?B;?2bi HQ+H
2``Q` M/ Bib iQTQHQ;B+H M2B;?#Q` nf ?pBM; i?2 H`;2bi 2``Q` KQM; HH M2B;?#Q`b Q7
nqX AM //BiBQM- i?2 +QMM2+iBQM #2ir22M nq M/ nf Bb `2KQp2/ M/ #Qi? M2m`QMb `2
+QMM2+i2/ iQ nrX
RRX AM i?Bb bi2T- i?2 2``Q` p`B#H2b Q7 HH M2m`QMb `2 /2+`2b2/ #v  7+iQ` βX
RkX h?2 H;Q`Bi?K biQTb B7 i?2 biQTTBM; +`Bi2`BQM Bb K2i- BX2X- i?2 KtBKH M2irQ`F bBx2
Q` bQK2 Qi?2` T2`7Q`KM+2 K2bm`2 ?b #22M `2+?2/X
 /LPLWDWLRQVRI2*1*+
h?2`2 `2 b2p2`H HBKBiiBQMb +QMM2+i2/ iQ P:L:+X h?2 }`bi T`Q#H2K Bb i?2 7+i i?i
P:L:+ Bb MQi +T#H2 Q7 T`2/B+iBM; i?2 bm#+i2;Q`v Q7  bT2+B}+ pB2r- b Bi bBKTHv `2im`Mb
HH bm#+i2;Q`v H#2HbX h?Bb HbQ K2Mb i?i P:L:+ /Q2b MQi BM+Hm/2 K2+?MBbKb Q7
2M+Q/BM; M/ /2+Q/BM; i?2 /i +QKBM; 7`QK KmHiBTH2 /QKBMb- b i?2 BM7Q`KiBQM #Qmi
/QKBM {HBiBQMb ;2i HQbi /m`BM; i?2 /i T`Q+2bbBM; bi2TX AM +QMi`bi- BM i?2 M2ti b2+iBQM
r2 rBHH /Bb+mbb i?i oPL: Bb +T#H2 Q7 biQ`BM; i?2 /QKBM {HBiBQM BM i?2 M2irQ`F
BKTHB+BiHv #v miBHBxBM; Bib KbF2/ H#2HBM; M/ T`2/B+iBQM bi`i2;B2bX
MQi?2` /Bb/pMi;2 Q7 P:L:+ Bb +HQb2Hv +QMM2+i2/ iQ i?Bb H+F Q7 biQ`BM; /QKBM 7@
}HBiBQMbX q?2M bbB;MBM; i?2 b2i Q7 bm#+i2;Q`v H#2Hb iQ M2m`QMb- i?2 rBMM2` M2m`QM Bb

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H;Q`Bi?K 3 PMHBM2 :`QrBM; L2m`H :b+ UP:L:+V
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, S`2b2Mi M BMTmi p2+iQ` x ∈ Rn M/ Bib +Q``2bTQM/BM; b2i Q7 +i2;Q`B2b 7`QK i?2 BMTmi b2i ++Q`/BM; iQ
i?2 BMTmi /Bbi`B#miBQMX
j, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X9, bbB;M i?2 +QKTH2i2 H#2H b2i Q7 x iQ n1 ++Q`/BM; iQ i?2 T`2b2Mi H#2HBM; bi`i2;vX8, AM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1Xe, lT/i2 i?2 HQ+H 2``Q` p`B#H2 #v //BM; i?2 b[m`2/ /BbiM+2 #2ir22M ωn1 M/ xX
∆error(n1) = |ωn1 − x|2
d, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b UBX2X HH i?2 M2m`QMb +QMM2+i2/ iQ n1 #v M 2/;2V iQr`/b x #v 7`+iBQMb Q7 eb
M/ en Q7 i?2 /BbiM+2,
∆ωn1 = eb(x− ωn1 )
∆ωn = en(x− ωn)
7Q` HH /B`2+i M2B;?#Q`b Q7 n1X3, A7 n1 M/ n2 `2 +QMM2+i2/ #v M 2/;2- b2i i?2 ;2 Q7 i?2 2/;2 iQ y U`27`2b?VX A7 i?2`2 Bb MQ bm+? 2/;2- +`2i2 QM2XN, _2KQp2 2/;2b rBi? i?2B` ;2 H`;2` i?M amaxX A7 i?Bb `2bmHib BM M2m`QMb ?pBM; MQ 2KMiBM; 2/;2b- `2KQp2 i?2K b
r2HHX
Ry, A7 i?2 MmK#2` Q7 BMTmi p2+iQ`b T`2b2Mi2/ Q` ;2M2`i2/ bQ 7` Bb M BMi2;2` Q` KmHiBTH2 Q7  T`K2i2` λ- BMb2`i  M2r MQ/2
nr b 7QHHQrb,
.2i2`KBM2 mMBi nq rBi? i?2 H`;2bi 2``Q`X
KQM; i?2 M2B;?#Q`b Q7 nq - }M/ MQ/2 nf rBi? i?2 H`;2bi 2``Q`X
AMb2`i  M2r MQ/2 nr ?H7rv #2ir22M nq M/ nf b 7QHHQrb,
ωnr =
ωnq + ωnf
2
*`2i2 2/;2b #2ir22M nr M/ nq - M/ nr M/ nf X _2KQp2 i?2 2/;2 #2ir22M nq M/ nf X
.2+`2b2 i?2 2``Q` p`B#H2 Q7 nq M/ nf #v KmHiBTHvBM; i?2K rBi?  +QMbiMi αX a2i i?2 2``Q` nr rBi? i?2 M2r 2``Q`
p`B#H2 Q7 nq XRR, .2+`2b2 HH 2``Q` p`B#H2b Q7 HH M2m`QMb ni #v  7+iQ` βXRk, A7 i?2 biQTTBM; +`Bi2`BQM Bb MQi K2i- ;Q #+F iQ ai2T UkVX
/2i2`KBM2/ #v ?pBM; i?2 +HQb2bi 1m+HB/2M /BbiM+2 iQ i?2 biBKmHmb rBi? +QMbB/2`iBQM Q7
i?2 +QKTH2i2 mMr2B;?i2/ 72im`2 p2+iQ`X h?Bb K2Mb i?i  pB2r ?pBM; i?2 ?B;?2bi MmK@
#2` Q7 /BK2MbBQMb BM i?2 72im`2 p2+iQ` TQi2MiBHHv #Bb2b i?2 +QKTH2i2 /2+BbBQM iQr`/b Bib
bm#+i2;Q`vX b  `2bmHi- i?2 +HbbB}+iBQM T2`7Q`KM+2 7Q` bm+? pB2rb b?QmH/ #2 ?B;?2`
i?M i?Qb2 QMHv +QMi`B#miBM;  bKHH MmK#2` Q7 /BK2MbBQMbX oPL: KbFb i?2 /BK2MbBQMb
Q7 i?2 72im`2 p2+iQ` 7Q` Bib H#2HBM; M/ T`2/B+iBQM bi`i2;v BM i?2 b2Mb2 i?i Bi bBKTHv
B;MQ`2b /BK2MbBQMb i?i `2 B``2H2pMi iQ i?2 pB2r BM [m2biBQMX
 0XOWLYLHZ2QOLQH*URZLQJ1HXUDO*DV921*
AM i?Bb b2+iBQM- r2 BMi`Q/m+2 JmHiB@pB2r PMHBM2 :`QrBM; L2m`H :b UoPL:V b KmHiB@
pB2r 2ti2MbBQM Q7 P:L:X i }`bi- r2 rBHH /2b+`B#2 i?2 KQ/B}+iBQMb Q7 oPL: i?i b2i

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)LJXUH  0XOWLYLHZ2QOLQH*URZLQJ1HXUDO*DV921* SURFHVVLQJSLSHOLQH
#Qi? oPL: M/ P:L: T`iX q2 rBHH i?2M 2tTHBM i?2 oPL: H;Q`Bi?K BM /2iBH M/
HbQ /Bb+mbb Bib KmHiBTH2tBM; `+?Bi2+im`2X
oPL: Bb M QMHBM2 +HbbB}2` i?i miBHBx2b H#2H2/ /i +QKBM; 7`QK KmHiBTH2 /QKBMb M/
2M+Q/2b i?Bb BM7Q`KiBQM BM  mMB7Q`K +HbbB}+iBQM KQ/2H QM@i?2@~vX Ai 7m`i?2`KQ`2 Bb
+T#H2 Q7 /2+Q/BM; i?2 biQ`2/ BM7Q`KiBQM BM i?2 b2Mb2 i?i Bi BKTH2K2Mib i?2 T`2/B+iBQM
7mM+iBQM fmulti M/ i?mb T`2/B+ib bm#+i2;Q`v H#2Hb iQ  ;Bp2M biBKmHmb M/  ;Bp2M /QKBMX
b b?QrM BM 6B;m`2 eXk 7`QK H27i iQ `B;?i-  +QKTQb2/ 72im`2 p2+iQ` b r2HH b  b2i Q7
bm#+i2;Q`v H#2Hb 7`QK KmHiBTH2 /QKBMb `2 i?2 BMTmi 7Q` Qm` oPL: H;Q`Bi?KX h?2
/i i?2M ;2ib T`Q+2bb2/ M/ biQ`2/ BMbB/2 i?2 mMB7Q`K oPL: M2irQ`F- r?B+? i?2M +M
T`2/B+i bm#+i2;Q`v H#2Hb 7Q` i?2 bBM;H2 pB2rb QM /2KM/X Aib KBM /pMi;2 HB2b BM Bib
mMB7Q`K bi`m+im`2- r?B+? HHQrb i?2 KQ/2H- b BM HH Qi?2` 2ti2MbBQMb Q7 P:L:- iQ ;`Qr
rBi?  bi`2K /i +HbbB}+iBQM ibF r?BH2 `2KBMBM;  `2bQM#H2 +QKT+i 7Q`KX
 921* DVPXOWLYLHZH[WHQVLRQRI2*1*
P:L: Bb M QMHBM2 +HbbB}+iBQM H;Q`Bi?K r?B+? Bb +T#H2 Q7 T`Q+2bbBM; bi`2K /i QM@
i?2@~vX >Qr2p2`- Bi Bb MQi /2bB;M2/ iQ rQ`F rBi? KmHiB@pB2r /i M/- 2p2M KQ`2 BKTQ`iMi-
Bi Bb MQi /2bB;M2/ iQ T`2/B+i KmHiBTH2 +i2;Q`v H#2Hb 7Q`  bBM;H2 ;Bp2M BMTmi biBKmHmbX AM
Q`/2` iQ 2ti2M/ P:L: ++Q`/BM;Hv- oPL: KQ/B}2b i?2 H#2HBM; M/ T`2/B+iBQM bi`i2;B2b
Q7 P:L: iQ bbB;M M/ T`2/B+i bm#+i2;Q`v H#2Hb iQ  ;Bp2M biBKmHmb M/  ;Bp2M /QKBMX
h?2`2#v- i?2 H;Q`Bi?K `2[mB`2b i?2 /QKBM {HBiBQM- M/ i?mb pB2r {HBiBQM- Q7 i?2
72im`2 bT+2 /BK2MbBQMb iQ #2 FMQrM- M/ 7m`i?2`KQ`2 miBHBx2b i?Bb BM7Q`KiBQM BM Q`/2`
iQ KbF i?2 72im`2 p2+iQ` T2` pB2r- iQ B;MQ`2 B``2H2pMi /BK2MbBQMbX AM r?i 7QHHQrb r2
rBHH /2b+`B#2 i?2b2 2ti2MbBQMb BM KQ`2 /2iBH,
Ç JbFBM; Q7 i?2 72im`2 p2+iQ`, h?2 T`Q+2bb Q7 KbFBM; /BK2MbBQMb Q7 i?2 72@
im`2 p2+iQ` Bb +`m+BH iQ oPL: b Bi HHQrb- BM +QK#BMiBQM rBi? i?2 H#2HBM; M/

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)LJXUH  ,OOXVWUDWLRQRIWKHPDVNHGPXOWLYLHZODEHOLQJVWUDWHJ\DFFRUGLQJWR921*
T`2/B+iBQM bi`i2;B2b- iQ 2M+Q/2 M/ /2+Q/2 i?2 ?2i2`Q;2MQmb /i r?B+? Q`B;BMi2b
7`QK KmHiBTH2 /QKBMbX h?2`2#v- Bi Bb bbmK2/ i?i i?2 /QKBMfpB2r {HBiBQM Q7
72im`2 bT+2 /BK2MbBQMb iQ #2 FMQrMX b BHHmbi`i2/ BM 6B;m`2 eXj M/ 6B;m`2 eX9-
i?2 T`Q+2bb Q7 KbFBM; 72im`2 bT+2 /BK2MbBQMb +mb2b i?2 oPL: M2irQ`F iQ +?M;2
Bib b?T2 T2` pB2r- bQ i?i  bm#+i2;Q`v H#2H T`2/B+iBQM +M #2 T2`7Q`K2/ BM i?2
72im`2 bm#bT+2 Q7 Xdk X
Ç JmHiB@pB2r H#2HBM; bi`i2;v, h?Bb H#2HBM; bi`i2;v Bb #b2/ QM i?2 72im`2 bT+2
KbFBM; M/ Bb /2TB+i2/ BM 6B;m`2 eXjX b b?QrM BM i?2 };m`2- 7Q` 2+? pB2r i?i Bb
#22M ;2M2`i2/ #v  /QKBM- r2 T2`7Q`K  bBM;H2 H#2HBM; ++Q`/BM; iQ i?2 `2H#2H
K2i?Q/ Q7 P:L:X q2 i?mb bBKTHv }M/ i?2 +HQb2bi M2m`QM Q7 i?2 M2irQ`F #v QMHv
+QMbB/2`BM; i?2 `2H2pMi /BK2MbBQMb ++Q`/BM; iQ i?2 pB2r BM [m2biBQM- M/ bbB;M i?2
bm#+i2;Q`v H#2H iQ i?Bb rBMM2` M2m`QMX
Ç JmHiB@pB2r T`2/B+iBQM bi`i2;v, AM +b2 Q7 i?2 T`2/B+iBQM bi`i2;v- r2 HbQ `2Hv QM
i?2 KbFBM; Q7 /BK2MbBQMb M/ QMHv +QMbB/2` i?2 `2H2pMi /BK2MbBQMb Q7 i?2 72im`2
p2+iQ` 7Q` i?2 pB2r BM [m2biBQM- iQ /2i2`KBM2 i?2 +HQb2bi M2m`QM BM i?2 M2irQ`FX
h?2`2#v- i?2 T`2/B+iBQM Bb #b2/ QM bBM;H2@HBMF;2- b BMi`Q/m+2/ BM a2+iBQM jXjXk M/
BHHmbi`i2/ BM 6B;m`2 eX9X
Ai b?QmH/ #2 K2MiBQM2/ i?i i?2`2 Bb  bi`QM; bbmKTiBQM #22M K/2 BM Q`/2` iQ TTHv
oPL: BM i?2 rv /2b+`B#2/X h?2 {HBiBQM Q7 72im`2 /BK2MbBQMb M/ bm#+i2;Q`v H#2Hb
iQ  bT2+B}+ pB2rf/QKBM Kmbi #2 FMQrM BM /pM+2X oPL: `2[mB`2b i?Bb BM7Q`KiBQM
BM Q`/2` iQ TTHv Bib KbFBM; r?2M H#2HBM; /iX AM i?2 T`2/B+iBQM bi2T- MQ //BiBQMH
BM7Q`KiBQM Bb `2[mB`2/- b i?2 KbFBM; p2+iQ` Bb 2tTHB+BiHv biQ`2/ 7Q` 2+? pB2rX >Qr2p2`-
i?Bb bbmKTiBQM Bb `2HBbiB+ BM i?2 b2Mb2 i?i BM KMv `2H TTHB+iBQMb- bm+? b BM /i
r`2?Qmb2b- i?2 Q`B;BM Q7 i?2 /i Bb mbmHHv FMQrMX h?2 bbmKTiBQM /Q2b i?mb MQi T`2p2Mi
oPL: 7`QK #2BM; TTHB+#H2 BM `2H KmHiB@pB2r #b2/ bi`2K /i b+2M`BQbX

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)LJXUH  ,OOXVWUDWLRQRIWKHPDVNHGPXOWLYLHZSUHGLFWLRQVWUDWHJ\DFFRUGLQJWR921*
 921* $OJRULWKP
AM i?2 7QHHQrBM;- i?2 +QKTH2i2 oPL: H;Q`Bi?K rBHH #2 /2b+`B#2/ bi2T #v bi2T- b /2TB+i2/
BM H;Q`Bi?K NX h?2 ?B;?HB;?i2/ bi2Tb K`F i?2 +?M;2b Q7 oPL: +QKT`2/ iQ i?2 Q`B;BMH
P:L:X
RX AM i?2 }`bi bi2T- i?2 H;Q`Bi?K bi`ib rBi? irQ M2m`QMb- `M/QKHv TH+2/ BM i?2
72im`2 bT+2X
kX h?2 }`bi biBKmHmb x ∈ Rn Q7 i?2 BMTmi bT+2 U}`bi i`BMBM; 2tKTH2V M/
Bib +Q``2bTQM/BM; b2i Q7 bm#+i2;Q`v H#2Hb Bb T`2b2Mi2/ iQ i?2 M2irQ`FX
jX h?2 irQ M2m`QMb n1 M/ n2 r?B+? KBMBKBx2 i?2 1m+HB/2M /BbiM+2 iQ x `2 B/2MiB}2/
b }`bi M/ b2+QM/ rBMM2`X
9X 6Q` 2+? pB2r- }M/ i?2 +HQb2bi M2m`QM n(dk)1 ++Q`/BM; iQ i?2 KbF2/ 1m@
+HB/2M /BbiM+2- M/ bbB;M n(dk)1 rBi? i?2 H#2H Q7 i?2 +Q``2bTQM/BM; pB2r
H#2H Q7 xX
8X h?2 ;2 Q7 HH 2/;2b i?i +QMM2+i n1 iQ Qi?2` M2m`QMb Bb BM+`2b2/ #v RX
eX AM i?Bb bi2T- i?2 HQ+H 2``Q` p`B#H2 error(n1) Q7 n1 Bb mT/i2/X h?Bb 2``Q` p`B#H2
rBHH #2 mb2/ Hi2` BM Q`/2` iQ /2i2`KBM2 i?2 HQ+iBQM 7Q`  M2rHv BMb2`i2/ MQ/2X
dX AM i?Bb bi2T- n1 M/ Bib iQTQHQ;B+H M2B;?#Q`b `2 /Ti2/ iQr`/b x #v 7`+iBQMb eb
M/ en- `2bT2+iBp2HvX
3X  M2r +QMM2+iBQM #2ir22M n1 M/ n2 Bb +`2i2/ M/ i?2 ;2 Q7 i?2 2/;2 Bb b2i iQ yX
NX HH 2/;2b rBi? M ;2 ;`2i2` i?M amax b r2HH b HH M2m`QMb rBi?Qmi Mv +QMM2+iBM;
2/;2 `2 `2KQp2/X
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RyX .2T2M/BM; QM i?2 Bi2`iBQM M/ i?2 T`K2i2` λ-  M2r MQ/2 nr Bb BMb2`i2/ BMiQ i?2
M2irQ`FX Ai rBHH #2 BMb2`i2/ ?H7@rv #2ir22M i?2 M2m`QM nq rBi? i?2 ?B;?2bi HQ+H
2``Q` M/ Bib iQTQHQ;B+H M2B;?#Q` nf ?pBM; i?2 H`;2bi 2``Q` KQM; HH M2B;?#Q`b Q7
nqX AM //BiBQM- i?2 +QMM2+iBQM #2ir22M nq M/ nf Bb `2KQp2/ M/ #Qi? M2m`QMb `2
+QMM2+i2/ iQ nrX
RRX AM i?Bb bi2T- i?2 2``Q` p`B#H2b Q7 HH M2m`QMb `2 /2+`2b2/ #v  7+iQ` βX
RkX h?2 H;Q`Bi?K biQTb B7 i?2 biQTTBM; +`Bi2`BQM Bb K2i- BX2X- i?2 KtBKH M2irQ`F bBx2
Q` bQK2 Qi?2` T2`7Q`KM+2 K2bm`2 ?b #22M `2+?2/X
H;Q`Bi?K N JmHiB@pB2r PMHBM2 :`QrBM; L2m`H :b UoPL:V
R, ai`i rBi? irQ mMBib ni M/ nj i `M/QK TQbBiBQMb BM i?2 BMTmi bT+2Xk, S`2b2Mi M BMTmi p2+iQ` x ∈ Rn M/ Bib +Q``2bTQM/BM; b2i Q7 +i2;Q`B2b 7`QK i?2 BMTmi b2i ++Q`/BM; iQ
i?2 BMTmi /Bbi`B#miBQMX
j, 6BM/ i?2 M2`2bi mMBi n1 M/ i?2 b2+QM/ M2`2bi mMBi n2X
9, 6Q` 2+? pB2r- }M/ i?2 +HQb2bi M2m`QM n(dk)1 ++Q`/BM; iQ i?2 KbF2/ 1m+HB/2M /BbiM+2 M/ bbB;M i?2
H#2H Q7 x iQ n(dk)1 X8, AM+`2K2Mi i?2 ;2 Q7 HH 2/;2b 2KMiBM; 7`QK n1Xe, lT/i2 i?2 HQ+H 2``Q` p`B#H2 #v //BM; i?2 b[m`2/ /BbiM+2 #2ir22M ωn1 M/ xX
∆error(n1) = |ωn1 − x|2
d, JQp2 n1 M/ HH Bib iQTQHQ;B+H M2B;?#Q`b UBX2X HH i?2 M2m`QMb +QMM2+i2/ iQ n1 #v M 2/;2V iQr`/b x #v 7`+iBQMb Q7 eb
M/ en Q7 i?2 /BbiM+2,
∆ωn1 = eb(x− ωn1 )
∆ωn = en(x− ωn)
7Q` HH /B`2+i M2B;?#Q`b Q7 n1X3, A7 n1 M/ n2 `2 +QMM2+i2/ #v M 2/;2- b2i i?2 ;2 Q7 i?2 2/;2 iQ y U`27`2b?VX A7 i?2`2 Bb MQ bm+? 2/;2- +`2i2 QM2XN, _2KQp2 2/;2b rBi? i?2B` ;2 H`;2` i?M amaxX A7 i?Bb `2bmHib BM M2m`QMb ?pBM; MQ 2KMiBM; 2/;2b- `2KQp2 i?2K b
r2HHX
Ry, A7 i?2 MmK#2` Q7 BMTmi p2+iQ`b T`2b2Mi2/ Q` ;2M2`i2/ bQ 7` Bb M BMi2;2` Q` KmHiBTH2 Q7  T`K2i2` λ- BMb2`i  M2r MQ/2
nr b 7QHHQrb,
.2i2`KBM2 mMBi nq rBi? i?2 H`;2bi 2``Q`X
KQM; i?2 M2B;?#Q`b Q7 nq - }M/ MQ/2 nf rBi? i?2 H`;2bi 2``Q`X
AMb2`i  M2r MQ/2 nr ?H7rv #2ir22M nq M/ nf b 7QHHQrb,
ωnr =
ωnq + ωnf
2
*`2i2 2/;2b #2ir22M nr M/ nq - M/ nr M/ nf X _2KQp2 i?2 2/;2 #2ir22M nq M/ nf X
.2+`2b2 i?2 2``Q` p`B#H2 Q7 nq M/ nf #v KmHiBTHvBM; i?2K rBi?  +QMbiMi αX a2i i?2 2``Q` nr rBi? i?2 M2r 2``Q`
p`B#H2 Q7 nq XRR, .2+`2b2 HH 2``Q` p`B#H2b Q7 HH M2m`QMb ni #v  7+iQ` βXRk, A7 i?2 biQTTBM; +`Bi2`BQM Bb MQi K2i- ;Q #+F iQ ai2T UkVX

 0XOWLYLHZ2QOLQH*URZLQJ1HXUDO*DV921*
&RPSOH[LW\LQWLPHDQGVSDFH
1[mHHv iQ i?2 Qi?2` :L: 2ti2MbBQMb Q7 i?2 :*J 7`K2rQ`F- oPL: /Q2b MQi BM+`2b2
i?2 +QKTH2tBiv BM iBK2 M/ bT+2 +QKT`2/ iQ P:L:X :L: Bib2H7 b /2b+`B#2/ BM a2+iBQM
kXRXR- ?b QM p2`;2 M/ rQ`bi +b2  iBK2 +QKTH2tBiv Q7 O(log2n) M/  +QKTH2tBiv BM
bT+2 Q7 O(n)- /m2 iQ Bib biQ`;2 BM  h`22:L:X oPL: KQ/B}2b i?2 H#2HBM; BM  rv
i?i Bi Bb `2[mB`2/ iQ /2i2`KBM2 i?2 M2`2bi M2B;?#Q` BM 2+? pB2r- M/ i?2`27Q`2 `2[mB`2b
iQ +QKT`2 i?2 biBKmHmb iQ 2+? Q7 i?2 M2m`QMb k iBK2b- rBi? k = |D| #2BM; i?2 MmK#2`
Q7 pB2rbX h?Bb H2/b iQ M Qp2`HH iBK2 +QKTH2tBiv iQ #2 BM O(k log2n)X
*QM+2`MBM; i?2 +QKTH2tBiv BM bT+2- oPL: `2[mB`2b iQ biQ`2 HH M2m`QMb- 2[mHHv iQ P:L:
M/ :L:X AM Q`/2` iQ biQ`2 i?2 r2B;?ib Q7 i?2 72im`2 p2+iQ`b ++Q`/BM; iQ i?2 KbFBM;
T`Q+2bb- k //BiBQMH p2+iQ`b `2 `2[mB`2/ iQ #2 biQ`2/- rBi? k = |D| #2BM; i?2 MmK#2` Q7
pB2rbX 6Q` 2+? pB2r-  bBM;H2 r2B;?i p2+iQ` Bb `2[mB`2/ M/ b r2 +M bbmK2 i?2 MmK#2`
Q7 pB2rb iQ #2 H2bb i?M i?2 MmK#2` Q7 M2m`QMb `2[mB`2/- i?2 //BiBQMH bT+2 +QKTH2tBiv
HB2b BM O(n)X h?mb- i?2 Qp2`HH +QKTH2tBiv BM bT+2 Q7 oPL: HB2b BM O(n)X
 0XOWLSOH[LQJRIYLHZV
AM i?Bb b2+iBQM- r2 rMi iQ /Bb+mbb i?2 KmHiBTH2tBM; `+?Bi2+im`2 Q7 oPL: M/ //`2bb
?Qr i?2 2M+Q/BM; M/ /2+Q/BM; T`Q+2bb KMB72bib BM i?2 KmHiB@pB2r H#2HBM; M/ KmHiB@
pB2r T`2/B+iBQM bi`i2;vX AM 6B;m`2 eX8 i?2 `+?Bi2+im`2 Q7 oPL: Bb BHHmbi`i2/X ++Q`/BM;
iQ i?2 };m`2- oPL: HbQ +QMbBbib Q7  irQ@H2p2H `+?Bi2+im`2 b BMi`Q/m+2/ rBi? P:L: Ub22
a2+iBQM jX9XjVX 1[mHHv iQ P:L:- i?2b2 H2p2Hb `2 MQi 2tTHB+BiHv BKTH2K2Mi2/ #mi BKTHB+BiHv
`Bb2 Qmi Q7 i?2 K2+?MB+b Q7 oPL:X h?2 irQ@H2p2Hb /BbiBM;mBb? #2ir22M  72im`2 H2p2H
UHQr2` T`i Q7 i?2 BK;2V M/  +i2;Q`v H2p2H UmTT2` T`i Q7 i?2 BK;2VX b 7Q` P:L:-
i?2 b?T2 Q7 i?2 M2irQ`F Bb 2t+HmbBp2Hv /2i2`KBM2/ #v i?2 +QKTH2i2 72im`2 bT+2 Q7 i?2
BMTmi p2+iQ`b BM i?2 72im`2 H2p2HX i i?Bb H2p2H- MQ 72im`2 bT+2 KbFBM; Bb T2`7Q`K2/
r?2M /TiBM; iQ i?2 biBKmHmb- r?B+? K2Mb i?i oPL: /2HBp2`b M 2[mH 72im`2 H2p2H
KT +QKT`2/ iQ P:L: M/ :L:X >Qr2p2`- i?2 72im`2 bT+2 KbFBM; Bb T2`7Q`K2/
BM i?2 +i2;Q`v H2p2H 7Q` 2+? pB2r- M/ i?2`27Q`2 HHQrb oPL: iQ biQ`2 M/ `2+HH i?2
bm#+i2;Q`v H#2H BM7Q`KiBQM BM i?2 M2irQ`F r?BH2 `2iBMBM; Bib pB2rf/QKBM {HBiBQMX
aBKBH` iQ  KmHiBTH2t2` M/ /2KmHiBTH2t2`- i?2 KbF2/ H#2HBM; T`Q+2bb +M #2 b22M b
2M+Q/BM; Q7 i?2 /i UKmHiBTH2t2`V- r?BH2 i?2 KbF2/ T`2/B+iBQM /2+Q/2b i?2 BM7Q`KiBQM
biQ`2/ BM i?2 M2irQ`F T2` pB2r U/2KmHiBTH2t2`VX
>Qr2p2`- M BMi2`2biBM; M/ BKTQ`iMi 7+i Bb i?i i?2 /i Bb MQi 2tTHB+BiHv 2M+Q/2/ BM
i?2 M2irQ`F- b Bi /Q2b MQi /BbiBM;mBb? #2ir22M bm#+i2;Q`v H#2Hb 7`QK QM2 Q` MQi?2`
pB2rX AMbi2/- i?2 2M+Q/BM; M/ /2+Q/BM; Bb QMHv +``B2/ Qmi #v i?2 KbF2/ H#2HBM; M/
T`2/B+iBQM bi`i2;B2bX h?2 72im`2 H2p2H i?2`27Q`2 +M #2 b22M b  `2T`2b2MiiBp2 KQ/2H
Q7 i?2 +imH /i- r?BH2 i?2 KbF2/ H#2HBM; M/ KbF2/ T`2/B+iBQM Q7 i?2 +i2;Q`v H2p2H

&KDSWHU /HDUQLQJZLWKPXOWLYLHZGDWDEDVHGRQ921*
)LJXUH  7KHLPSOLFLWPXOWLSOH[HUDUFKLWHFWXUHRI921*
;2M2`i2 BM/BpB/mH pB2rb QM i?2 KQ/2HX h?Bb BKTHB+Bi /i 2M+Q/BM; BM  bBM;H2 M2irQ`F Bb
M /pMi;2 Q7 oPL:- b Bi HHQrb oPL: iQ `2iBM Bib mMB7Q`K +HbbB}+iBQM KQ/2H- M/
i?mb +QKTH2i2Hv BM?2`Bib i?2 /pMi;2b Q7 P:L:X
 'DWDVHWV
AM i?Bb b2+iBQM- r2 /2b+`B#2 i?2 /ib2ib mb2/ BM Qm` 2pHmiBQM Q7 oPL:X q2 BMi`Q/m+2
irQ `iB}+BH KmHiB@pB2r /ib2ib- BM Q`/2` iQ b?Qr bT2+B}+ 2z2+ib BM  bKHH +QMi`QHH2/
2MpB`QMK2MiX >Qr2p2`- b oPL: BM?2`Bib HH ii`B#mi2b Q7 P:L:- Bi Bb TQbbB#H2 iQ mb2
oPL: BM  bi`2K /i b+2M`BQ BM r?B+? i?2 ibF Bb iQ +HbbB7v /i +QKBM; 7`QK KmHiBTH2
/QKBMbX
63,5$/
6Q` i?Bb /ib2i r2 ;2M2`i2 i?`22 irQ@/BK2MbBQMH /QKBMb- BMbTB`2/ #v biM/`/ +Hmbi2`@
BM; #2M+?K`FBM; b2ibX AM 6B;m`2 eXe- 2+? /QKBM Q7 i?2 /ib2i Bb BHHmbi`i2/X b b?QrM

 'DWDVHWV
BM i?2 };m`2- 2+? /QKBM +QMbBbib Q7 }p2 bm#+i2;Q`B2b- BX2X *i2;Q`v R@8 U/QKBM D1V-
*i2;Q`v A@o U/QKBM D2V M/ *i2;Q`v @1 U/QKBM D3VX h?2 }`bi /QKBM D1 UiQTV- Bb
;2M2`i2/ bBKBH`Hv iQ aSA_GR b BMi`Q/m+2/ BM *?Ti2` jX Ai Bb M `+?BK2/2M bTB`H
r(φ) = aφ rBi? φ M/ r(φ) #2BM; i?2 TQH` +QQ`/BMi2b M/ a = 1X h?2 bTB`H rb ;2M@
2`i2/ rBi? M M;H2 #2ir22M (y,dky) M/ 2[mHHv /BpB/2/ BMiQ }p2 +i2;Q`B2b UR99 /2;`22
T2` +i2;Q`vV ?QH/BM; Qp2`HH 8yy /i TQBMibX h?2 /i rb MQ`KHBx2/ M/ i`MbHi2/ bQ
i?i Bib pHm2b `M;2 #2ir22M (y,R)X b 7Q` aSA_GR- r2 `M/QKHv bKTH2/ /i TQBMib 7Q`
2+? +i2;Q`v M/ 2+? M;H2 `M;BM; 7Q`K (x− k, y− k)− (x+ k, y+ k) rBi? k = 0.047X
6Q` i?2 b2+QM/ /QKBMD2 U#QiiQK H27iV- r2 ;2M2`i2/ }p2 +B`+H2b ++Q`/BM; iQ i?2 biM/`/
T`K2i`B+ 2[miBQM x = xM + rcos(α) M/ y = yM + rsin(α)- rBi? (xM , yM) #2BM; i?2
+2Mi2` Q7 i?2 +B`+H2b M/ r #2BM; i?2 `/BmbX h?2 +i2;Q`B2b `2 ;2M2`i2/ 7`QK *i2;Q`v
A@o rBi?  `/Bmb Q7 r = {0.2, 0.4, 0.6, 0.8, 1.0}X q2 HbQ MQ`KHBx2/ M/ i`MbHi2/ i?2
/i iQ T`QpB/2  pHm2 `M;2 Q7 (y,R)- M/ `M/QKHv bKTH2/ /i TQBMib 7Q` 2+? +i2;Q`v
M/ 2+? M;H2 `M;BM; 7Q`K (x− k, y − k)− (x+ k, y + k) rBi? k = 0.012X
6Q` i?2 i?B`/ /QKBM D3 U#QiiQK `B;?iV- r2 ;2M2`i2/ }p2 ?H7 QT2M2/ +B`+H2b 7Q` i?2 *i@
2;Q`B2b @1 i i?2 TQbBiBQMb (0.1, 0.7), (0.3, 0.3), (0.5, 0.7), (0.7, 0.3), (0.9, 0.7)X h?2 M;H2
Q7 i?2 ?H7 QT2M2/ +B`+H2 `M;2b 7`QK (y,kyy) rBi? Hi2`MiBM; bB;M- r?B+? K2Mb i?i 7Q`
*i2;Q`v  Bi `M;2b 7`QK (y,kyy)- 7Q` *i2;Q`v " Bi `M;2b 7`QK (y,@kyy)- 2i+X h?2 +?QB+2
Q7 M M;H2 Q7 kyy /2;`22b Bb BK2/ i /2HBp2`BM;  bHB;?i Qp2`HT HQM; i?2 t@tBbX
Ai Bb HbQ BKTQ`iMi iQ K2MiBQM i?i i?2 /QKBMb D1 M/ D3 `2 +QM/BiBQMH /2T2M/- r?B+?
K2Mb i?i  #BD2+iBp2 KTTBM; 7mM+iBQM #2ir22M i?2 +i2;Q`B2b Q7 #Qi? /QKBMb 2tBbiX
2%-6&7
h?Bb /i b2i Bb #b2/ QM +QHQ`2/ 300× 300 TBt2H BK;2b b?QrBM; p`BQmb bBKTH2 ;2QK2i`B+
Q#D2+ibX h?Qb2 Q#D2+ib `2 +QHQ`2/ M/ BM+Hm/2 QM2 Q7 }p2 i2tim`2bX AM 6B;m`2 eX3- }p2
2tKTH2 BK;2b `2 /2TB+i2/X h?2 /ib2i +QMbBbib Q7 8kk8 BMbiM+2b +QKBM; 7`QK i?`22
/QKBMb- BX2X b?T2- +QHQ`- i2tim`2X b 7Q` i?2 b?T2b- r2 +?Qb2 i?2 }p2 bBKTH2 ;2QK2i`B+
b?T2b ǳ+B`+H2Ǵ- ǳ2HHBTb2Ǵ- ǳ`2+iM;H2Ǵ- ǳb[m`2Ǵ M/ ǳi`BM;H2Ǵ b b?QrM BM i?2 };m`2X 6Q`
i?2 +QHQ`b- r2 +?Qb2 RR +QHQ`b Q7 i?2JmMb2HH *QHQ` a+?2K- +QMbB/2`BM; i?2 +QHQ` T2`+2TiBQM
Q7  la MiBp2 bT2F2` ++Q`/BM; iQ /i T`QpB/2/ BM i?2 qQ`H/ *QHQ` am`p2v .i#b2
Uq*aV (*E_y8)X h?2 i2tim`2b `2 #b2/ QM i?2 AK;2 a2;K2MiiBQM .ib2i ("HN3) Q7
i?2 l*A K+?BM2 HB#``v- r?B+? r2 H`2/v mb2/ BM Qm` P:L: 2tT2`BK2Mib BM *?Ti2` jX
AM T`iB+mH`- i?2 i2tim`2b `2 ǳ#`B+F7+2Ǵ- ǳbFvǴ- ǳ7QHB;2Ǵ- ǳ+2K2MiǴ- ǳrBM/QrǴ- ǳTi?Ǵ
M/ ǳ;`bbǴX
6Q` i?2 b?T2 72im`2b- r2 K2bm`2/ i?2 /BbiM+2 7`QK i?2 +2Mi2` Q7 i?2 BK;2 iQ i?2
Qmi2` +QMiQm` Q7 i?2 Q#D2+i 7Q` i?2 M;H2b α = {0ê, 45ê, 90ê, 135ê, 180ê, 225ê, 270ê, 315ê}X
h?Bb b+M T`Q+2/m`2 M/ i?2 2B;?i b+Mb s1 − s8 `2 BHHmbi`i2/ BM 6B;m`2 eXd UH27iVX 6Q`

&KDSWHU /HDUQLQJZLWKPXOWLYLHZGDWDEDVHGRQ921*
)LJXUH  $OOWKUHHYLHZVRQWKHGDWDVHW63,5$/ LQFOXGLQJILYHFDWHJRULHVSHUGRPDLQ
i?2 +QHQ` 72im`2b- r2 bBKTHv p2`;2/ i?2 +QHQ` Q7 i?2 BK;2 BM i?2 _": bT+2- QMHv
+QMbB/2`BM; TBt2H BM7Q`KiBQM BMbB/2 Q7 i?2 Qmi2` +QMiQm` Q7 i?2 Q#D2+iX 6Q` i?2 i2tim`2
72im`2b- r2 T2`7Q`K2/  GQ+H 6Qm`B2` h`Mb7Q`KiBQM UG6hV ++Q`/BM; iQ w?Qm 2i HX
(w6ayR)X h?2`27Q`2- b BHHmbi`i2/ BM 6B;m`2 eXd U`B;?iV- r2 +QMbB/2`  3 × 3 TBt2H Ti+?
b  T2`BQ/B+ bB;MH i?i Bb bbmK2/ iQ #2 /2b+`BTiBp2 7Q` i?2 i2tim`2X q2 i?2M /BpB/2 i?2
BK;2 BMiQ 7Qm` Ti+?2b M/ TTHB2/ i?2 T`QTQb2/ G6h H;Q`Bi?K QM 2+? Q7 i?2KX 6Q`
2+? Ti+?- r2 i?2M p2`;2 Qp2` [mMiBx2/ #BMb i?i `2 #b2/ QM i?2 G6h +Q2{+B2MibX
b  `2bmHi- r2 2ti`+i Re pHm2b BM+Hm/BM; i?2 p2`;2 M/ i?2 biM/`/ /2pBiBQM 7Q`
i?2 2ti`+i2/ #BMb 7Q` 2+? Ti+?X q2 +QKTQb2 i?Qb2 Ti+?2b iQ  e9 /BK2MbBQMH 72im`2
p2+iQ`X  KQ`2 /2iBH2/ /2b+`BTiBQM Q7 i?2 H;Q`Bi?K +M #2 7QmM/ BM w?Qm 2i HX (w6ayR)X
q2 bT2+B}+HHv +?Qb2 i?2 irQ /ib2ib- BM Q`/2` iQ +QKT`2  ?2i2`Q;2MQmb b2i Q7 /QKBMb iQ
 ?QKQ;2MQmb b2i Q7 /QKBMbX aSA_Gk Bb KQ`2 ?QKQ;2MQmb BM i?2 b2Mb2 i?i Bi T`QpB/2b
M 2[mH MmK#2` Q7 }p2 +i2;Q`B2b M/ irQ /BK2MbBQMb 7Q` 2+? /QKBMX P"C@a*h- BM
+QMi`bi- BM+Hm/2b 2B;?i /BK2MbBQMb M/ }p2 +i2;Q`B2b 7Q` i?2 b?T2 /QKBM- RR +i2;Q`B2b
rBi? i?`22 /BK2MbBQMb 7Q` i?2 +QHQ` /QKBM M/ b2p2M +i2;Q`B2b rBi? e9 /BK2MbBQMb 7Q`
i?2 i2tim`2 /QKBMX MQi?2` /Bz2`2M+2 #2ir22M #Qi? /ib2ib Bb i?2 7+i i?i D1 M/ D3
Q7 aSA_Gk `2 +Q``2Hi2/- r?BH2 HH Qi?2` /BK2MbBQMb Q7 #Qi? /ib2ib `2 mM+Q``2Hi2/X

 (YDOXDWLRQ
)LJXUH  6KDSHIHDWXUHVH[WUDFWHGE\DFRQWRXUVFDQOHIWDQGWKHFRQWLQXRXVWH[WXUHVLJQDOEDVHGRQD[SL[HO
QHLJKERUKRRGULJKW
 (YDOXDWLRQ
AM i?Bb b2+iBQM- r2 2pHmi2 oPL: b KmHiB@pB2r 2ti2MbBQM Q7 P:L:X q2 2tT2`BK2MiHHv
+QKT`2 oPL: iQ P:L:+ b MBp2 KmHiB@H#2H +HbbB}+iBQM TT`Q+? #b2/ QM P:L:-
r?B+? b2`p2b mb b #b2HBM2 BM Qm` 2tT2`BK2MibX q2 rBHH b?Qr i?i oPL: QmiT2`7Q`Kb
P:L:+ QM #Qi? Q7 Qm` /ib2ibX 6m`i?2`KQ`2- r2 rBHH b?Qr i?2 #2M2}i Q7 i?2 KbF2/
KmHiB@pB2r H#2HBM; bi`i2;v Q7 oPL:- b r2 //BiBQMHHv +QKT`2 oPL: iQ oPL:@J-
 p2`bBQM Q7 oPL: r?B+? /Q2b MQi KbF /BK2MbBQMb r?2M bbB;MBM; H#2Hb iQ M2m`QMbX
 3DUDPHWHUV	921*0
6Q` i?2 2pHmiBQM- r2 +?Qb2  }t2/ b2i Q7 :L: T`K2i2`b iQ mb2 i?`Qm;?Qmi HH Q7 Qm`
2tT2`BK2Mib rBi? oPL:X h?2 b2i rb /2i2`KBM2/ i?`Qm;? T`2HBKBM`v 2tT2`BK2Mib QM i?2
#bBb Q7 i`BH@M/@2``Q` M/ +M #2 HBbi2/ b 7QHHQrb, BMb2`iBQM T`K2i2` λ = 30c KtBKmK
;2 amax = 100c /TiiBQM T`K2i2` 7Q` rBMM2` eb = 0.1c /TiiBQM T`K2i2` 7Q`
M2B;?#Q`?QQ/ en = 0.0006c 2``Q` p`B#H2 /2+`2b2 α = 0.5c 2``Q` p`B#H2 /2+`2b2 β =
0.0005 M/ HHQr2/  KtBKmK MmK#2` Q7 M2m`QMb nmax = 1000X *QKT`2/ iQ Qi?2`
2tT2`BK2Mib rBi? :L:@#b2/ +HbbB}2`b BM i?Bb i?2bBb- i?2 KtBKmK MmK#2` Q7 M2m`QMb Bb
#Qmi Ry iBK2b ?B;?2` i?M BM i?2 Qi?2` 2tT2`BK2MibX h?2 `2bQM 7Q` i?Bb HB2b BM i?2 7+i
i?i P"C@a*h BM+Hm/2b  Ry iBK2b ?B;?2` KQmMi Q7 /i TQBMib +QKT`2/ iQ aSA_GR-
7Q` 2tKTH2X q2 mb2/ i?Qb2 pHm2b 7Q` #Qi? /ib2ib iQ KBMiBM  +QKT`#BHBivX
AM Q`/2` iQ BMp2biB;i2 i?2 BKT+i Q7 i?2 KbF2/ KmHiB@pB2r H#2HBM; bi`i2;v Q7 oPL:-
r2 /2p2HQT2/ oPL:@J b p2`bBQM Q7 oPL: r?B+? BKTH2K2Mib i?2 KmHiB@pB2r T`2/B+iBQM

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)LJXUH  )LYHVDPSOHVRIWKH2%-6&7 GDWDVHW
bi`i2;v Q7 oPL: M/ HbQ /QTib i?2 MBp2 KmHiB@H#2HBM; Q7 P:L:+X oPL:@J Bb i?mb
biBHH +T#H2 Q7 T`2/B+iBM; bm#+i2;Q`v H#2Hb T2` pB2rX
 ([SHULPHQWV	5HVXOWV
6Q` Qm` 2tT2`BK2Mib rBi? oPL:- r2 T2`7Q`K2/  Ry@7QH/ +`Qbb pHB/iBQM M/ 2pHmi2/
i?2 T`2+BbBQM Q7 i?2 H;Q`Bi?Kb 7Q` Qm` irQ /ib2ib aSA_Gk M/ P"C@a*hX q2 HbQ
+QMbB/2`2/ i?2 6R@b+Q`2 b 2pHmiBQM K2bm`2- #mi bBM+2 i?2 H;Q`Bi?Kb Hrvb /2HBp2` i?2
+Q``2+i MmK#2` bm#+i2;Q`B2b T2` pB2r- rBi?  recall = 1.0- r2 +?Qb2 T`2+BbBQM iQ #2 i?2
QMHv 2pHmiBQM K2i`B+ mb2/ BM Qm` 2tT2`BK2MibX S`2+BbBQM Bb /2}M2/ b prec = TPTP+FP -rBi? TP #2BM; i`m2 TQbBiBp2b M/ FP #2BM; 7Hb2 TQbBiBp2bX
oPL: oPL:@J P:L:+
aSA_Gk NNXjW 3dX9W 3eXyW
P"C@a*h 3yXNW d9XdW e8XyW
p2`;2 NyXRW 3RXRW d8X8W
7DEOH  0LFURDYHUDJHGSUHFLVLRQRI921*921*02*1*+
h?2 `2bmHib Q7 Qm` 2tT2`BK2Mib `2 b?QrM BM h#H2 eXR- rBi? i?2 #2bi BM/BpB/mH `2bmHi
?B;?HB;?i2/ BM 2+? `QrX h?2 i#H2 b?Qrb i?2 p2`;2 KB+`Q@p2`;2/ T`2+BbBQM Q7 oPL:-
oPL:@J M/ P:L:+ QM i?2 /ib2ib aSA_Gk M/ P"C@a*h- b r2HH b M p2`;2
T2`7Q`KM+2 7Q` i?2 H;Q`Bi?Kb p2`;2/ Qp2` i?2 /ib2ib BM i?2 Hbi `QrX 6Q` i?2 KB+`Q@
p2`;2/ T`2+BbBQM- r2 p2`;2 i?2 T`2+BbBQM T2` 7QH/ M/ i?2M p2`;2 Qp2` HH 7QH/bX

 (YDOXDWLRQ
5HVXOWV
h?2 `2bmHib HB+2Mb2 i?2 7QHHQrBM; Q#b2`piBQMb,
Ç *QKT`BbQM Q7 oPL: M/ P:L:+, ++Q`/BM; iQ h#H2 eXR- oPL: bB;MB}@
+MiHv QmiT2`7Q`Kb P:L:+ QM #Qi? /ib2ibX 6Q` aSA_Gk- oPL: b+Q`2b rBi? M
p2`;2 T`2+BbBQM Q7 NNXjW +QKT`2/ iQ 3eXyW Q7 P:L:+X 6Q` P"C@a*h- oPL:
vB2H/b M p2`;2 T`2+BbBQM Q7 3yXNW +QKT`2/ iQ e8XyWX
Ç *QKT`BbQM Q7 oPL: M/ oPL:@J, ++Q`/BM; iQ h#H2 eXR- oPL: HbQ
QmiT2`7Q`Kb oPL:@J 7Q` aSA_Gk b r2HH b 7Q` P"C@a*hX 6Q` aSA_Gk- oPL:
T`QpB/2b  T2`7Q`KM+2 Q7 NNXjW +QKT`2/ iQ 3dX9W Q7 oPL:@JX 6Q` P"C@a*h-
oPL: b+Q`2b 3yXNW +QKT`2/ iQ d9XdW Q7 oPL:@JX
Ç *QKT`BbQM Q7 oPL:@J M/ P:L:+, ++Q`/BM; iQ h#H2 eXR- oPL:@J
QmiT2`7Q`Kb P:L:+ 7Q` P"C@a*h rBi? d9XdW +QKT`2/ iQ e8XyW 7Q` P:L:+X
6Q` i?2 }`bi /ib2i aSA_Gk- oPL:@J /2HBp2`b  bHB;?iHv #2ii2` T2`7Q`KM+2 rBi?
3dX9W +QKT`2/ iQ 3eXyW 7Q` P:L:+- r?B+? r2 /Q MQi +QMbB/2` b #2BM; bB;MB}+MiX
q2 T2`7Q`K2/  i@i2bi M/ +QmH/ b?Qr- rBi?  T@pHm2 Q7 p < 0.05- i?i i?2 T2`7Q`KM+2
Q7 oPL: Bb bB;MB}+MiHv #2ii2` i?M i?Qb2 Q7 oPL:@J M/ P:L:+ QM #Qi? /ib2ib X
 'LVFXVVLRQ
Pm` `2bmHib b?Qr i?2 /pMi;2 Q7 i?2 KmHiB@pB2r H#2HBM; bi`i2;v M/ i?2 KmHiB@pB2r
T`2/B+iBQM bi`i2;v- b BKTH2K2Mi2/ BM oPL:X q2 +M Mbr2` i?2 [m2biBQM i?i Bi Bb
BM/22/ TQbbB#H2 iQ +QMbi`m+i  KmHiB@pB2r +HbbB}2` i?i +QMbBbib Q7  bBM;H2 mMB7Q`K KQ/2HX
q?BH2 i?2 /Bz2`2M+2 BM T2`7Q`KM+2 Q7 oPL: M/ P:L:+ Bb 13.3W 7Q` aSA_Gk- Bi Bb
bHB;?iHv ?B;?2` 7Q` i?2 P"C@a*h /ib2i rBi?  /Bz2`2M+2 15.9WX q2 bbmK2 i?Bb iQ #2
i?2 2z2+i Q7 i?2 KQ`2 ?2i2`Q;2MQmb +?`+i2` Q7 P"C@a*h +QKT`2/ iQ aSA_Gk- r?BH2
#2BM; ;2M2`i2/ #v KQ`2 /Bp2`b2 /QKBMbX *QKT`BM; i?2 `2bmHib Q7 oPL: M/ oPL:@J-
r2 +M b22 i?i oPL: BKT`Qp2b i?2 T2`7Q`KM+2 Q7 oPL:@J rBi? RRXNW 7Q` aSA_Gk-
M/ rBi? eXkW 7Q` P"C@a*hX AM i?Bb +b2- i?2 BKT+i Q7 i?2 ?2i2`Q;2M2Biv Q7 P"C@a*h Bb
MQiB+2#H2 ?B;?2`X
h?2 `2bmHib HbQ b?Qr i?2 #2M2}i Q7 i?2 KmHiB@pB2r KbFBM; T`Q+2/m`2 r?2M +QKT`BM;
oPL: M/ oPL:@J iQ P:L:+- /m2 iQ i?2 7+i i?i P:L:+ M2Bi?2` T2`7Q`Kb  KbF@
BM; Q7 72im`2 bT+2 /BK2MbBQMb r?2M H#2HBM; M2m`QMb- MQ` r?2M T`2/B+iBQM mMb22M /i
TQBMibX AM 7+i- +QKT`BM; oPL: M/ oPL:@J `2~2+ib i?2 #2M2}i Q7 i?2 KmHiB@pB2r H@
#2HBM; bi`i2;v- r?BH2  +QKT`BbQM Q7 oPL:@J M/ P:L:+ [mMiB}2b i?2 T2`7Q`KM+2
#QQbi +mb2/ #v i?2 KmHiB@pB2r T`2/B+iBQM bi`i2;vX *QKT`BM; i?2 p2`;2 `2bmHib- r2

&KDSWHU /HDUQLQJZLWKPXOWLYLHZGDWDEDVHGRQ921*
+M [mMiB7v i?2 #2M2}i Q7 i?2 KmHiB@pB2r H#2HBM; bi`i2;v rBi? M BM+`2b2 BM Bib T2`7Q`@
KM+2 Q7 QM p2`;2 NW M/ i?2 #2M2}i Q7 i?2 KmHiB@pB2r T`2/B+iBQM bi`i2;v rBi? rBi?
M BM+`2b2 BM Bib T2`7Q`KM+2 Q7 QM p2`;2 5.6WX h?2 ?B;?2` BKT+i Q7 i?2 KmHiB@pB2r
H#2HBM; bi`i2;v QM i?2 T2`7Q`KM+2 Q7 i?2 +HbbB}2` Bb mM/2`biM/#H2- b Bi Bb `2bTQMbB@
#H2 7Q` 2M+Q/BM; T`Q+2bb BM r?B+? BM7Q`KiBQM +QKBM; 7`QK KmHiBTH2 /QKBMb `2 +imHHv
biQ`2/ BM i?2 M2irQ`FX AM +QMi`bi- i?2 KmHiB@pB2r T`2/B+iBQM bi`i2;v #bB+HHv T2`7Q`Kb
 /2+Q/BM; Q7 i?2 BM7Q`KiBQM biQ`2/ BM i?2 M2irQ`F- r?B+? i?2`27Q`2 QMHv KF2b b2Mb2
B7 i?2 BM7Q`KiBQM Bb biQ`2/ T`QT2`HvX >pBM; K2MiBQM2/ i?i- Bi Bb BMi2`2biBM; iQ b22 i?2
2z2+i Q7 i?2 T`2/B+iBQM bi`i2;v b BKTH2K2Mi2/ #v oPL: M/ oPL:@JX h?2 KmHiB@pB2r
T`2/B+iBQM bi`i2;v ?b M mM/2MB#H2 TQbBiBp2 2z2+i QM i?2 T2`7Q`KM+2 Q7 i?2 +HbbB}2`-
Hi?Qm;? oPL:@J M/ P:L:+ #bB+HHv H2`M M 2[mH KQ/2HX h?Bb 7+i mM/2`HBM2b i?2
THmbB#BHBiv Q7 i?2 oPL: `+?Bi2+im`2 M/ Bib KbF2/ KmHiB@pB2r H#2HBM; M/ KmHiB@pB2r
T`2/B+iBQM bi`i2;v 2p2M KQ`2X
 6XPPDU\
AM i?Bb +?Ti2`- r2 ?p2 BMi`Q/m+2/ oPL: b KmHiB@pB2r 2ti2MbBQM Q7 P:L:- r?B+? Bb
+T#H2 Q7 H2`MBM; rBi? /i +QKBM; 7`QK KmHiBTH2 /QKBMb M/ biQ`BM; i?Bb BM7Q`KiBQM
BM  bBM;H2 mMB7Q`K M2irQ`FX oPL: KQ/B}2b i?2 H#2HBM; M/ T`2/B+iBQM bi`i2;v Q7
P:L: #v BM+Q`TQ`iBM;  KbFBM; Q7 72im`2 bT+2 /BK2MbBQMb T2` pB2r- BM Q`/2` iQ
H#2H M/ T`2/B+i 7Q` 2+? pB2r BM/2T2M/2MiHvX q2 ?p2 HbQ BMi`Q/m+2/ P:L:+ b MBp2
KmHiB@H#2H 2ti2MbBQM Q7 P:L:- r?B+? bBKTHv /QTib i?2 +QKTH2i2 b2i Q7 bm#+i2;Q`v
H#2Hb b T`2b2Mi2/ #v i?2 biBKmHmb- M/ T`2/B+ib  +QKTH2i2 b2i Q7 bm#+i2;Q`v H#2Hb b
;Bp2M #v i?2 +HQb2bi M2m`QM BM i?2 M2irQ`FX P:L:+ i?2`2#v 2ti2M/b i?2 H#2H +T+Biv
Q7 2+? M2m`QM- b 7Q` P:L:+ M2m`QMb ?QH/ KmHiBTH2 H#2Hb UQM2 T2` pB2rV i QM+2X q2
/Bb+mbb2/ i?2 BKTHB+Bi KmHiBTH2tBM; `+?Bi2+im`2 Q7 oPL: BM+Hm/BM; i?2 T`Q+2bb Q7 2M+Q/BM;
M/ /2+Q/BM; BM7Q`KiBQM BKTH2K2Mi2/ #v i?2 KbF2/ KmHiB@pB2r H#2HBM; M/ KmHiB@pB2r
T`2/B+iBQM bi`i2;B2bX
q2 ?p2 2pHmi2/ oPL: M/ P:L:+ QM irQ `iB}+BH KmHiB@pB2r /ib2ib M/ ?p2
b?QrM i?i oPL: bB;MB}+MiHv QmiT2`7Q`Kb P:L:+ QM #Qi? Q7 i?2 /ib2ib- M/ i?2`2#v
T`QpBM; i?2 #2M2}i Q7 i?2 T`QTQb2/ `+?Bi2+im`2X q2 7m`i?2`KQ`2 +QKT`2/ oPL: iQ
oPL:@J-  p2`bBQM Q7 oPL: i?i QMHv BKTH2K2Mib i?2 KmHiB@pB2r T`2/B+iBQM Q7 oPL:-
M/ /QTib i?2 MBp2 KmHiB@H#2HBM; bi`i2;v Q7 P:L:+X q2 +QmH/ b2T`i2Hv b?Qr M/
7m`i?2`KQ`2 [mMiB7v i?2 T2`7Q`KM+2 #QQbi ;Bp2M #v i?2 KmHiB@pB2r T`2/B+iBQM bi`i2;v
M/ i?2 KmHiB@pB2r H#2HBM; bi`i2;vX q2 +QM+Hm/2/ i?i Bi Bb TQbbB#H2 iQ T`QpB/2  mMB@
7Q`K +HbbB}+iBQM KQ/2H r?B+? Bb +T#H2 Q7 H2`MBM; rBi? KmHiB@pB2r /i M/ i?i i?2
Q7 oPL: BKTH2K2Mi2/ KmHiB@pB2r H#2HBM; M/ KmHiB@pB2r T`2/B+iBQM bi`i2;B2b `2 `2@
bQM#H2X

 6XPPDU\
AM i?2 M2ti +?Ti2`- r2 rBHH /2KQMbi`i2 i?2 TTHB+#BHBiv Q7 i?2 :*J 7`K2rQ`F- BX2X
P:L: M/ .uL:- BM `2H bi`2K /i b+2M`BQb b  T`QQ7@Q7@+QM+2TiX q2 rBHH HbQ
BMi`Q/m+2  bi`B;?i7Q`r`/ TT`Q+? iQ pBbmHBx2 :*J@#b2/ *QM+2TimH JTb- r?B+?
HHQr  `2H@iBK2 i`+FBM; Q7 i?2 BM+Hm/2/ +i2;Q`B2b M/  +2`iBM /2;`22 Q7 BMi2`T`2iiBQM
TQbbB#BHBiB2b Q7 i?2 /iX
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Chapter7
Applications for Growing Conceptual Maps
AM i?Bb +?Ti2`- r2 rBHH /2KQMbi`i2 M/ ?B;?HB;?i i?`22 BKTQ`iMi bT2+ib Q7 i?2 :`QrBM;
*QM+2TimH JTb 6`K2rQ`F U:*JV, BV Bib +T#BHBiv b bi`2K /i +HbbB}2` BBV Bib ~2t@
B#BHBiv r?2M BMi2;`i2/ BMiQ  +QKTH2t M/ /QKBM@bT2+B}+ +HbbB}+iBQM 7`K2rQ`F- M/
BBBV Bib bBKTH2 `+?Bi2+im`2 r?B+? +M #2 pBbmHBx2/ bi`B;?i7Q`r`/HvX q2 rBHH /2KQMbi`i2
i?Qb2 #BHBiB2b #v TTHvBM; :*J QMiQ irQ ivT2b Q7 TTHB+iBQMbX h?Qb2 TTHB+iBQMb `2 BM
T`iB+mH` i?2 +HbbB}+iBQM Q7 i2timH bi`2K /i b `BbBM; BM bQ+BH K2/B TTHB+iBQMb-
M/ >mKM +iBpBiv *HbbB}+iBQM- rBi? #Qi? TTHB+iBQMb BMpQHpBM; `2H /ib2ibX q2
rBHH 7m`i?2`KQ`2 BMi`Q/m+2  bi`B;?i7Q`r`/ pBbmHBxiBQM b+?2K BM Q`/2` iQ pBbmHBx2 i?2
*QM+2TimH JTb b ;2M2`i2/ #v i?2 :*J 7`K2rQ`F BM  irQ@/BK2MbBQMH bT+2X AM
KMv TTHB+iBQMb pBbmHBxiBQMb `2 BKTQ`iMi b i?2v HHQr mb b ?mKMb iQ i`+F i?2
BMi2`MH bii2 Q7 i?2 +HbbB}+iBQM KQ/2H- M/ 7m`i?2`KQ`2 BM/B+i2 i?2 `2HiBQM #2ir22M
i?2 /Bz2`2Mi +i2;Q`B2b Q7 i?2 bi`2KX
i }`bi- r2 rBHH TTHv Qm` H;Q`Bi?Kb- .uL: BM T`iB+mH`- iQ i?2 +HbbB}+iBQM Q7 i2timH
/Q+mK2Mib BM  bi`2K- mbBM; irQ +Q`TQ` 7Q` 2pHmiBQM, i?2 _2mi2`b _*oR pk +Q`Tmb
M/ i?2 hrBii2` *Q`Tmb UhrBii2`GGVX h?2 /ib2ib /Bz2` 7`QK 2+? Qi?2` BM i?i _2mi2`b
_*oR pk +QMiBMb Ry iBK2b KQ`2 /i TQBMib +QKT`2/ iQ hrBii2`GG- r?BH2 Bi BM+Hm/2b R9
iBK2b H2bb +i2;Q`B2bX Pm` ;QH Bb iQ /2KQMbi`i2 i?2 /pMi;2 Q7 .uL: +QKT`2/ iQ
P:L:- M/ HbQ iQ +QKT`2 i?2 irQ TT`Q+?2b ;BMbi biM/`/ +HbbB}+iBQM TT`Q+?2b
bm+? b F@L2`2bi L2B;?#Q` UFLLV M/  HBM2` KmHiB@+Hbb aoJX h?2`2#v- r2 T`QpB/2 
T`QQ7@Q7@+QM+2Ti 7Q` i?2 ;2M2`H TTHB+#BHBiv Q7 P:L: M/ .uL: iQ p`BQmb +HbbB}+iBQM
T`Q#H2KbX h?2M r2 rBHH BMi`Q/m+2  MQp2H QMHBM2 ?mKM +iBpBiv +HbbB}2` #b2/ QM irQ
P:L: Ub22 *?Ti2` jV M2irQ`FbX q2 rBHH +QKT`2 i?Bb irQ@Hv2`2/ +HbbB}2` iQ  bii2@
Q7@i?2@`i Q|BM2 ?mKM +iBpBiv +HbbB}2` 7`K2rQ`F- b T`QTQb2/ #v GTi2p (GTy8)- M/
b?Qr i?i Qm` QMHBM2 +HbbB}2` T2`7Q`Kb +QKT`#Hv rBi?Qmi i?2 `2[mB`2K2Mi Q7 biQ`BM;
Mv /i TQBMib 2tTHB+BiHvX

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
AM i?2 Hbi b2+iBQM Q7 i?2 +?Ti2`- r2 rBHH BMi`Q/m+2  bBKTH2 irQ@/BK2MbBQMH pBbmHBxiBQM
Q7  :*J M2irQ`F M/ i?2`2#v ?B;?HB;?i i?2 bi`2M;i? Q7 i?2 mMB7Q`K KQ/2H b T`QpB/2/
#v :*JX h?2 pBbmHBxiBQM Bb /2`Bp2/ 7`QK i?2 :*J M2irQ`F #v BMi2`T`2iBM; Bib iQTQHQ;v
M/ HHQrb iQ i`+F 2K2`;BM; +i2;Q`B2b b r2HH b i?2B` `2HiBQM BM i?2 :*J M2irQ`F
QM@i?2@~vX
 &ODVVLILFDWLRQRIWH[WXDOGDWDLQVRFLDOPHGLDVWUHDPV
AM `2+2Mi v2`b- i?2 bi`m+im`BM; M/ +HbbB}+iBQM Q7 Kbb K2/B ?b #2+QK2 KQ`2 M/ KQ`2
BKTQ`iMi- b i?2 pBH#H2 /i `TB/Hv BM+`2b2b QM  /BHv #bBbX 1bT2+BHHv- BM7Q`KiBQM
+QKBM; 7`QK bQ+BH K2/B THi7Q`Kb- bm+? b 6HB+F`8- 6+2#QQFe Q` hrBii2`d Bb BKTQ`iMi
iQ i?2 bQ+B2ivX Hi?Qm;? +QM+2Tib bm+? b ?b?i;b BM hrBii2` HHQr i?2 mb2` iQ H#2H i?2
TQbi2/ ir22ib- i?2 /i `2KBMb mMbi`m+im`2/ BM i?2 b2Mb2 i?i QMHv  bKHH T2`+2Mi;2 Q7
bm+? H#2Hb `2 ;Bp2MX aBKBH`Hv- 7Q` M2rb 722/b +QKBM;- 7Q` 2tKTH2- 7`QK _2mi2`b :`QmT
M2rb ;2M+v3 QMHv  r2F bmT2`pBbBQM BM 7Q`K Q7 H#2Hb i?i /2b+`B#2 i?2 ;2M2`H iQTB+ Q7
i?2 /Q+mK2Mi +M #2 ;Bp2MX
AM i?Bb b2+iBQM- r2 i?mb 2pHmi2 .uL: b T`i Q7 i?2 :*J 7`K2rQ`F QM irQ bi`2K
/i +HbbB}+iBQM i2ti +Q`TQ`X PM i?2 irQ /ib2ib hrBii2`GG M/ _2mi2`b _*oR pk- r2
rBHH /2KQMbi`i2 i?2 /pMi;2 Q7 .uL: b +HbbB}2`- b i?2 /i +M #2 bbmK2/ iQ #2
MQM@biiBQM`v iQ  +2`iBM /2;`22X q2 rBHH b?Qr i?i .uL: QmiT2`7Q`Kb P:L:- 2bT2@
+BHHv BM i?2 #2;BMMBM; T?b2 Q7 i?2 T`Q+2bbBM; r?2M KMv M2r +i2;Q`B2b `2 BMi`Q/m+2/X
6m`i?2`KQ`2- r2 rBHH b?Qr i?i .uL: QmiT2`7Q`Kb  kLL +HbbB}2` rBi? k = 1 M/ 2p2M
 HBM2` KmHiB@+Hbb aoJ- r?2M HHQrBM;  bBKBH` K2KQ`v +T+Biv 7Q` HH H;Q`Bi?KbX
Ai b?QmH/ #2 K2MiBQM2/ i?i T`ib Q7 i?Bb b2+iBQM ?p2 H`2/v #22M T`2b2Mi2/ i i?2
1m`QT2M avKTQbBmK QM `iB}+BH L2m`H L2irQ`Fb BM kyRj ("*Rj)X
 7KH7ZLWWHU// FRUSXV
aBM+2 Bib BM+2TiBQM BM kyye- hrBii2` #2+K2 QM2 Q7 i?2 KQbi BKTQ`iMi bQ+BH K2/B M/
KB+`Q@#HQ;;BM; b2`pB+2b +QmMiBM; Qp2` kyy KBHHBQM +iBp2 mb2`b BM i?2 v2` kyRk- r?Q TQbi2/
QM p2`;2 j9y KBHHBQM ir22ib T2` /vNX q2 +`2i2/  hrBii2` +Q`Tmb UhrBii2`GGV #b2/
QM hrBii2` K2bb;2b Uir22ibV #v KFBM; mb2 Q7 i?2 hrBii2`@SAX q2 +`rH2/ 3kXyN8 ir22ib
86HB+F`- ?iiTb,ffrrrX7HB+F`X+QK
e6+2#QQF- ?iiTb,ffrrrX7+2#QQFX+QK
dhrBii2`- ?iiTb,ffrrrXirBii2`X+QK
3_2mi2`b :`QmT M2rb ;2M+v- ?iiT,ffrrrX`2mi2`bX+QK
NhrBii2` im`Mb bBt- hrBii2` "HQ;- ?iiTb,ff#HQ;XirBii2`X+QKfkyRkfirBii2`@im`Mb@bBt

 &ODVVLILFDWLRQRIWH[WXDOGDWDLQVRFLDOPHGLDVWUHDPV
bbB;M2/ iQ R9Xy9y /Bz2`2Mi ?b?i;b BM i?2 iBK2 T2`BQ/ #2ir22M Jv j`/ kyRk- M/ CmM2
8i? kyRkX h?2`27Q`2- r2 BM+Hm/2/ QMHv ir22ib i?i `2 i;;2/ rBi? i?2 ?b?i; ǳ"2`HBMǴ
Q` i?i T`QpB/2/  SH+2@A. Q7 "2`HBM- b T`QpB/2/ #v i?2 hrBii2`@SAX Pm` /ib2i i?mb
BM+Hm/2b 3kXyN8 /Q+mK2Mib bbB;M2/ iQ R9Xy9y +i2;Q`v H#2Hb- b /2TB+i2/ BM h#H2 dXRX
h?2 i#H2 +QKT`2b i?2 MmK#2` Q7 /i TQBMib- i?2 MmK#2` Q7 +i2;Q`B2b- i?2 MmK#2` Q7
72im`2 bT+2 /BK2MbBQMb- b r2HH b i?2 p2`;2 MmK#2` Q7 /i TQBMib T2` +i2;Q`v 7Q`
#Qi? bi`2K /ib2ib UhrBii2`GG M/ _2mi2`b _*oR pkVX
O.i TQBMib U.SV O*i2;Q`B2b U*V O62im`2 bT+2 /BKX p;X O.S T2` *
hrBii2`GG 3kXyN8 R9Xy9y kXekj 8
_2mi2`b _*oR pk 3y9X9R9 Ryj 3jk d3yN
7DEOH  6WDWLVWLFVRIWKHVWUHDPGDWDVHWV7ZLWWHU// DQG5HXWHUV5&9Y
b 7Q` i?2 T`2@T`Q+2bbBM;- r2 ;2M2`i2/  72im`2 p2+iQ` 7Q` 2+? ir22i #b2/ QM i?2 /Qi
T`Q/m+i Q7 i2`K 7`2[m2M+v Uh6V M/ BMp2`b2 /Q+mK2Mi 7`2[m2M+v UA.6V- r?B+? Bb /2}M2/
b 7QHHQrb,
tf.idf(t, d) = tf(t, d)× log N
df(t)
h?2`2#v- tf(t, d) `2T`2b2Mib i?2 7`2[m2M+v Q7 i?2 TT2`M+2 Q7  i2`K t BM  /Q+mK2Mi
d- M/ df(t) /2MQi2b i?2 MmK#2` Q7 /Q+mK2Mib i?i +QMiBM t- rBi? N #2BM; i?2 iQiH
MmK#2` Q7 /Q+mK2Mib BM i?2 +Q`TmbX h?2 MmK#2` Q7 /Q+mK2Mib N mbmHHv Bb mMFMQrM BM
 bi`2K /i b2iiBM;- r?B+? rQmH/ `2[mB`2 iQ +?QQb2  /Bz2`2Mi b2i Q7 i2timH 72im`2bX
>Qr2p2`- 7Q` Qm` 2tT2`BK2Mib r2 bbmK2/ N iQ #2 FMQrM- BM Q`/2` iQ 2ti`+i i?2 h6@
A.6 72im`2bX h?2 72im`2 p2+iQ` 7Q` 2+? /Q+mK2Mi rb i?2M +`2i2/ #v i?2 h6@A.6
pHm2 7Q` 2+? i2`K BM i?2 +Q`Tmb- M/ BMBiBHHv BM+Hm/2/ 98eX3jd /BK2MbBQMbX AM Q`/2` iQ
`2/m+2 i?2 /BK2MbBQMHBiv Q7 i?2 p2+iQ`- r2 `2KQp2/ i2`Kb i?i Q++m` BM H2bb i?M kyW Q7
i?2 /Q+mK2Mib- M/ i?2`27Q`2 +QmH/ `2/m+2 i?2 /BK2MbBQM Q7 i?2 h6@A.6 72im`2 p2+iQ`
7`QK 98eX3jd iQ kXekj /BK2MbBQMbX 6Q` 2p2`v ir22i r2 iQQF i?2 KQbi +QKKQM ?b?i; b
+i2;Q`v H#2HX
 7KH5HXWHUV5&9YFRUSXV
_2mi2`b Bb i?2 H`;2bi BMi2`MiBQMH i2ti M/ i2H2pBbBQM M2rb ;2M+v rQ`H/rB/2- rBi? i?Qm@
bM/b Q7 biQ`B2b i?i `2 T`Q/m+2/ BM KmHiBTH2 HM;m;2b /BHvX h?2 _2mi2`b _*oR +Q`Tmb
(Gu_Gy9) Bb  KMmHHv MMQii2/ i2ti +Q`Tmb /2`Bp2/ 7`QK i?2B` QMHBM2 /i#b2X Ai BM@
+Hm/2b 2t+HmbBp2Hv 2M;HBb? biQ`B2b i?i ?p2 #22M T`Q/m+2/ #v _2mi2`b DQm`MHBbib #2ir22M
m;mbi kyi? RNNe M/ m;mbi RNi? RNNdX 6Q` `2b2`+? Tm`TQb2b- i?2 i2ti /Q+mK2Mib `2
pBH#H2 M/ T`QpB/2/ BM  sJG 7Q`KiX Aib +i2;Q`B2b `2 ;`QmT2/ BMiQ hQTB+b- AM/mb@
i`B2b M/ _2;BQMbX 6Q` Qm` 2tT2`BK2Mib r2 QMHv +QMbB/2`2/ i?2 hQTB+b b +i2;Q`v H#2HbX

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
h?Qb2 H#2Hb KBMHv +QMbBbi Q7 iQTB+b `QmM/ 2+QMQKB+b- ;Qp2`MK2Mi M/ K`F2ibX AM Qm`
2tT2`BK2Mib- r2 T`iB+mH`Hv mb2 i?2 _2mi2`b _*oR pk +Q`Tmb- r?B+? Bb  `2pBbBi2/ p2`bBQM
Q7 i?2 Q`B;BMH _2mi2`b _*oR +Q`TmbX _2mi2`b _*oR pk +QMbBbib Q7 3y9X9R9 /Q+mK2Mib
bbB;M2/ iQ Ryj /Bz2`2Mi +i2;Q`B2b- b /2TB+i2/ BM h#H2 dXRX
q2 mb2 i?2 h6@A.6 72im`2 p2+iQ`b i?i ?p2 #22M T`QpB/2/ #v i?2 mi?Q`b Q7 i?2 /ib2iRyX
h?2 72im`2 p2+iQ` BMBiBHHv BM+Hm/2/ 9dXkje /BK2MbBQMb- r?B+? r2 `2/m+2/ iQ 3jk #v `2@
KQpBM; i?2 i2`Kb TT2`BM; BM H2bb i?M kyW Q7 i?2 /Q+mK2MibX 6Q` i?2 +i2;Q`v H#2Hb
r2 +?Qb2 i?2 KQbi TQTmH` iQTB+ 7Q` 2+? /Q+mK2MiX
 ([SHULPHQWV	3DUDPHWHUV
q2 2pHmi2 .uL: BM +QKT`BbQM iQ P:L:- M/ BM +QKT`BbQM iQ i?2 Q|BM2 +HbbB}2`b
RLL M/ aoJ b #b2HBM2bX .uL: M/ P:L: T`Q+2bb  +QMiBMmQmb bi`2K Q7 /i
r?BH2 +QMbB/2`BM; 2+? /i TQBMi QMHv QM+2X 1p2`v Ryyyi? 2tKTH2- r2 H2i i?2 H;Q`Bi?Kb
T2`7Q`K  T`2/B+iBQM 7Q` i?2 M2ti Ryyy /i TQBMib- 7Q` r?B+? r2 `2KQp2 i?2 +i2;Q`v
H#2Hb /m`BM; i?2 T`2/B+iBQMX h?Bb HHQrb mb iQ i2bi i?2 ++m`+v QM mMb22M /i TQBMib
i?i `2 M2ti BM i?2 bi`2KX q?BH2 .uL: M/ P:L: `2 QMHBM2 H2`MBM; H;Q`Bi?Kb-
MQi `2[mB`BM; i?2 2tTHB+Bi biQ`;2 Q7 /i-  biM/`/ aoJ H2`Mb BM #i+? KQ/2 mbBM;
 }t b2i Q7 i`BMBM; 2tKTH2bX HbQ i?2 RLL +HbbB}2` Bb #bB+HHv ǳi`BM2/Ǵ #v bBKTHv
`2K2K#2`BM; HH 2tKTH2bX AM Q`/2` iQ T`QpB/2  +QKT`#H2 H2`MBM; b+2M`BQ- r2 H2i #Qi?
Q|BM2 +HbbB}2`b biQ`2 mT iQ 8yyy i`BMBM; 2tKTH2b Q7 i?2 bi`2K BM  6A6P T`BM+BTH2-
M/ i?2M `2i`BM 7i2` 2p2`v Ryyyi? 2tKTH2b BM Q`/2` iQ T2`7Q`K  T`2/B+iBQM QM i?2 M2ti
Ryyy 2tKTH2bX S`2HBKBM`v 2tT2`BK2Mib ?p2 b?QrM i?i 7Q` 8yyy i`BMBM; 2tKTH2b i?2
MmK#2` Q7 biQ`2/ p2+iQ`b #v i?2 aoJ UbmTTQ`i p2+iQ`b M/ i`BMBM; /iV Bb +QKT`#H2
iQ i?2 MmK#2` Q7 T`QiQivT2b T`Q/m+2/ #v .uL:X
6Q` .uL: M/ P:L:- r2 2KTB`B+HHv /2i2`KBM2 T`K2i2` b2iiBM;b QM  i`BH@M/@2``Q`
#bBbX 6Q` i?2 _2mi2`b +Q`Tmb- i?2 .uL:fP:L: T`K2i2`b `2 b2i b 7QHHQrb, BMb2`iBQM
T`K2i2` λ = 300c KtBKmK ;2 amax = 100c /TiiBQM T`K2i2` 7Q` rBMM2` eb = 0.1c
/TiiBQM T`K2i2` 7Q` M2B;?#Q`?QQ/ en = 0.0006c 2``Q` p`B#H2 /2+`2b2 α = 0.5c
2``Q` p`B#H2 /2+`2b2 β = 0.0005 M/ τ = 0.3 U.uL:VX q2 mb2/ i?2 bK2 b2iiBM;b 7Q`
hrBii2`GG- 2t+2Ti 7Q` λ = 30X 6Q` #Qi? .uL: M/ P:L: r2 b2H2+i i?2 `2H#2H@K2i?Q/
Ub22 a2+iBQM jX9XRV b H#2HBM; bi`i2;v M/ bBM;H2@HBMF;2 b T`2/B+iBQM bi`i2;vX h?2 aoJ
Bb i`BM2/ BM  QM2@pb@HH KQ/2 M/ mb2b  HBM2` F2`M2HX h?2 `2bmHib Q7 Qm` 2tT2`BK2Mib
`2 b?QrM BM 6B;m`2 dXRX h?2 irQ };m`2b b?Qr i?2 +HbbB}+iBQM ++m`+v 7Q` 7Qm` H2`MBM;
TT`Q+?2b U.uL:- P:L:- aoJ- RLLV +QKT`2/ iQ  KDQ`Biv #b2HBM2 Qp2` i?2 MmK#2`
Q7 /i TQBMib b22M 7Q` hrBii2`GG M/ _2mi2`b _*oR pkX
Ry?iiT,ffDKH`XQ`;fTT2`bfpQHmK28fH2rBby9fHv`Hkyy9n`+pRpkn_1.J1X?iK

 &ODVVLILFDWLRQRIWH[WXDOGDWDLQVRFLDOPHGLDVWUHDPV
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)LJXUH  &ODVVLILFDWLRQUHVXOWVRI'<1*2*1*690 DQG11
 5HVXOWV	'LVFXVVLRQ
h?2 `2bmHib b?Qr i?i .uL: +H2`Hv QmiT2`7Q`Kb P:L: QM #Qi? /ib2ib- 2bT2+BHHv
BM i?2 ?2pBHv MQM@biiBQM`v #2;BMMBM; T?b2 r?2`2 KMv M2r +Hbb2b `2 2M+QmMi2`2/X
AM i?Bb }`bi T?b2 .uL: BKT`Qp2b i?2 ++m`+v Q7 P:L: #v mT iQ 20.28W U5.37W QM
p2`;2V QM i?2 _2mi2`b /i b2i M/ mT iQ 21.4W U20.95W QM p2`;2V 7Q` i?2 hrBii2`
/i b2iX Ai Bb bi`BFBM; i?i 7Q` i?2 _2mi2`b /i b2i .uL: bi`ib UAi2`iBQM y@k8V rBi? M
++m`+v bBKBH` iQ RLL M/ QmiT2`7Q`Kb i?2 aoJ bi`iBM; 7`QK Bi2`iBQM 98y QM rBi? M
BKT`Qp2/ ++m`+v Q7 mT iQ 8X8jW UjXdNW QM p2`;2VX h?2`2#v- .uL: biQ`2b QM p2`;2
`QmM/ eje3 p2+iQ`b UM2m`QMbV +QKT`2/ iQ 8yyy p2+iQ`b Ui`BMBM; 2tKTH2bV Q7 RLL M/
N8NN p2+iQ`b UbmTTQ`i p2+iQ`b M/ i`BMBM; 2tKTH2bV Q7 i?2 aoJX h?Bb b?Qrb i?2 #2M2}i
Q7  +QMiBMmQmb H2`MBM; T`Q+2bbX
PM i?2 hrBii2` /ib2i- i?2 .uL:- aoJ M/ RLL b?Qr bBKBH` `2bmHibX .uL: QmiT2`@
7Q`Kb i?2 aoJ bi`iBM; 7`QK Bi2`iBQM 8y QM rBi? M BKT`Qp2/ ++m`+v Q7 9Xy9W UkXNdW
QM p2`;2VX h?2`2#v- .uL: biQ`2b QM p2`;2 Ndyj p2+iQ`b +QKT`2/ iQ Nkj8 p2+iQ`b
Q7 i?2 aoJX h?2 r2F T2`7Q`KM+2 Q7 P:L: b?Qrb i?2 #2M2}i Q7 i?2 M2m`QM BMb2`iBQM
bi`i2;B2b Q7 .uL:- b P:L: Bb MQi /2bB;M2/ iQ /Ti iQ i?2 ?m;2 KQmMi Q7 +Hbb2b b
[mB+FHv b .uL:X
Ai b?QmH/ #2 K2MiBQM2/ i?i r2 HbQ BM+Hm/2/ i?2 >mHH2`aoJ (""y8) BM T`2HBKBM`v 2tT2`@
BK2Mib i?i ?p2 MQi #22M `2TQ`iX >mHH2`aoJ Bb #bB+HHv M BM+`2K2MiH QMHBM2 p2`bBQM
Q7  amTTQ`i o2+iQ` J+?BM2X h?2`27Q`2- >mHH2`aoJ /vMKB+HHv B/2MiB}2b M/ biQ`2b
i`BMBM; 2tKTH2b b bmTTQ`i p2+iQ`bX >Qr2p2`- BM Q`/2` iQ 2ti2M/ >mHH2`aoJ iQ  KmHiB@
+Hbb +HbbB}+iBQM T`Q#H2K- M/ iQ biQ`2 bmTTQ`i p2+iQ`b 7Q` 2+? +i2;Q`v 7QHHQrBM; i?2

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
T`BM+BTH2b Q7 >mHH2`aoJ- ?b +mb2/ i?2 K2KQ`v `2[mB`2K2Mi Q7 >mHH2`aoJ iQ BM+`2b2
/`KiB+HHv BM bm+?  rv i?i Bi ?b MQi #22M TTHB+#H2 iQ Qm` bi`2K /ib2ibX
 +XPDQDFWLYLW\FODVVLILFDWLRQ
h?2 `2+Q;MBiBQM M/ +HbbB}+iBQM Q7 ?mKM +iBpBiv Bb BKTQ`iMi BM KMv TTHB+iBQM /Q@
KBMb BM+Hm/BM; bK`i ?QK2b (**16yN)- bm`p2BHHM+2 bvbi2Kb (ooy8)- K#B2Mi BMi2HHB;2M+2
(Sahyd)- 2i+X AM T`iB+mH`- r2 //`2bb i?2 ibF Q7 +HbbB7vBM; ?mKM +iBpBiv BMiQ  ;Bp2M
b2i Q7 +iBpBiv ivT2b QM i?2 #bBb Q7 pB/2Q /i- b2[m2M+2b Q7 k. BK;2b BM T`iB+mH`X aii2@
Q7@i?2@`i TT`Q+?2b 2ti`+i 72im`2b 7`QK bT+2@iBK2 pQHmK2b- 2X;X aT+2@hBK2 AMi2`2bi
SQBMib UahASV b BMi`Q/m+2/ #v ApM GTi2p (GTy8)X h?2B` /pMi;2 HB2b- BM +QMi`bi
iQ KQ/2H@/`Bp2M KQiBQM 72im`2b (":*Rk)- BM i?2B` +QKT+i M/ `Q#mbi `2T`2b2MiiBQM Q7
?mKM +iBQMb- b i?2v `2/m+2 i?2 BMTmi bT+2 #v B/2MiB7vBM; HQ+H 72im`2 TQBMibX h`BMBM;
 ?mKM +iBQM +HbbB}2` KQ/2H #b2/ QM ahASb ivTB+HHv BM+Hm/2b i?2 +Hmbi2`BM; UrBi? 2X;X
F@J2MbV Q7 pB/2Q 72im`2b iQ vB2H/ #;@Q7@pBbmH@rQ`/b +Hmbi2`b i?i +M #2 mb2/ iQ /2`Bp2
 ?BbiQ;`K@#b2/ `2T`2b2MiiBQM Q7  pB/2Q +HBT #v BM/B+iBM; i?2 MmK#2` Q7 ahASb #2BM;
bbB;M2/ iQ 2+? +Hmbi2`X h?2M  +HbbB}2` U2X;X aoJV Bb i`BM2/ iQ H2`M iQ +HbbB7v BK;2
b2[m2M+2b BMiQ  b2i Q7 ;Bp2M ?mKM +iBpBiv ivT2bX
h?2`2 `2 b2p2`H /`r#+Fb BM i?Bb +HbbB+H TT`Q+?X 6B`bi Q7 HH- i?2 TT`Q+? `2[mB`2b
M `+?Bi2+im`2 i?i +QKT`Bb2b ?2i2`Q;2M2Qmb H;Q`Bi?Kb- 2X;X  72im`2 2ti`+iQ`-  +Hmb@
i2`BM; H;Q`Bi?K M/  +HbbB}+iBQM H;Q`Bi?KX M `+?Bi2+im`2 i?i Bb KQ`2 mMB7Q`K M/
+QKT+i `2HvBM; QM QM2 H;Q`Bi?K rQmH/ #2 bBKTH2`- 2bB2` iQ BKTH2K2Mi M/ i?mb T`272`@
#H2X 6m`i?2`- i?2 TT`Q+? Bb MQi QMHBM2- `2[mB`BM; iQ biQ`2  MmK#2` Q7 2tKTH2b BM
K2KQ`v Q` QM /BbF BM Q`/2` iQ `2+QKTmi2 i?2 +Hmbi2` M/ `2i`BM i?2 +HbbB}2` i `2;mH`
BMi2`pHbX hQ +B`+mKp2Mi i?2b2 HBKBiiBQMb- r2 T`2b2Mi  M2r `+?Bi2+im`2 r?B+? Bb #b2/
QM PMHBM2 :`QrBM; L2m`H :b UP:L:V- r?B+? ?b #22M T`2b2Mi2/ 2`HB2` Ub22 *?Ti2`
jVX AM i?Bb b2+iBQM r2 T`2b2Mi  irQ@Hv2` `+?Bi2+im`2 r?B+? +QMbBbib Q7 irQ KTb i?i r2
+HH 72im`2@KT M/ +Hbb@KT- `2bT2+iBp2HvX AM i?2 }`bi Hv2` U72im`2@KTV- ahASb `2
/vMKB+HHv +Hmbi2`2/ ++Q`/BM; iQ i?2B` bBKBH`Biv BM i?2 72im`2 bT+2- vB2H/BM;  ;`Qr@
BM; b2i Q7 ǳpBbmH rQ`/bǴ i?i +M HbQ +?M;2 Qp2` iBK2X  >mKM +iBpBiv aB;Mim`2
U>aV 7Q` 2+? bT+2@iBK2 pQHmK2 Bb i?2M 7Q`K2/ #v M ?BbiQ;`K BM/B+iBM; i?2 +iBpBiv
Q7 2+? T`QiQivT2 f M2m`QM BM i?2 72im`2@KTX AM i?2 b2+QM/ Hv2` U+Hbb@KTV- bT+2@iBK2
pQHmK2b `2 +Hmbi2`2/ #v i?2B` >a M/ H#2HH2/ ++Q`/BM; iQ i?2 +Q``2bTQM/BM; +iBpBivX
a2p2`H T`ib Q7 i?Bb b2+iBQM H`2/v ?p2 #22M Tm#HBb?2/ M/ T`2b2Mi2/ i i?2 qQ`Fb?QT
QM L2r *?HH2M;2b BM L2m`H *QKTmiiBQM (S"*Rj) BM kyRjX
q2 +QKT`2 Qm` `+?Bi2+im`2 iQ i?2 +HbbB+H `+?Bi2+im`2 T`QTQb2/ #v GTi2p (GTy8) #b2/
QM  F@K2Mb #b2/ 72im`2 /Bb+`2iBxiBQM b r2HH b M aoJ@#b2/ +HbbB}+iBQM- b?QrBM;

 +XPDQDFWLYLW\FODVVLILFDWLRQ
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kMeans - Bag of 
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)LJXUH  3URFHVVLQJSLSHOLQHVRIWKHKXPDQDFWLYLW\FODVVLILHUV
i?i Qm` TT`Q+? vB2H/b +QKT`#H2 `2bmHib iQ i?2 Hii2` TT`Q+?- r?BH2 T`QTQbBM; 
mMB7Q`K `+?Bi2+im`2 #b2/ QM irQ P:L: KTb M/ +B`+mKp2MiBM; i?2 M22/ iQ biQ`2
2tKTH2b iQ T`Q+2bb i?2K Q|BM2X Pm` TT`Q+? Bb i?mb bmBi#H2 BM  HB72@HQM; H2`MBM;
b2iiBM; BM r?B+? i?2`2 Bb  M2p2`@2M/BM; /i bi`2K i?i M22/b iQ #2 T`Q+2bb2/ QM@i?2@~v
b BM i?2 TTHB+iBQMb K2MiBQM2/ #Qp2X
 +XPDQ$FWLYLW\&ODVVLILFDWLRQZLWK2*1*
AM i?Bb b2+iBQM r2 /2b+`B#2 Qm` irQ@Hv2` QMHBM2 TT`Q+? iQ ?mKM +iBpBiv +HbbB}+iBQM
i?i 2tTHQBib iQTQHQ;B+H KTb @ :`QrBM; L2m`H :b KTb BM T`iB+mH` @ i #Qi? Hv@
2`bX q2 +HH Qm` TT`Q+? PMHBM2 >mKM +iBQM *HbbB}2` UP>*VX  ivTB+H T`Q+2bbBM;
TBT2HBM2 BM ?mKM +iBpBiv `2+Q;MBiBQM Bb +QKT`Bb2/ Q7 i?2 7QHHQrBM; i?`22 bi2Tb,
RX 1ti`+iBQM Q7 pB/2Q 72im`2b, 1ti`+iBQM Q7 /BbiBM+iBp2 72im`2b 7`QK  b2[m2M+2
Q7 pB/2Q 7`K2bX
kX _2T`2b2MiiBQM Q7 pB/2Q 72im`2b, *H+mHiBM; pB/2Q bB;Mim`2b 7`QK i?2 2t@
i`+i2/ 72im`2b i?i +Tim`2 i?2 bBKBH`Biv #2ir22M /Bz2`2Mi pB/2Q b2[m2M+2bX
jX *HbbB}+iBQM Q7 pB/2Q bB;Mim`2b, h`BMBM;  +HbbB}2` iQ H2`M iQ `2+Q;MBx2 
b2i Q7 T`2pBQmbHv Q#b2`p2/ +Hbb2b Q7 ?mKM +iBQMbX
Pm` H;Q`Bi?K +Qp2`b i?2 bi2Tb k M/ j Q7 i?2 ivTB+H T`Q+2bbBM; TBT2HBM2X 6Q` i?2 }`bi bi2T-
i?2 2ti`+iBQM Q7 pB/2Q 72im`2b- r2 mb2 >P:Y>P6 72im`2b +H+mHi2/ `QmM/ bT`b2Hv
/2i2+i2/ bTiBQ@i2KTQ`H BMi2`2bi TQBMib UahASaV b T`QTQb2/ #v GTi2p BM (GTy8)X h?2
/2i2+iBQM Q7 i?2 TQBMib M/ i?2 2ti`+iBQM Q7 i?2 72im`2 /2b+`BTiQ`b Bb +QKTH2i2Hv QMHBM2 BM
i?2 b2Mb2 i?i MQ ;HQ#H BM7Q`KiBQM Bb `2[mB`2/X ahASb `2 /2i2+i2/ b HQ+H KtBK Q7 
>``Bb@*Q`M2`@6mM+iBQM 2ti2M/2/ BMiQ i?2 bTiBQ@i2KTQ`H /QKBMX h?2 bTiBQ@i2KTQ`H
>``Bb *Q`M2` 7mM+iBQM `2bTQM/b iQ TQBMib BM bT+2@iBK2 r?2`2 i?2 KQiBQM Q7 HQ+H BK;2
bi`m+im`2b Bb MQM@+QMbiMiX bB/2 7`QK b2MbQ` MQBb2 M/ Qi?2` /Bb`mTiBQMb- i?2 KQiBQM
Q7 HQ+H BK;2 bi`m+im`2b Bb T`BK`BHv i?2 `2bmHi Q7 7Q`+2b +iBM; QM i?2 +Q``2bTQM/BM;

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
T?vbB+H Q#D2+ibX >2M+2 i?2 HQ+H M2B;?#Q`?QQ/ Q7 i?2 /2i2+i2/ TQBMib +M #2 2tT2+i2/ iQ
T`QpB/2 K2MBM;7mH BM7Q`KiBQM #Qmi KQiBQM T`BKBiBp2b BM i?i TQBMi Q7 bT+2@iBK2X h?2
+QK#BMiBQM Q7 ahASb M/ >P:Y>P6 72im`2 /2b+`BTiQ`b ?b H`2/v b?QrM T`QKBbBM;
`2bmHib BM b2p2`H bvMi?2iB+ (GTy8) M/ `2H rQ`H/ /ib2ib (GTy8- GJa_y3)X
6WDWLF+XPDQ$FWLRQ&ODVVLILHUDFFRUGLQJWR/DSWHY
b #b2HBM2 r2 mb2 M Q|BM2 TT`Q+? T`QTQb2/ #v GTi2p (GTy8)X h?Bb TT`Q+? mb2b
F@K2Mb 7Q` +Hmbi2`BM; M/ M aoJ 7Q` +HbbB}+iBQMX h?2 pB/2Q b2[m2M+2 Bb `2T`2b2Mi2/ b
 #; Q7 pBbmH rQ`/b ?BbiQ;`KX h?2 pBbmH pQ+#mH`v Bb #mBH/ #v +Hmbi2`BM; i?2 72im`2
p2+iQ`b BM i?2 i`BMBM; b2i BMiQ  T`2/2i2`KBM2/ MmK#2` Q7 +Hmbi2`bX
H;Q`Bi?K Ry aiiB+ >mKM +iBQM *HbbB}2` ++Q`/BM; iQ GTi2p
R, *Hmbi2` i?2 i`BMBM; b2i BMiQ  T`2/2i2`KBM2/ MmK#2` Q7 +Hmbi2`b mbBM; FJ2MbX
k, AMBiBHBx2 >BbiQ;`K H rBi? QM2 2Mi`v 7Q` 2+? T`QiQivT2 p2+iQ`X
j, S`2b2Mi M BMTmi p2+iQ` x ∈ S 7`QK i?2 2ti`+i2/ 72im`2b Q7 i?2 pB/2Q b2[m2M+2X
9, 6BM/ i?2 M2`2bi T`QiQivT2 px iQ i?2 T`2b2Mi2/ BMTmiX
8, AM+`2K2Mi i?2 +Q``2bTQM/BM; ?BbiQ;`K 2Mi`v px #v QM2X
e, `2T2i bi2T j mMiBH HH 72im`2b `2 T`Q+2bb2/X
d, LQ`KHBx2 H mbBM; L1 MQ`K
3, h`BM i?2 aoJ rBi? i?2 MQ`KHBx2/ ?BbiQ;`K M/ i?2 H#2H l Q7 i?2 +m``2Mi b2[m2M+2X
AM bi2T R- i?2 pBbmH pQ+#mH`v Bb #mBH/ BM /pM+2 #v +Hmbi2`BM; HH 72im`2 p2+iQ`b BM i?2
i`BMBM; b2i BMiQ  T`2/2i2`KBM2/ MmK#2` Q7 +Hmbi2`bRR mbBM; FJ2MbX 1+? +Hmbi2` biM/b
rBi? Bib T`QiQivT2 p2+iQ` 7Q` QM2 /BbiBM+i pBbmH rQ`/ BM i?2 pBbmH pQ+#mH`vX ai2Tb j@e
Bi2`i2 Qp2` i?2 72im`2 p2+iQ`b BM i?2 +m``2Mi i`BMBM; b2[m2M+2X 1+? 72im`2 p2+iQ` Bb
bbB;M2/ iQ Bib M2`2bi T`QiQivT2 p2+iQ` M/ BM+Q`TQ`i2/ BMiQ i?2 ?BbiQ;`KX h?2 `2bmHiBM;
?BbiQ;`K `2T`2b2Mib i?2 ;Bp2M pB/2Q b2[m2M+2 b  #; Q7 pBbmH rQ`/bX hQ +QKT2Mbi2 7Q`
/Bz2`2Mi +QmMib Q7 72im`2b BM /Bz2`2Mi b2[m2M+2b- i?2 ?BbiQ;`K Bb MQ`KHBx2/ mbBM; i?2 L1
MQ`KX AM bi2T 3 i?2 aoJ Bb i`BM2/ rBi? i?2 MQ`KHBx2/ ?BbiQ;`K M/ i?2 +Q``2bTQM/BM;
H#2H Q7 i?2 +m``2Mi b2[m2M+2X
2QOLQH+XPDQ$FWLYLW\&ODVVLILHU2+$&
h?2 PMHBM2 >mKM +iBpBiv *HbbB}2` UP>*V +QMbBbib Q7 irQ BM/2T2M/2Mi P:L: M2i@
rQ`FbX h?2 }`bi M2irQ`F Bb r?i r2 +HH i?2 72im`2@KTX Ai miBHBx2b i?2 P:L: H;Q`Bi?K
7Q` +Hmbi2`BM; BM+QKBM; /i BM 72im`2 bT+2X h?2 b2+QM/ M2irQ`F Bb +HH2/ i?2 +Hbb@
KT b Bi mb2b i?2 H#2H BM7Q`KiBQM 7`QK  i`BMBM; b2[m2M+2 iQ bbB;M +Hbb H#2Hb iQ i?2
MQ/2b BM i?2 M2irQ`F ++Q`/BM; iQ i?2 `2H#2H bi`i2;v T`2b2Mi2/ BM a2+iBQM jX9XRX oB/2Q
RRq2 mb2 k = 4000 7Q` i?2 MmK#2` Q7 +Hmbi2`b 7QHHQrBM; GTi2p BM (GJa_y3)

 +XPDQDFWLYLW\FODVVLILFDWLRQ
b2[m2M+2b `2 `2T`2b2Mi2/ b >mKM +iBpBiv aB;Mim`2b U>aV- r?B+? `2 `2T`2b2Mi2/
#v M ?BbiQ;`K BM/B+iBM; i?2 +iBpBiv Q7 2+? M2m`QM BM i?2 72im`2@KT r?BH2 Bi2`iBM;
i?`Qm;? i?2 `2bT2+iBp2 pB/2Q b2[m2M+2X
H;Q`Bi?K RR PMHBM2 >mKM +iBpBiv *HbbB}2` UP>*V
R, AMBiBHBx2 i?2 72im`2@ M/ +Hbb@KTbX
k, AMBiBHBx2 i?2 >a ?BbiQ;`K H rBi? irQ UMmK#2` Q7 BMBiBH MQ/2b BM i?2 72im`2@KTV 2Mi`B2b h1 =
0, h2 = 0X
j, S`2b2Mi M BMTmi p2+iQ` x ∈ S 7`QK i?2 2ti`+i2/ 72im`2b Q7 i?2 pB/2Q b2[m2M+2X
9, 6BM/ i?2 M2`2bi mMBi nx 7`QK i?2 72im`2@KTX
8, B7 MQ/2 nx Bb M2r i?2M
e, BMb2`i M2r 2Mi`v BMiQ i?2 ?BbiQ;`K i TQbBiBQM x
d, 2M/ B7
3, AM+`2K2Mi i?2 +Q``2bTQM/BM; ?BbiQ;`K 2Mi`v hx #v QM2X
N, `2T2i bi2T j mMiBH HH 72im`2b `2 T`Q+2bb2/X
Ry, LQ`KHBx2 H mbBM; L2 MQ`KX
RR, lT/i2 i?2 P:L: +Hbb@KT rBi? i?2 MQ`KHBx2/ >a ?BbiQ;`K H M/ H#2H l Q7 i?2 pB/2Q b2[m2M+2X
H;Q`Bi?K RR Bb BMBiBHBx2/ #v }`bi BMBiBHBxBM; i?2 P:L: M2irQ`F M/ +`2iBM; M 2KTiv
#; Q7 pBbmH rQ`/b ?BbiQ;`K Ubi2Tb R@kVX h?2 ?BbiQ;`K bi`ib rBi? irQ 2Mi`B2b- QM2 7Q`
2+? Q7 i?2 irQ BMBiBH M2m`QMb BM i?2 P:L: M2irQ`FX AM bi2Tb j@8 i?2 M2ti BMTmi p2+iQ` x
Bb T`2b2Mi2/ iQ i?2 72im`2@KT M/ i?2 MQ/2 nx i?i Bb +HQb2bi iQ i?2 T`2b2Mi2/ biBKmHmb
Bb HQ+i2/X A7 i?2 HQ+i2/ MQ/2 nx Bb M2rHv BMb2`i2/ BMiQ i?2 72im`2@KT-  M2r ?BbiQ;`K
2Mi`v Bb +`2i2/ i TQbBiBQM xX AM bi2T 3 i?2 ?BbiQ;`K 2Mi`v i TQbBiBQM x Bb BM+`2K2Mi2/X
q?2M HH BMTmi p2+iQ`b BM i?2 b2[m2M+2 `2 T`Q+2bb2/- i?2 ?BbiQ;`K Bb MQ`KHBx2/ #v
i?2 L2@MQ`KX h?2 MQ`KHBxiBQM +QKT2Mbi2b 7Q` /Bz2`2Mi MmK#2`b Q7 2ti`+i2/ 72im`2
p2+iQ`b BM /Bz2`2Mi pB/2Q b2[m2M+2bX h?2 MQ`KHBx2/ ?BbiQ;`K Bb i?2M mb2/ iQ mT/i2 i?2
+Hbb@KT P:L: M2irQ`F rBi? i?2 H#2H l Q7 i?2 pB/2Q b2[m2M+2X hQ T`2/B+i i?2 H#2H Q7
 T`2pBQmbHv mMb22M pB/2Q b2[m2M+2 S- HH BMTmi p2+iQ`b x ∈ S `2 BM+Q`TQ`i2/ BMiQ i?2
?BbiQ;`K H #v i?2 MmK#2` Q7 i?2 72im`2@KT MQ/2 nx M2`2bi iQ i?2K Ubi2Tb j@8VX h?2
?BbiQ;`K Bb i?2M MQ`KHBx2/ M/ i?2 H#2H l Bb T`2/B+i2/ #v i?2 +Hbb@KT ++Q`/BM; iQ
i?2bBM;H2 HBMF;2 bi`i2;v Ub22 a2+iBQM jXjXkVX
 .7+ KXPDQPRWLRQGDWDVHW
b  /ib2i 7Q` i?2 2pHmiBQM r2 mb2 i?2 Eh> ?mKM +iBQM /ib2i (aG*y9)X h?Bb pB/2Q
/i#b2 +QMbBbib Q7 bBt +i2;Q`B2b Q7 ?mKM +iBQMb UrHFBM;- DQ;;BM;- `mMMBM;- #QtBM;-
?M/ rpBM; bM/ ?M/ +HTTBM;VX HH +iBQMb `2 T2`7Q`K2/ b2p2`H iBK2b #v k8 bm#D2+ib
BM 7Qm` /Bz2`2Mi b+2M`BQb UQmi/QQ`b- Qmi/QQ`b rBi? b+H2 p`BiBQMb- Qmi/QQ`b rBi? /Bz2`2Mi
+HQi?2b M/ BM/QQ`bVX AM T`iB+mH`- Qm` /ib2i BM+Hm/2b eyy pB/2Q }H2b b?QrBM; k8 bm#D2+ib
T2`7Q`KBM; bBt +iBQMb BM 7Qm` b+2M`BQbX

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
)LJXUH  ([DPSOHVRIWKH.7+'DWDVHW12
 ([SHULPHQWV	5HVXOWV
q2 2pHmi2/ i?2 ++m`+v Q7 P>* M/ Qm` #b2HBM2 QM i?2 Eh> ?mKM +iBQM /ib2iX
q2 ;2M2`i2/ R8 i`BMBM; M/ i2bi b2ib #v b2T`iBM; i?2 eyy pB/2Q +HBTb BMiQ jyy i`BMBM;
2tKTH2b M/ jyy i2bi 2tKTH2b 7Q` 2+? b2iX q2 7m`i?2`KQ`2 iQQF +`2 i?i 2+? Q7 i?2 bBt
+i2;Q`B2b rb 2[mHHv /Bbi`B#mi2/ BM i?2 i`BMBM; M/ i2bi b2iX q2 p2`;2/ Qm` ++m`+v
`2bmHib Qp2` i?2 R8 `mMb M/ HbQ /2i2`KBM2/  #2bi M/ rQ`bi `2bmHi Q7 i?2 R8 `mMbX
h?2 P:L: T`K2i2`b `2 b2i b 7QHHQrb, BMb2`iBQM T`K2i2` λ = 50c KtBKmK ;2
amax = 120c /TiiBQM T`K2i2` 7Q` rBMM2` eb = 0.3c /TiiBQM T`K2i2` 7Q` M2B;?@
#Q`?QQ/ en = 0.0018c 2``Q` p`B#H2 /2+`2b2 α = 0.5c 2``Q` p`B#H2 /2+`2b2 β = 0.0005X
q2 HbQ HHQr2/  KtBKmK Q7 9yyy M2m`QMb 7Q` i?2 72im`2@KT M/ kyy 7Q` i?2 +Hbb@
KTX
Pm` `2bmHib `2 /2TB+i2/ BM h#H2 dXkX h?2 Ki`B+2b b?Qr i?2 +QM7mbBQM Ki`Bt Q7 Qm` #b2@
HBM2 UH27iV M/ P>* U`B;?iVX h?2`2#v- 2+? `Qr `2T`2b2Mib i?2 ?mKM +iBQM +i2;Q`B2b iQ
#2 +HbbB}2/- r?BH2 2+? +QHmKM ?QH/b i?2 T2`+2Mi;2 Q7 2tKTH2b i?i ?p2 #22M +HbbB}2/
BMiQ i?2 +i2;Q`v r`Bii2M QM iQT Q7 i?2 Ki`B+2bX Pp2`HH- P>* +?B2p2b M p2`;2/
++m`+v Q7 93W- r?BH2 Qm` #b2HBM2 vB2H/b M ++m`+v Q7 95WX q2 T2`7Q`K2/  i@i2bi M/
+QmH/ MQi T`Qp2 i?i i?2 `2bmHib Q7 #Qi? TT`Q+?2b `2 biiBbiB+HHv bB;MB}+MiX q2 i?mb
+QMbB/2` i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 i?2 H;Q`Bi?Kb iQ #2 +QKT`#H2X h?2 +QM7m@
bBQM Ki`Bt b?Qrb i?i #Qi? H;Q`Bi?Kb `2 ?pBM; Bbbm2b iQ /BbiBM;mBb? #2ir22M DQ;;BM;-
Rk?iiT,ffrrrXM/XFi?Xb2f+pTf+iBQMbf+iBQMbX;B7

 +XPDQDFWLYLW\FODVVLILFDWLRQ
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1.7 1.8 1.7 85.4 6.3 3.1
3 2.5 3.7 10.5 65.4 15
1.3 2 2.9 4 17.5 72.2
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7DEOH  &RQIXVLRQPDWUL[RIRXU%DVHOLQHOHIWDQG2+$& ULJKWRQWKH.7+ KXPDQDFWLRQGDWDEDVH DYHUDJHGRYHU
UXQV
`mMMBM;- r?B+? Bb BMimBiBp2Hv mM/2`biM/#H2 b r2 b ?mKMb HbQ rQmH/ +QMbB/2` i?Qb2
irQ +iBpBiB2b iQ #2 +HQb2` iQ 2+? Qi?2` +QKT`2/ iQ i?2 Qi?2` 7Qm`X 6m`i?2`KQ`2- Bi Bb
BMi2`2biBM; i?i P>* +QM7mb2b i?2 +i2;Q`B2b ǳ?M/+HTTBM;Ǵ M/ ǳ`mMMBM;Ǵ bHB;?iHv H2bb
rBi? 93.2W M/ 72.2W +QKT`2/ iQ 89.8W M/ 66.8W Q7 Qm` #b2HBM2X Ai b?QmH/ HbQ #2
K2MiBQM2/ i?i i?2 +QM7mbBQM Q7 P>* Bb bT`2/ KQ`2 mMB7Q`K +QKT`2/ iQ i?2 #b2HBM2
TT`Q+?- r?B+? +M #2 2tTHBM2/ #v i?2 ;2M2`iBp2 Mim`2 Q7 P>*- /m2 iQ Bib P:L:
Hv2`b- +QKT`2/ iQ i?2 /Bb+`BKBMiBp2 +?`+i2` Q7 Qm` #b2HBM2 M/ BX2X Q7 i?2 mM/2`HvBM;
aoJ +HbbB}2`X
 'LVFXVVLRQ
AM i?Bb b2+iBQM r2 ?p2 T`2b2Mi2/  MQp2H ?mKM +iBpBiv +HbbB}2` KQ/2H #b2/ QM PMHBM2
:`QrBM; L2m`H :b UP:L:VX h?2 KQ/2H T`QpB/2b  +QKT+i `+?Bi2+im`2 M/ +QMbBbib
Q7 irQ Hv2`b- HHQrBM; i?2 biQ`;2 Q7 ?mKM +iBQMb BM  KQ`2 K2KQ`v 2{+B2Mi bi`m+im`2X
q?BH2 i?2 }`bi Hv2` U72im`2@KTV /vMKB+HHv +Hmbi2`b ahASb M/ b2`p2b b #b2 7Q` i?2
+`2iBQM Q7 ?BbiQ;`K@#b2/ bB;Mim`2b Q7  ?mKM +iBQM- i?2 b2+QM/ Hv2` U+Hbb@KTV
#mBH/b  +HbbB}+iBQM KQ/2H i?i #mBH/b mTQM i?Qb2 ?mKM +iBQM bB;Mim`2bX h?2 /pM@
i;2 Q7 i?Bb MQp2H `+?Bi2+im`2 HB2b BM Bib #BHBiv iQ T2`7Q`K  ?mKM +iBQM +HbbB}+iBQM ibF
QMHBM2 b i?2 KQ/2H bi2TrBb2 /Tib iQ M2r /i M/ ;`Qrb BM+`2K2MiHHvX h?2 mMB7Q`K
+?`+i2` Q7 i?2 H;Q`Bi?K Bb /2bB`#H2- b i?i Bib bBKTHB+Biv HHQrb M 2bv BKTH2K2MiiBQM
M/ BMi2;`iBQM BMiQ 2tBbiBM; bvbi2KbX AM KQbi +b2b- ?2i2`Q;2M2Qmb Q|BM2 ?mKM +iBQM
`2+Q;MBiBQM TT`Q+?2b ?p2 #22M T`QTQb2/ (GTy8- uay8)- i?i ;2M2`i2 +iBQM bB;Mim`2b
#v +Hmbi2`BM; ahASb rBi? biiB+ +Hmbi2`BM; H;Q`Bi?Kb Ubm+? b F@J2MbV M/ +HbbB7vBM;
i?2K rBi? M Q|BM2 +HbbB}2` i?i M22/b iQ #2 `2i`BM2/ b M2r /i ``Bp2bX q2 ?p2

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
2tT2`BK2MiHHv b?QrM QM i?2 Eh> /ib2i i?i Qm` TT`Q+? `2+?2b +QKT`#H2 T2`@
7Q`KM+2 iQ  +HbbB+H Q|BM2 aoJ@#b2/ +HbbB}+iBQM TT`Q+? r?BH2 T2`7Q`KBM; QMHBM2
M/ pQB/BM; i?2 M22/ iQ biQ`2 i`BMBM; 2tKTH2b 2tTHB+BiHv- i?mb #2BM; bmBi#H2 BM HB72HQM;
bi`2K /i b2iiBM;bX
 9LVXDOL]DWLRQRI&RQFHSWXDO0DSV
AM i?Bb b2+iBQM- r2 rBHH BMi`Q/m+2  pBbmHBxiBQM b+?2K 7Q` :`QrBM; *QM+2TimH JTb
r?B+? #bB+HHv BMi2`T`2ib i?2 :*J M2irQ`F M/ ;2M2`i2b  irQ@/BK2MbBQMH KT miB@
HBxBM; i?Qb2 /2`Bp2/ BM7Q`KiBQMX AM r?i 7QHHQrb- r2 rBHH 2tTHBM ?Qr iQ ;2M2`i2 
irQ@/BK2MbBQMH pBbmHBxiBQM Q7  *QM+2TimH JT b /2`Bp2/ 7`QK i?2 :*J M2irQ`FX
q2 rBHH HbQ /2b+`B#2 ?Qr Hi2`MiBp2 pBbmHBxiBQMb Q7 :*J@`2Hi2/ M2irQ`Fb- BX2X i?2
+Hbb@KT Q7 P>*- +M #2 ;2M2`i2/X AM //BiBQM-  pBbmHBxiBQM Q7 i?2 i?`22 /ib2ib
Q7 i?Bb +?Ti2`- b r2HH b  pBbmHBxiBQM Q7 i?2 +Hbb@KT Q7 P>* `2 b?QrM BM };m`2b
XR@Xe Q7 TT2M/Bt X
 $ YLVXDOL]DWLRQVFKHPDIRU*URZLQJ&RQFHSWXDO0DSV
Hi?Qm;?  /B`2+i pBbmHBxiBQM Q7  :*J M2irQ`F Bb TQbbB#H2- BM KMv /QKBMb Bi +M #2
T`Q#H2KiB+ iQ T`QD2+i i?2 ?B;?@/BK2MbBQMH 72im`2 bT+2 BMiQ  HQr@/BK2MbBQMH 72im`2
bT+2X S`2HBKBM`v pBbmHBxiBQMb Q7 i?2 hrBii2`GG /ib2i- 7Q` 2tKTH2- ?p2 b?QrM i?i
 T`QD2+iBQM 7`QK i?2 kXekj /BK2MbBQMH 72im`2 bT+2 BMiQ  irQ@/BK2MbBQMH bT+2 mbBM;
 S`BM+BTH *QKTQM2Mi MHvbBb US*V (S2yR) /Q2b MQi `2bmHi BM  KT r?B+? +M 2bBHv
#2 mM/2`biQQ/- BM i?2 b2Mb2 i?i i?2 +i2;Q`B2b `2 MQi b2T`#H2 BM bm+? HQr@/BK2MbBQMH
bT+2X AMbi2/- r2 /2+B/2/ iQ BMi2`T`2i i?2 +?`+i2`BbiB+b Q7 i?2 KT M/ iQ pBbmHBx2 i?2
BMi2`T`2iiBQM Q7 i?2 *QM+2TimH JTX AM 7+i- r2 T`QpB/2  pBbmHBxiBQM Q7 i?2 *QM+2T@
imH JT QMHv BM+Hm/BM; i?2 biQ`2/ +i2;Q`B2b- BMbi2/ Q7 i?2 M2m`QMb Bib2H7X >Qr2p2`- BM
Q`/2` iQ #2 i`mi?7mH iQ i?2 iQTQHQ;v Q7 i?2 Qm` M2irQ`F M/ Bib BM+Hm/2/ +QMM2+i2/ M/
`2HiBM; +i2;Q`B2b- r2 HbQ /2`Bp2/ iQTQHQ;B+H BM7Q`KiBQM 7`QK i?2 :*J M2irQ`F M/
BM+Q`TQ`i2/ Bi BMiQ i?2 *QM+2TimH JT pBbmHBxiBQMX AM T`iB+mH`- i?2 pBbmHBxiBQM Bb
#b2/ QM i?2 7QHHQrBM; 2H2K2Mib,
Ç LQ/2b, LQ/2b m `2 BMi`Q/m+2/ BM Qm` pBbmHBxiBQM KT V ++Q`/BM; iQ i?2 +m`@
`2MiHv KMB72bi2/ +i2;Q`B2b BM i?2 :*J M2irQ`FMX
Ç aBx2 Q7  MQ/2, h?2 bBx2 Q7  MQ/2 mi `2~2+ib i?2 HQ;`Bi?KB+ MmK#2` Q7 M2m`QMb
BMM- r?B+? `2 H#2H2/ rBi? i?2 +i2;Q`v H#2H Q7 miX

 9LVXDOL]DWLRQRI&RQFHSWXDO0DSV
Ç GBMFb, GBMFb linkk(ci, cj) `2 BMi`Q/m+2/ #2ir22M +i2;Q`B2b ci M/ cj- BM +b2 i?2`2
`2 M2m`QMb ni- nj BM M- rBi? lt(ni) = ci M/ lt(nj) = cj- M/ ni M/ nj #2BM;
+QMM2+i2/ #v M 2/;2X
Ç aBx2 Q7  HBMF, aBKBH` iQ i?2 bBx2 Q7  M2m`QM- i?2 bBx2 Q7  HBMF linkk(ci, cj) #2ir22M
i?2 +i2;Q`B2b ci M/ cj BM V Bb /2i2`KBM2/ #v i?2 HQ;`Bi?KB+ MmK#2` Q7 HBMFb r?B+?
2tBbi BMM #2ir22M M2m`QMb H#2H2/ rBi? ci M/ cj- `2bT2+iBp2HvX
Ç .vMKB+b Q7 i?2 KT, AMbTB`2/ #v S`QpQi (S`QN8)- i?2 /vMKB+b Q7 i?2 M2irQ`F
7QHHQr i?2 T`BM+BTH2 Q7  bBKTH2 Kbb@bT`BM; KQ/2H- BM r?B+? ii`+iBM; M/ `2T2H@
H2Mi 7Q`+2b 2tBbi #2ir22M 2p2`v TB` Q7 MQ/2b U`2T2HH2Mi 7Q`+2bV M/ #2ir22M 2p2`v
+QMM2+i2/ TB` Q7 MQ/2b Uii`+iBM; 7Q`+2bVX
Ç *QHQ`BM; b+?2K, AM Q`/2` iQ BKT`Qp2 i?2 `2/#BHBiv Q7 V 7m`i?2`- r2 HbQ H2i
+QHQ`b `2~2+i i?2 `2HiBQM #2ir22M +i2;Q`B2bX  mMB[m2 +QHQ` Bb BMBiBHHv bbB;M2/
iQ  M2rHv BMb2`i2/ +i2;Q`v MQ/2X q2 mb2 i?2 _": +QHQ` b+?2K M/ b2i i?2
+QHQ` Q7  HBMF linkk(ci, cj) #2ir22M irQ +i2;Q`B2b ci M/ cj iQ  `2bmHiBM; KBtim`2
+QHQ` #2ir22M #Qi? Q7 i?2B` +QHQ`b- r2B;?i2/ #v i?2B` T`2b2M+2 BM i?2 M2irQ`FX AM
T`iB+mH`- i?2 +QHQ` Bb b2i b 7QHHQrb, color(link(ci, cj)) = αcicolor(ci)+αcjcolor(cj)-
rBi? αck = OL2m`QMb H#2H2/ rBi? ckmax(OL2m`QMb T2` +i2;Q`v) X h?2 ;`Qri? Q7  HBMF 7m`i?2`KQ`2 `2~2+ib i?2
HQ;`Bi?KB+ MmK#2` Q7 HBMFb #2ir22M M2m`QMb Q7 #Qi? +i2;Q`B2b ci M/ cj BM i?2
:*J M2irQ`FX
b  +QMb2[m2M+2- i?Bb K2Mb i?i +QMM2+i2/ +i2;Q`B2b BM V `2Hi2 iQ 2+? Qi?2` BM MX
>Qr2p2`- B7 +i2;Q`B2b `2 MQi +QMM2+i2/ BM V r2 ?p2 MQ BM7Q`KiBQM #Qmi i?2B` `2HiBQMX
1p2M B7 +i2;Q`B2b /2}M2  M2B;?#Q`?QQ/ BM V - i?2v +MMQi #2 bbmK2/ iQ #2 M2B;?#Q`b BM
MX
 $ JHQHULFYLVXDOL]DWLRQVFRQFHSW
h?2 pBbmHBxiBQM b+?2K i?i r2 T`QTQb2/ BM i?Bb b2+iBQM Bb MQi HBKBi2/ iQ  pBbmHBxiBQM
Q7 +i2;Q`B2b Q7  :*J M2irQ`FX AM 7+i- r2 HbQ TTHB2/ i?Bb b+?2K iQ i?2 +Hbb@KT Q7
P>* r?BH2 T`Q+2bbBM; i?2 Eh> KQiBQM /ib2iX h?2 pBbmH +Hbb@KT QMHv /BbiBM;mBb?2b
7`QK  pBbmH *QM+2TimH JT BM i?i 2+? MQ/2 Q7 i?2 KT `2T`2b2Mib  M2m`QM Q7 i?2
+Hbb@KT- BMbi2/ Q7 Bib +i2;Q`v QMHvX h?2 pBbmH +Hbb@KT +M #2 b22M b  KQ`2
/2iBH2/ pBbmH *QM+2TimH JT- b 2+? `2T`2b2MiiBp2 U2+? M2m`QMV 7Q` 2+? +i2;Q`v Bb
pBbmHBx2/X
AM ;2M2`H- Bi Bb pHB/ iQ +HBK i?i i?Bb pBbmHBxiBQM b+?2K +M #2 TTHB2/ iQ Mv iQTQHQ;B@
+H 72im`2 KT- M/ 2p2M iQ Mv Qi?2` T`QiQivT2@#b2/ +Hmbi2`BM; TT`Q+? r?B+? BM+Hm/2b
+i2;Q`v H#2H BM7Q`KiBQMX

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
 ([DPSOHVRIYLVXDOL]HG&RQFHSWXDO0DSV
q2 pBbmHBx2/ V /m`BM; i?2 T`Q+2bbBM; Q7 hrBii2`GG- _2mi2`b _*oR pk M/ Eh> i?`Qm;?
M- M/ ;2M2`i2/  pB/2Q +HBT 7Q` 2+? KT BM Q`/2` iQ i`+FBM; i?2 bi`2K /ib2ib M/
KQiBQM /ib2i- `2bT2+iBp2Hv- BM M QMHBM2 7b?BQMX aQK2 bMTb?Qib Q7 i?2b2 pB/2Q +HBTb `2
b?QrM BM TT2M/Bt X AM T`iB+mH`- BM 6B;m`2 Xk@X8 i?2`2 `2 7Qm` BK;2b Q7 hrBii2`GG
M/ 7Qm` BK;2b Q7 _2mi2`b _*oR pk- b?QrBM; bMTb?Qib i?i ?p2 #22M iF2M i /Bz2`2Mi
TQBMib BM iBK2X AM 6B;m`2 XR- r2 HbQ pBbmHBx2/ M BK;2 Q7 i?2 Eh> /ib2i- b?QrBM; i?2
bBt ?mKM +iBpBiv +i2;Q`B2bX Ai b?QmH/ #2 K2MiBQM2/ i?i i?2b2 pBbmHBxiBQM /Q MQi b?Qr
HH +i2;Q`B2b Q7M- BMbi2/ i?2v QMHv b?Qr i?2 KQbi TQTmH` +i2;Q`B2b i i?2 KQK2Mi BM
iBK2 r?2M i?2 bMTb?Qi rb iF2MX AM i?2 7QHHQrBM;- r2 rBHH #`B2~v ?B;?HB;?i bQK2 Q7 Qm`
Q#b2`piBQMb ++Q`/BM; iQ i?2b2 BK;2bX
9LVXDOL]DWLRQRI7ZLWWHU//
JQbi TQTmH` +i2;Q`B2b BM i?2 hrBii2`GG pBbmHBxiBQM,
Ç "2`HBM @ ǳ#2`HBMǴ, h?2 +Biv Q7 "2`HBMX
Ç `2,Tm#HB+ kyRk @ ǳ`TRkǴ,  ;2`KM +QM72`2M+2 QM i?2 iQTB+b Q7 q2# kXy M/ bQ+BH
K2/BX
Ç SB`i2M S`i2B @ ǳTB`i2MǴ,  ;2`KM TQHBiB+H T`iv r?Q `2 FMQrM 7Q` i?2B` QMHBM2
T`2b2M+2X
Ç 1+?Qp2`H2B?mM; kyRk @ ǳ2+?QkyRkǴ,  ;2`KM KmbB+ ;HX
Ç 1m`QT2M SQF2` hQm` a2bQM kyRk @ ǳ2TikyRkǴ
Ç 1`i? ?Qm` kyRk @ ǳ2`i??Qm`Ǵ, M BMi2`MiBQMH 2p2Mi Q`;MBx2/ #v i?2qQ`H/ qB/2
6mM/ Lim`2 Uqq6V r?B+? iQQF TH+2 QM J`+? jRi? kyRkX
Ç aQmM/*HQm/ @ ǳbQmM/+HQm/Ǵ, M QMHBM2 KmbB+ /Bbi`B#miBQM THi7Q`K #b2/ BM "2`HBMX
Ç 6+2#QQF @ ǳ7#Ǵ, PM2 Q7 i?2 KQbi TQTmH` QMHBM2 bQ+BH M2irQ`FBM; b2`pB+2X
h?2 KQbi Q#pBQmb Q#b2`piBQM Bb i?i i?2 +i2;Q`v ǳ#2`HBMǴ #mBH/b i?2 +2Mi2` Q7 i?2 *QM+2T@
imH JT- r?B+? Bb MQi bm`T`BbBM; b i?2 /ib2i rb +`rH2/ ++Q`/BM; iQ ir22ib BM+Hm/BM;
i?Bb ?b?i;X HbQ i?2 +i2;Q`v ǳTB`i2MǴ Bb  bi#H2 M/ MQiB+2#H2 +i2;Q`vX "2bB/2b
+i2;Q`B2b Q7 ;2M2`H Mim`2- bm+? b ǳM2rbǴ- ǳ7#Ǵ- ǳbQmM/+HQm/Ǵ- ǳDQ#bǴ- Q` ǳi`p2HǴ- i?2`2
`2 +i2;Q`B2b i?i `2Hi2 iQ 2p2Mib r?B+? ?TT2M2/ /m`BM; i?i bT2+B}+ iBK2 T2`BQ/X h?Qb2
+i2;Q`B2b `2 ǳ`TRkǴ- ǳ2+?QkyRkǴ M/ ǳ2TikyRkǴX Ai Bb BMi2`2biBM; i?i 7Q` i?2 H//2` irQ
+i2;Q`B2b i?2`2 `2 +QMM2+iBQMb #2ir22M ǳ2+?QǴ M/ ǳbQmM/+HQm/Ǵ- M/ #2ir22M ǳ2TikyRkǴ
M/ ǳTQF2`ǴX h?2 pBbmHBxiBQM 2p2M b?Qrb +i2;Q`B2b r?B+? ?p2 #22M Q7 BMi2`2bi 7Q`  p2`v

 9LVXDOL]DWLRQRI&RQFHSWXDO0DSV
b?Q`i iBK2X h?2 +i2;Q`v ǳ2`i??Qm`Ǵ QMHv TT2`b BM V pB/2Q +HBT 7Q`  p2`v b?Q`i T2`BQ/
BM iBK2 M/ Bb /2TB+i2/ BM 6B;m`2 Xj UiQTV- 7i2`M ?pBM; T`Q+2bb2/ 38W Q7 i?2 /iX
9LVXDOL]DWLRQRI5HXWHUV5&9Y
AM +QMi`bi iQ hrBii2`GG- i?2 +i2;Q`B2b Q7 _2mi2`b _*oR pk b22K KQ`2 bi#H2 b b?QrM
BM i?2 pBbmH *QM+2TimH JT BM 6B;m`2 X9 M/ 6B;m`2 X8X h?Bb Bb HbQ BM/B+i2/ #v
i?2 bBx2 Q7 i?2 +i2;Q`B2b /2TB+i2/ BM 6B;m`2 X8 U#QiiQKV- r?2M +QKT`BM; iQ i?2 pBbmH
*QM+2TimH JT Q7 hrBii2`GGX h?2 BM+Hm/2/ +i2;Q`B2b `2 KQbiHv +QKBM; 7`QK i?2 }MM+2
K`F2i }2H/- r?B+? Bb mM/2`biM/#H2 b i?Bb Bb QM2 Q7 i?2 KBM `2b Q7 i?2 _2mi2`b M2rb
;2M+vX h?2 KQbi T`QKBM2Mi +i2;Q`B2b `2, ǳ++QmMibǴ- ǳBMp2biK2Mi `2b2`+?Ǵ- ǳ7mHH@v2`
`2bmHibǴ- ǳbH2b M/ K`F2ibǴ M/ ǳbiQ+F 2t+?M;2bǴX
9LVXDOL]DWLRQRI.7+
h?2 Eh> KQiBQM /ib2i Bb pBbmHBx2/ BM 6B;m`2 XRX AM +QMi`bi iQ i?2 Qi?2` irQ pBbm@
HBxiBQMb- QMHv QM2 BK;2 Bb T`QpB/2/ b i?2 /ib2i QMHv +QMbBbib Q7 bBt +i2;Q`B2b- M/
r2 //BiBQMHHv pBbmHBx2/ i?2 +Hbb@KT BM Q`/2` iQ BMbT2+i i?2 +QM+2TimHBxiBQMb Q7M
BM KQ`2 /2iBHX >Qr2p2`- i?2 pBbmH *QM+2TimH JT Bb KQbi BMi2`2biBM; b Bi b?Qrb i?2
bBt ?mKM +iBpBiB2b i?i ?p2 #22M +HbbB}2/ #v MX h?2 }`bi Q#b2`piBQM r?B+? +M
#2 /`rM Bb i?i r2 +M B/2MiB7v irQ ;`QmTb Q7 +i2;Q`B2b- +iBQMb T2`7Q`K2/ rBi? ?M/b
Uǳ#QtBM;Ǵ- ǳ?M/+HTTBM;Ǵ- ǳ?M/rpBM;ǴV- M/ +iBQMb T2`7Q`K2/ rBi? 722i UǳDQ;;BM;Ǵ-
ǳrHFBM;Ǵ- ǳ`mMMBM;ǴVX  b2+QM/ Q#b2`piBQMb KMB72bib BM i?2 7+i i?i i?2 +QMM2+iBQMb
#2ir22M +iBQMb T2`7Q`K2/ rBi? 722i `2 Km+? +HQb2` i?M i?Qb2 T2`7Q`K2/ rBi? ?M/bX b
i?Bb Bb HbQ `2~2+i2/ #v i?2 HBMFb #2ir22M i?2 MQ/2b Q7 #Qi? ;`QmTb- i?2 +iBQMb T2`7Q`K2/
rBi? 722i +M #2 bbmK2/ iQ `2 KQ`2 bBKBH` U++Q`/BM; iQ Qm` 72im`2 bT+2V- i?M i?2
+iBQMb T2`7Q`K2/ rBi? ?M/bX
9LVXDOL]DWLRQRIWKH.7+ 2+$& FODVVPDS
6B;m`2 Xe b?Qrb i?2 +Hbb@KT Q7 P>* 7i2` M ?pBM; T`Q+2bb2/ RyyW Q7 i?2 Eh>
KQiBQM /iX h?2 /pMi;2 Q7 i?Bb pBbmHBxiBQM- +QKT`2/ iQ i?2 T`2pBQmb pBbmHBxiBQM Q7
i?2 Eh> KQiBQM /ib2i- HB2b BM Bib ;`MmH`BivX h?2 +Hbb@KT pBbmHBxiBQM HbQ BM/B+i2b
BKTm`BiB2b Q7 i?2 +Hmbi2`b rBi?BMMX .m`BM; i?2 T`Q+2bbBM; r2 Q#b2`p2/ i?2 irQ 2K2`;BM;
;`QmTb Q7 ?M/ +iBQMb M/ 7QQi +iBQMbX >Qr2p2`- 6B;m`2 Xe HbQ `2p2Hb i?i i?2`2 Bb 
?B;? /2;`22 Q7 +QM7mbBQM #2ir22M i?2 +i2;Q`B2b ǳDQ;;BM;Ǵ- ǳrHFBM;Ǵ- M/ ǳ`mMMBM;ǴX

&KDSWHU $SSOLFDWLRQVIRU*URZLQJ&RQFHSWXDO0DSV
 'LVFXVVLRQ
h?2 pBbmHBxiBQMb b?Qr i?i i?2 pBbmH *QM+2TimH JT V HHQrb mb iQ i`+F i?2 2pQHmiBQM
Q7 i?2 :*J@#b2/ +HbbB}2` QM@i?2@~v- b22BM; M2r +i2;Q`B2b 2K2`;BM; r?BH2 Qi?2`b /BbT@
T2`X AM i?2 hrBii2`GG pBbmHBxiBQM- r2 +QmH/ Q#b2`p2 +i2;Q`B2b r?B+? 2t+HmbBp2Hv ?p2
#22M `2H2pMi BM i?i T2`BQ/ Q7 iBK2X "2bB/2b  MmK#2` Q7 KQ`2 ;2M2`B+ +i2;Q`B2b- i?2
pBbmH *QM+2TimH JT BM7Q`K2/ mb #Qmi +m``2Mi i`2M/b BM hrBii2` M/ 7m`i?2`KQ`2 HbQ
BM/B+i2/ ?Qr i?2v `2Hi2 iQ 2+? Qi?2`X 6Q` i?2 _2mi2`b _*oR pk /ib2i- r2 T2`+2Bp2/ 
KQ`2 ;2M2`B+ M/ biiB+ +i2;Q`v /Bbi`B#miBQM- r?B+? Bb THmbB#H2 /m2 iQ i?2 bKHH2` MmK#2`
Q7 +i2;Q`B2b BMpQHp2/ rBi? Ryj +i2;Q`B2b +QKT`2/ iQ R9Xy9y +i2;Q`B2b 7Q` hrBii2`GGX
6Q` i?2 Eh> KQiBQM /ib2i- r2 +QmH/ Q#b2`p2 irQ ;`QmTb Q7 +iBQM +i2;Q`B2b- ?M/@#b2/
+iBQMb M/ 722i@#b2/ +iBQMbX h?Bb b?Qrb i?iM bm++2bb7mHHv `2T`2b2Mib i?2 bBKBH`BiB2b
#2ir22M i?2 +iBQM +i2;Q`B2b- b r2 HbQ Q#b2`p2/ i?2b2 `2HiBQMb BM Qm` 2tT2`BK2Mib BM
a2+iBQM dXkX 6m`i?2`KQ`2 r2 +M +QM}`K i?2 ?B;? /2;`22 Q7 +QM7mbBQM #2ir22M +iBQMb
T2`7Q`K2/ #v 7QQi ++Q`/BM; iQ h#H2 dXkX
 6XPPDU\
AM i?Bb +?Ti2`- r2 TTHB2/ .uL: M/ P:L: QM irQ `2H bi`2K /ib2ib b T`QQ7@Q7@
+QM+2TiX q2 +QmH/ b?Qr i?i .uL: QmiT2`7Q`Kb P:L: QM #Qi? /ib2ib- 2bT2+BHHv BM
i?2 #2;BMMBM; T?b2 Q7 i?2 T`Q+2bbBM;- BM r?B+? KMv M2r +i2;Q`B2b `2 BMi`Q/m+2/ iQ i?2
+HbbB}+iBQM KQ/2HX q2 +QmH/ HbQ b?Qr i?i .uL: QmiT2`7Q`Kb  RLL +HbbB}2` M/ 
HBM2` KmHiB@+Hbb aoJ- 7i2`  +2`iBM MmK#2` Q7 Bi2`iBQMb M/ r?2M HHQrBM;  +QKT`@
#H2 KQmMi Q7 K2KQ`vX q2 +QmH/ i?mb /2KQMbi`i2 i?2 /pMi;2 Q7 .uL: M/ P:L:
BM  `2H bi`2K /i b+2M`BQX b  b2+QM/ +QMi`B#miBQM- r2 BMi`Q/m+2/  MQp2H QMHBM2
?mKM +iBpBiv +HbbB}2` #b2/ QM irQ P:L: M2irQ`Fb- BM Q`/2` iQ /vMKB+HHv ;2M2`i2
72im`2 p2+iQ`b M/ iQ +HbbB7v i?Qb2 ++Q`/BM; iQ i?2 T`2b2Mi2/ +iBQMX q2 +QKT`2/ Qm`
QMHBM2 TT`Q+? iQ  bii2@Q7@i?2@`i UQ|BM2V ?mKM +iBpBiv +HbbB}2` M/ ?p2 b?QrM i?i
Qm` QMHBM2 p2`bBQM /Q2b MQi bB;MB}+MiHv /2i2`BQ`i2 i?2 +HbbB}+iBQM T2`7Q`KM+2 rBi? i?2
#2M2}i Q7 MQ //BiBQMH K2KQ`v iQ #2 `2[mB`2/X

Chapter8
Conclusion
AM i?Bb i?2bBb- r2 BMi`Q/m+2/ :`QrBM; *QM+2TimH JTb b  MQp2H +HbbB}+iBQM 7`K2@
rQ`F- r?B+? Bb #b2/ QM iQTQHQ;B+H 72im`2 KTbX h?2 7`K2rQ`F T`QpB/2b bQHmiBQMb 7Q`
i?2 HB72@HQM; H2`MBM; +?HH2M;2b BMpQHpBM; bi`2K /i +HbbB}+iBQM- r2F bmT2`pBbBQM-
MQM@biiBQM`v /i M/ KmHiB@pB2r /iX h?2 7`K2rQ`F ?b #22M BKTH2K2Mi2/ QM i?2
#bBb Q7 :`QrBM; L2m`H :b- r?B+? ?b #22M bm++2bbBp2Hv 2ti2M/2/ iQr`/b K22iBM; i?2b2
+?HH2M;2bX q2 7m`i?2`KQ`2 TTHB2/ i?2 :*J 7`K2rQ`F QMiQ irQ `2H bi`2K /ib2ib b
T`QQ7@Q7@+QM+2Ti- M/ BMi`Q/m+2/  MQp2H QMHBM2 ?mKM +HbbB}2` #b2/ QM i?2 7`K2rQ`FX
b  Hbi +QMi`B#miBQM r2 BMi`Q/m+2/ irQ bi`B;?i 7Q`r`/ pBbmHBxiBQM Q7 i?2 :*J M2i@
rQ`F- BM Q`/2` iQ HHQr  irQ@/BK2MbBQMH `2T`2b2MiiBQM Q7 i?2 BM i?2 M2irQ`F BM+Hm/2/
+i2;Q`B2b M/ i?2B` `2HiBQMbX
q2 BMi`Q/m+2/ PMHBM2 :`QrBM; L2m`H :b UP:L:V b 2ti2MbBQM Q7 :L:- r?B+? Bb +T#H2
Q7 +HbbB7vBM; /i QM i?2 ~v r?BH2 T`Q+2bbBM; /i BM QM2@Tbb- T2`7Q`KBM; QMHBM2 mT/i2b
Q7 i?2 KQ/2H M/ HHQrBM;  7bi T`2/B+iBQM Q7 mMb22M /iX P:L: +B`+mKp2Mib i?2 M22/ Q7
biQ`BM; Mv /i 2tTHB+BiHv M/ T`QpB/2b  mMB7Q`K `+?Bi2+im`2 i?i BM+Hm/2b  iBK2 +QK@
TH2tBiv BM p2`;2 M/ rQ`bi +b2 Q7 O(log2n) M/  bT+2 +QKTH2tBiv BM p2`;2 M/ rQ`bi
+b2 Q7 O(n)X AM Q`/2` iQ 2ti2M/ :L: iQ M QMHBM2 +HbbB}2`- r2 BMi`Q/m+2/ MQp2H QMHBM2
H#2HBM; bi`i2;B2b U`2H#2H- 7`2[- HBKBiV M/ +QKT`2/ i?Qb2 iQ biM/`/ Q|BM2 H#2HBM;
bi`i2;B2b UKBM@/Bbi- p;@/Bbi- KDQ`BivV- M/ 7m`i?2`KQ`2 2tT2`BK2MiHHv b?Qr2/ i?i i?2
QMHBM2 H#2HBM; bi`i2;B2b /Q MQi /2i2`BQ`i2 i?2 +HbbB}+iBQM T2`7Q`KM+2 Q7 P:L:- rBi?
i?2 #2M2}i Q7 T`Q+2bbBM; /i QMHBM2X HbQ i?2 BKTHB+Bi irQ H2p2H `+?Bi2+im`2 Q7 P:L: BM@
+Hm/BM; Bib 72im`2 M/ +i2;Q`v H2p2H ?p2 #22M /Bb+mbb2/- HHQrBM; P:L: iQ biBHH T`QpB/2
 +Hmbi2`BM; r?2M i`BM2/ rBi?Qmi H#2HbX q2 HbQ +QmH/ b?Qr i?i P:L: +M +QKT2i2
rBi?  HBM2` KmHiB@+Hbb aoJ- r?BH2 QmiT2`7Q`KBM; i?2 aoJ QM irQ Q7 Qm` /ib2ibX 6m`@
i?2`KQ`2- b  Hbi +QMi`B#miBQM BM i2`Kb Q7 P:L:- r2 ?p2 2tT2`BK2MiHHv T`Qp2M i?i
H2iiBM; i?2 +Hmbi2`BM; #2 ;mB/2/ #v i?2 +i2;Q`v /Bbi`B#miBQM bB;MB}+MiHv /2i2`BQ`i2b i?2
+HbbB}+iBQM T2`7Q`KM+2X

&KDSWHU &RQFOXVLRQ
q2 BMi`Q/m+2/ PMHBM2 a2KB@bmT2`pBb2/ :`QrBM; L2m`H :b UPaa:L:V b b2KB@bmT2`pBb2/
2ti2MbBQM Q7 P:L: i?i HHQrb i?2 miBHBxiBQM Q7 r2FHv H#2H2/ /i BM  +HbbB}+iBQM
ibFX Hi?Qm;? Bib KQ/B}+iBQMb `2 KBMQ` +QKT`2/ iQ P:L:- Bi bB;MB}+MiHv QmiT2`@
7Q`Kb P:L: r?2M TTHB2/ iQ TT`QT`Bi2 b2KB@bmT2`pBb2/ /iX AM T`iB+mH`- Paa:L:
BMi`Q/m+2b M //BiBQMH T`2/B+iBQM bi`i2;v 7Q` mMH#2H2/ /i i?i T`2/B+ib H#2Hb 7Q`
i?Qb2 /i TQBMib M/ i?2M miBHBx2 i?Bb /i 7Q` i?2 +HbbB}+iBQM ibFX q2 +QmH/ b?Qr i?i
Paa:L: QmiT2`7Q`Kb 2tBbiBM; b2KB@bmT2`pBb2/ :L: 2ti2MbBQMb- BX2X aa:L:- r?B+? i`BM
BM  #i+? KQ/2 BMbTB`2/ #v i?2 1tT2+iiBQM@JtBKBxiBQM H;Q`Bi?KX 6m`i?2`KQ`2- Qm`
`2bmHib b?Qr i?i Paa:L: Bb +QKT2iBiBp2 iQr`/b biM/`/ b2KB@bmT2`pBb2/ +HbbB}+iBQM
H;Q`Bi?Kb- r?BH2 `2iBMBM; i?2 /pMi;2b Q7 P:L: Q7 r?B+? HB2 BM i?2 +QKTH2tBiv Q7
P:L:X Pm` 2tT2`BK2Mib ?p2 b?QrM i?2 #2M2}i Q7 i?2 H#2HBM; /vMKB+b Q7 Paa:L:
i?i HHQr i?2 KQ/2H iQ [mB+FHv /Ti iQ +i2;Q`B2b- 7Q` r?B+? H#2Hb `2 ;Bp2M BM /2HvX
h?2`2#v- r2 /2KQMbi`i2/ i?i Paa:L: +M #2M2}i 7`QK H`2/v H2`M2/ mMbmT2`pBb2/
+i2;Q`B2b- r?BH2 BKT`QpBM; Bib +HbbB}+iBQM T2`7Q`KM+2 `TB/HvX
b  i?B`/ +QMi`B#miBQM iQ i?2 :*J 7`K2rQ`F- r2 BMi`Q/m+2/ .vMKB+ PMHBM2 :`QrBM;
L2m`H :b U.uL:V b 2ti2MbBQM Q7 P:L: rBi? M 2KT?bBb QM MQM@biiBQM`v /i M/
+QM+2Ti@/`B7iX 1tBbiBM; MQM@biiBQM`v 2ti2MbBQMb Q7 :L:- BX2X :`QrBM; L2m`H :b rBi?
liBHBiv- `2 MQi 2[mBTT2/ rBi? K2+?MBbKb iQ +HbbB7v /i- M/ 7m`i?2`KQ`2 QT2`i2 BM
 /2bi`m+iBp2 rv #v bm#biBimiBM; i?2 M2m`QM `2KQpH bi`i2;v Q7 :L:X .uL:- BMbi2/-
BMi`Q/m+2b irQ MQp2H M2m`QM BMb2`iBQM bi`i2;B2b i?i HHQr i?2 H;Q`Bi?K iQ [mB+FHv /Ti
iQ M2rHv 2K2`;BM; +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M/ MQKHv /2i2+iBQM Q7 ?2Hi? bm`p2BHHM+2
/i bi`2KbX AM, AMi2HHB;2M+2 M/ a2+m`Biv AM7Q`KiB+b, "BQbm`p2BHHM+2X
aT`BM;2`- kyyd- aX dNĜNy

$SSHQGL[% %LEOLRJUDSK\
(*ye) *Q`/mM2Mm - CFFQH hX, .i /2T2M/2Mi `2;mH`BxiBQMX AM, a2KB@
bmT2`pBb2/ G2`MBM; UkyyeV- aX RejĜR3k
(*"oRR) *`mx@"`#Qb- _X c o2HHB/Q- X, a2KB@bmT2`pBb2/ MHvbBb Q7 >mKM
"`BM hmKQm` 7`QK S`iBHHv G#2H2/ J_a AM7Q`KiBQM mbBM; JMB7QH/
G2`MBM; JQ/2HbX AM, AMi2`MiBQMH CQm`MH Q7 L2m`H avbi2Kb kR UkyRRV-
L`X R- aX RdĜkN
(**16yN) *?M- J`B2 c *KTQ- 1`B+ c 1biĐp2- .MB2H c 6Qm`MBQHb- C2M@up2b,
aK`i ?QK2bě+m``2Mi 72im`2b M/ 7mim`2 T2`bT2+iBp2bX AM, Jim`Bib e9
UkyyNV- L`X k- aX NyĜNd
(*.Nd) *?m/?m`B- am`DBi c .vH- lK2b?r`, M Qp2`pB2r Q7 /i r`2?Qmb@
BM; M/ PGS i2+?MQHQ;vX AM, *J aB;KQ/ `2+Q`/ ke URNNdV- L`X R- aX
e8Ĝd9
(*1Zwye) *Q- 62M; c 1bi2`- J`iBM c ZBM- q2BMBM; c w?Qm- QvBM;, .2MbBiv@
#b2/ +Hmbi2`BM; Qp2` M 2pQHpBM; /i bi`2K rBi? MQBb2X AM, S`Q+22/BM;b
Q7 i?2 kyye aAJ AMi2`MiBQMH *QM72`2M+2 QM .i JBMBM; UkyyeV- aX
jk3ĜjjN
(*?ye) *?T2HH2- "X  wB2M X PX  a+?ƺHFQT7 aX PX  a+?ƺHFQT7, a2KB@
bmT2`pBb2/ G2`MBM;X JAhS`2bb- kyye
(*EJayj) *Q`KQ/2- :`?K c EQ`M- 6HBT c Jmi?mF`Bb?MM- a c a`Bpbip-
.Bp2b?, 6BM/BM; ?B2``+?B+H ?2pv ?Bii2`b BM /i bi`2KbX AM, S`Q+22/BM;b
Q7 i?2 kNi? BMi2`MiBQMH +QM72`2M+2 QM o2`v H`;2 /i #b2b@oQHmK2 kN
UkyyjV- aX 9e9Ĝ9d8
(*E_y8) *QQF- _B+?`/ aX c Ev- SmH c _2;B2`- h2``v, h?2 rQ`H/ +QHQ` bm`p2v
/i#b2, >BbiQ`v M/ mb2X AM, >M/#QQF Q7 *i2;Q`BbiBQM BM i?2 *Q;MBiBp2
a+B2M+2bX Kbi2`/K M/ GQM/QM, 1Hb2pB2` Ukyy8V
(*GRR) *?M;- *?B?@*?mM; c GBM- *?B?@C2M, GA"aoJ,  HB#``v 7Q` bmT@
TQ`i p2+iQ` K+?BM2bX AM, *J h`Mb+iBQMb QM AMi2HHB;2Mi avbi2Kb
M/ h2+?MQHQ;v k UkyRRV- aX kd,RĜkd,kdX Ĝ aQ7ir`2 pBH#H2 i ?iiT,
ffrrrX+bB2XMimX2/mXirf+DHBMfHB#bpK
(*Py8) *?T2HH2 P- wB2M X, a2KB@bmT2`pBb2/ +HbbB}+iBQM #v HQr /2MbBiv b2T@
`iBQMX AM, S`Q+22/BM;b Q7 i?2 Ryi? AMiX qQ`Fb?QT QM `iB}+BH AMi2HHB;2M+2
M/ aiiBbiB+b Ukyy8V- aX 8dĜe9
(*l.Rk) *?`BbiQm/Bb- * c l`ibmM- _[m2H c .``2HH- h`2pQ`, JmHiB@
pB2r H2`MBM; BM i?2 T`2b2M+2 Q7 pB2r /Bb;`22K2MiX AM, `sBp T`2T`BMi
`sBp,RkyeXjk9k UkyRkV
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(..y8) .Q?2`iv- E2pBM c /Kb- _Q/ c .p2v- L2BH, h`22:L:@?B2``+?B+H
iQTQHQ;B+H +Hmbi2`BM;X- kyy8- aX RNĜk9
(.""38) .2r2v- CQ?M c "Qv/biQM- CQ X c "vbBM;2`- Si`B+B, .2KQ+`+v M/
2/m+iBQM- RNReX aQmi?2`M AHHBMQBb lMBp2`bBiv S`2bb *`#QM/H2- RN38
(1HKNy) 1HKM- CXGX, 6BM/BM; bi`m+im`2 BM iBK2X AM, *Q;MBiBp2 a+B2M+2 R9 URNNyV-
aX RdNĜkRR
(1Syd) 1p;2MBQm-  c SQMiBH- JbbBKBHBMQ, JmHiB@ibF 72im`2 H2`MBM;X AM,
S`Q+22/BM;b Q7 i?2 +QM72`2M+2 QM /pM+2b BM M2m`H BM7Q`KiBQM T`Q+2bbBM;
bvbi2Kb, S`Q+22/BM;b Q7 i?2 kyye +QM72`2M+2 RN UkyydV- aX 9R
(6P>yd) 6m`Q- a?2M c P;m`- hQKQiF c >b2;r- PbKm, M 2M?M+2/
b2H7@Q`;MBxBM; BM+`2K2MiH M2m`H M2irQ`F 7Q` QMHBM2 mMbmT2`pBb2/ H2`MBM;X
AM, L2m`H L2irQ`Fb ky UkyydV- L`X 3- aX 3NjĜNyj
(6`BN9) 6`BixF2- "X, :`QrBM; +2HH bi`m+im`2b,  b2H7@Q`;MBxBM; M2irQ`F 7Q` mMbm@
T2`pBb2/ M/ bmT2`pBb2/ H2`MBM;X AM, L2m`H L2irQ`Fb d URNN9V- L`X N- aX
R99RĜR9ey
(6`BN8) 6`BixF2- "X,  ;`QrBM; M2m`H ;b M2irQ`F H2`Mb iQTQHQ;B2bX AM, S`Q@
+22/BM;b Q7 i?2 AMi2`MiBQMH *QM72`2M+2 QM /pM+2b BM L2m`H AM7Q`KiBQM
S`Q+2bbBM; avbi2Kb ULASaV URNN8V- aX ek8Ĝejk
(6`BNd) 6`BixF2- "2`M/,  b2H7@Q`;MBxBM; M2irQ`F i?i +M 7QHHQr MQM@biiBQM`v
/Bbi`B#miBQMbX aT`BM;2`- RNNd- aX eRjĜeR3
(6oy3) 6Q`M2HHb- J`iQ`2HH CXJX :QHQ#`/2b 1X :``2HH CX X c oBHbŌb- sX, JM@
;2K2Mi Q7 `2HiBQMb #2ir22M +b2b M/ Tii2`Mb 7`QK aPJ 7Q` ?2HTBM;
2tT2`ib BM #`2bi +M+2` /B;MQbBbX AM, AMi2`MiBQMH CQm`MH Q7 L2m`H
avbi2Kb R3 Ukyy3V- L`X R- aX jjĜ9j
(:Jy8) :#2` JXJX- E`Bb?MbrKv aX wbHpbFv X X wbHpbFv X, JBMBM;
/i bi`2Kb,  `2pB2rX AM, *J aB;KQ/ _2+Q`/ j9 Ukyy8V- L`X k- aX R3Ĝke
(:JJPyy) :m?- am/BTiQ c JBb?`- LBM c JQirMB- _D22p c Pǰ*HH;?M-
GB/M, *Hmbi2`BM; /i bi`2KbX AM, 6QmM/iBQMb Q7 +QKTmi2` b+B2M+2-
kyyyX T`Q+22/BM;bX 9Rbi MMmH bvKTQbBmK QM A111- kyyy- aX j8NĜjee
(:`Q3d) :`Qbb#2`;- ai2T?2M, *QKT2iBiBp2 H2`MBM;, 6`QK BMi2`+iBp2 +iBpiBQM
iQ /TiBp2 `2bQMM+2X AM, *Q;MBiBp2 b+B2M+2 RR URN3dV- L`X R- aX kjĜej
(>`83) >`iH2v- >XPX, JtBKmK HBF2HB?QQ/ 2biBKiBQM 7`QK BM+QKTH2i2 /iX
AM, "BQK2i`B+b R9 URN83V- L`X k- aX Rd9ĜRN9

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(>`Ny) >`M/- ai2pM, h?2 bvK#QH ;`QmM/BM; T`Q#H2KX AM, S?vbB+ ., LQMHBM@
2` S?2MQK2M 9k URNNyV- L`X R- aX jj8Ĝj9e
(>*.+y8) >M- CBr2B c *?2M- uBtBM c .QM;- :mQx?m c S2B- CBM c q?- "2M@
DKBM qX c qM;- CBMvQM; c *B- u .X, ai`2K +m#2, M `+?Bi2+im`2
7Q` KmHiB@/BK2MbBQMH MHvbBb Q7 /i bi`2KbX AM, .Bbi`B#mi2/ M/ S`HH2H
.i#b2b R3 Ukyy8V- L`X k- aX RdjĜRNd
(>6y3) >QH/bi2BM- u`QM c 6Bb+?2`- Mi?, h?`22@/BK2MbBQMH bm`7+2 `2+QM@
bi`m+iBQM mbBM; K2b?BM; ;`QrBM; M2m`H ;b UJ:L:VX AM, h?2 oBbmH *QK@
Tmi2` k9 Ukyy3V- L`X 9- aX kN8Ĝjyk
(>oyk) >KK2`- "`#` c oBHHKMM- h?QKb, :2M2`HBx2/ `2H2pM+2 H2`MBM;
p2+iQ` [mMiBxiBQMX AM, L2m`H L2irQ`Fb R8 UkyykV- L`X 3- aX Ry8NĜRye3
(>vQNe) >vQivMB2KB- >X, h2ti /Q+mK2Mi +HbbB}+iBQM rBi? b2H7@Q`;MBxBM; KTbX
AM, S`Q+X Q7 i?2 6BMMBb? `iB}+BH AMi2HHB;2M+2 *QM7X Uah2SV URNNeV- aX e9Ĝdk
(Cyd) CB`vmbFmH- TB`F c mriMKQM;FQH- am`TQM;,  bmT2`pBb2/
;`QrBM; M2m`H ;b H;Q`Bi?K 7Q` +Hmbi2` MHvbBbX AM, AMi2`MiBQMH CQm`MH
Q7 >v#`B/ AMi2HHB;2Mi avbi2Kb 9 UkyydV- L`X k- aX RkNĜR9R
(C2yk) C2;2`- >2`#2`i, /TiBp2 MQMHBM2` bvbi2K B/2MiB}+iBQM rBi? 2+?Q bii2
M2irQ`FbX AM, /pM+2b BM M2m`H BM7Q`KiBQM T`Q+2bbBM; bvbi2Kb ULASaV-
kyyk- aX 8NjĜeyy
(CQ) CQ+?BKb- hX, h`Mb/m+iBp2 AM72`2M+2 7Q` h2ti *HbbB}+iBQM mbBM; amTTQ`i
o2+iQ` J+?BM2bX
(CQ?ed) CQ?MbQM- aX*X, >B2``+?B+H +Hmbi2`BM; b+?2K2bX AM, Sbv+?QK2i`BF jk
URNedV- L`X j- aX k9RĜk89
(CQ`3e) CQ`/M- JXAX, ii`+iQ` /vMKB+b M/ T`HH2HBbK BM  +QMM2+iBQMBbi b2@
[m2MiBH K+?BM2X AM, S`Q+X 1B;?i? MMmH *QM7X Q7 i?2 *Q;MBiBp2 a+B2M+2
aQ+B2iv URN3eV- aX 8jRĜ89e
(Ch*RR) CB2- GmQ c hQKKbB- hiBM c *TmiQ- "`#`, JmHiB+Hbb i`Mb72`
H2`MBM; 7`QK mM+QMbi`BM2/ T`BQ`bX AM, S`Q+X Q7 i?2 AMiX *QM72`2M+2 QM
*QKTmi2` oBbBQM UkyRRV- aX R3ejĜR3dy
(EEERk) EbT2`- >``B2i c EQH2p- Ap c E2ii- >QH;2`, aQ+BH J2/B Ji`BtX AM,
*QKKQM oHm2 JM;2K2Mi UkyRkV- aX N
(EG_y3) EB2ixKMM- hBK *X c GM;2- ab+? c _B2/KBHH2`- J`iBM, AM+`2@
K2MiH :_GoZ, G2`MBM; `2H2pMi 72im`2b 7Q` j. Q#D2+i `2+Q;MBiBQMX AM,
L2m`Q+QKTmiBM; dR Ukyy3V- L`X Rj- aX k3e3Ĝk3dN

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(EQ?3k) EQ?QM2M- hX, a2H7@Q`;MBx2/ 7Q`KiBQM Q7 iQTQHQ;B+HHv +Q``2+i 72im`2
KTbX AM, "BQHQ;B+H +v#2`M2iB+b 9j URN3kV- L`X R- aX 8NĜeN
(EQ?Ny) EQ?QM2M- h2mpQ, h?2 b2H7@Q`;MBxBM; KTX AM, S`Q+22/BM;b Q7 i?2 A111
d3 URNNyV- L`X N- aX R9e9ĜR93y
(EQ?N8) EQ?QM2M- hX, G2`MBM; p2+iQ` [mMiBxiBQMX AM, h?2 >M/#QQF Q7 "`BM
h?2Q`v M/ L2m`H L2irQ`Fb URNN8V- aX 8jdĜ89y
(Ehyy) EQ?QM2M hX- G;mb EX EbFB aX aX EbFB aX, a2H7 Q`;MBxiBQM Q7  KbbBp2
/Q+mK2Mi +QHH2+iBQMX AM, A111 h`Mb+iBQMb QM L2m`H L2irQ`Fb RR UkyyyV-
L`X j- aX 8d9Ĝ838
(EqEy8) EB`bi2BM- ai2T?M c q2`bBM;- >2BFQ c Eƴ`M2`- 1/;`, _TB/ QM@
HBM2 H2`MBM; Q7 Q#D2+ib BM  #BQHQ;B+HHv KQiBpi2/ `2+Q;MBiBQM `+?Bi2+im`2X
Ukyy8V- aX jyRĜjy3
(GTy8) GTi2p- ApM, PM bT+2@iBK2 BMi2`2bi TQBMibX AM, AMi2`MiBQMH CQm`MH Q7
*QKTmi2` oBbBQM e9 Ukyy8V- L`X k@j- aX RydĜRkj
(Gbyk) Gbi- J`F, PMHBM2 +HbbB}+iBQM Q7 MQMbiiBQM`v /i bi`2KbX AM, AM@
i2HHB;2Mi .i MHvbBb e UkyykV- L`X k- aX RkNĜR9d
(G:y3) G272#p`2 :X- :`+B *X,  T`Q##BHBbiB+ b2H7@Q`;MBxBM; KT 7Q` 7+BH
`2+Q;MBiBQMX AM, S`Q+X Q7 i?2 AMiX *QM7X QM Sii2`M _2+Q;MBiBQM UA*S_V
Ukyy3V- aX RĜ9
(GENN) G;mb EX- EbFB aX, E2vrQ`/ b2H2+iBQM K2i?Q/ 7Q` +?`+i2`BxBM; i2ti
/Q+mK2Mi KTbX AM, S`Q+X Q7 i?2 AMiX *QM7X QM `iB}+BH L2m`H L2irQ`Fb
UA*LLV URNNNV- aX jdRĜjde
(GEye) Gm EX- >m##`/ aX uBM >X >X uBM >X, E2`M2H b2H7@Q`;MBbBM; KTb 7Q`
+HbbB}+iBQMX AM, L2m`Q+QKTmiBM; eN UkyyeV- L`X Re- aX kyjjĜky9y
(GJa_y3) GTi2p- ApM c J`bxH2F- J`+BM c a+?KB/- *Q`/2HB c _Qx2M72H/-
"2MDKBM, G2`MBM; `2HBbiB+ ?mKM +iBQMb 7`QK KQpB2bX AM, S`Q+X Q7 i?2
AMiX *QM72`2M+2 QM *QKTmi2` oBbBQM M/ Sii2`M _2+Q;MBiBQM Ukyy3V- CmMB-
aX RĜ3
(Ga>+y9) GH- h?QKb LX c a+?`Q/2`- JB+?2H c >BMi2`#2`;2`- h?BHQ cq2biQM-
CbQM c "Q;/M- J`iBM c "B`#mK2`- LB2Hb c a+?QHFQT7- "2`M?`/,
amTTQ`i p2+iQ` +?MM2H b2H2+iBQM BM "*AX AM, "BQK2/B+H 1M;BM22`BM;- A111
h`Mb+iBQMb QM 8R Ukyy9V- L`X e- aX RyyjĜRyRy
(Gu_Gy9) G2rBb- .pB/ .X c uM;- uBKBM; c _Qb2- hQMv :X c GB- 6M, _+pR, 
M2r #2M+?K`F +QHH2+iBQM 7Q` i2ti +i2;Q`BxiBQM `2b2`+?X AM, h?2 CQm`MH
Q7 J+?BM2 G2`MBM; _2b2`+? 8 Ukyy9V- aX jeRĜjNd

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(J`NR) J`iBM2ix- a+?Hmi2M EX hX,  M2m`H@;b M2irQ`F H2`Mb iQTQHQ;B2bX AM,
S`Q+X Q7 i?2 AMiX *QM7X QM `iB}+BH L2m`H L2irQ`Fb UA*LLV URNNRV- aX
jNdĜ9yk
(J`Nj) J`iBM2ix- hX JX, *QKT2iBiBp2 >2##BM H2`MBM; `mH2 7`QKb T2`72+iHv
iQTQHQ;v T`2b2`pBM; KTbX AM, S`Q+X Q7 i?2 AMiX *QM7X QM `iB}+BH L2m`H
L2irQ`Fb UA*LLV URNNjV- aX 9kdĜ9j9
(J:y3) JM/B+- ovMQb SX *?2M JX .XSX c :Q?- aXGX, PMHBM2 .2i2+iBQM Q7 i?2
JQ/HBiv Q7 *QKTH2t oHm2/ _2H qQ`H/ aB;MHbX AM, AMi2`MiBQMH CQm`MH
Q7 L2m`H avbi2Kb R3 Ukyy3V- L`X k- aX edĜd9
(L"EGye) L2?K2`- CɃ`;2M c "2+F2`- J`iBM c E`b?K2`- `i?m` c GKK- _Qb2@
K`B2, GBpBM; bbBbiM+2 bvbi2Kb, M K#B2Mi BMi2HHB;2M+2 TT`Q+?X AM,
S`Q+22/BM;b Q7 i?2 k3i? BMi2`MiBQMH +QM72`2M+2 QM aQ7ir`2 2M;BM22`BM;
*J- kyye- aX 9jĜ8y
(L:yy) LB;K- EKH c :?MB- _vB/, MHvxBM; i?2 2z2+iBp2M2bb M/ TTHB+@
#BHBiv Q7 +Q@i`BMBM;X UkyyyV- aX 3eĜNj
(LB;yy) LB;K- X  h?`mM aX  JBi+?2HH hX EX  J+*HHmK JX EX  J+*HHmK,
h2ti *HbbB}+iBQM 6`QK G#2H2/ M/ lMH#2H2/ .Q+mK2Mib mbBM; 1JX AM,
J+?BM2 G2`MBM; jN UkyyyV- L`X k- aX RyjĜRj9
(LLJNe) L2M2- aKK22` X c Lv`- a?`22 EX c Jm`b2- >B`Qb?B, *QHmK#B
Q#D2+i BK;2 HB#``v U*PAG@kyVX AM, .2TiX *QKTmiX a+BX- *QHmK#B lMBpX-
L2r uQ`FX(PMHBM2) ?iiT,ffrrrX +bX +QHmK#BX 2/mf*o1f+QBH@kyX ?iKH ek
URNNeV
(LQ#yj) LQ#H2- q2biQM CX  G2bHB2 *XaX  A2 1X  w?Qm .X  1HBbb22z X 
aizQ`/ qX, a2KB@bmT2`pBb2/ T`Qi2BM +HbbB}+iBQM mbBM; +Hmbi2` F2`M2HbX
AM, "BQBM7Q`KiB+b kR UkyyjV- L`X R8- aX jk9RĜjk9d
(S"*Rj) SMxM2`- JX c "2v2`- PX c *BKBMQ- SX, >mKM +iBpBiv *HbbB}+iBQM
rBi? PMHBM2 :`QrBM; L2m`H :bX AM, qQ`Fb?QT QM L2r *?HH2M;2b BM
L2m`H *QKTmiiBQM UL*kV UkyRjV- aX RyeĜRRj
(S1y8) S`m/2Mi- uMM c 1MMDB- #/2HHiB7, M BM+`2K2MiH ;`QrBM; M2m`H ;b
H2`Mb iQTQHQ;B2bX AM, L2m`H L2irQ`Fb- kyy8X AC*LLǶy8X S`Q+22/BM;bX kyy8
A111 AMi2`MiBQMH CQBMi *QM72`2M+2 QM "/X k A111- kyy8- aX RkRRĜRkRe
(S2yR) S2`bQM- E`H, GAAAX PM HBM2b M/ THM2b Q7 +HQb2bi }i iQ bvbi2Kb Q7 TQBMib
BM bT+2X AM, h?2 GQM/QM- 1/BM#m`;?- M/ .m#HBM S?BHQbQT?B+H J;xBM2
M/ CQm`MH Q7 a+B2M+2 k URNyRV- L`X RR- aX 88NĜ8dk

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(S`QN8) S`QpQi- spB2`, .27Q`KiBQM +QMbi`BMib BM  Kbb@bT`BM; KQ/2H iQ /2@
b+`B#2 `B;B/ +HQi? #2?pBQm`X AM, :`T?B+b BMi2`7+2 URNN8V- aX R9dĜR9d
(Sahyd) Smr2Hb- 1`B+ CX c aH?- H#2`i X c hp2M`/- _QKBM, a2MbQ`
M2irQ`Fb 7Q` K#B2Mi BMi2HHB;2M+2X AM, S`Q+X Q7 i?2 qQ`Fb?QT QM JmHiBK2/B
aB;MH S`Q+2bbBM; UkyydV- aX RjĜRe
(Zay9) ZBM-  EX c am;Mi?M- SQMMmi?m`B LX, _Q#mbi ;`QrBM; M2m`H ;b
H;Q`Bi?K rBi? TTHB+iBQM BM +Hmbi2` MHvbBbX AM, L2m`H L2irQ`Fb Rd
Ukyy9V- L`X 3- aX RRj8ĜRR93
(_mNN) _m#2`- X, G#2HaPJ, PM i?2 H#2HBM; Q7 b2H7@Q`;MBxBM; KTbX AM, S`Q+X
Q7 i?2 AMiX CQBMi *QM7X QM L2m`H L2irQ`Fb UAC*LL URNNNV- aX j8kdĜj8jk
(_:RR) _QH7- ai2BH CX CX JX c :B2M;2`- JX, PMHBM2 :QH "##HBM; 7Q` `TB/
#QQibi`TTBM; Q7 BMp2`b2 KQ/2Hb BM ?B;? /BK2MbBQMbX AM, A111 AMiX *QM7X
.2p2HQTK2Mi M/ G2`MBM; UA*.GV UkyRRV- aX RĜ3
(_JyN) _2M- CB/QM; c J- _mB[BM;, .2MbBiv@#b2/ /i bi`2Kb +Hmbi2`BM; Qp2`
bHB/BM; rBM/QrbX AM, S`Q+X Q7 i?2 AMiX *QM7X QM 6mxxv avbi2Kb M/ EMQrH2/;2
.Bb+Qp2`v 8 UkyyNV- aX k93Ĝk8k
(_Syk) _Qv- .2# EX c S2MiHM/- H2t SX, G2`MBM; rQ`/b 7`QK bB;?ib M/
bQmM/b,  +QKTmiiBQMH KQ/2HX AM, *Q;MBiBp2 b+B2M+2 ke UkyykV- L`X R- aX
RRjĜR9e
(aKN9) aK`B- 6XaX, S`K2i`BxiBQM Q7  biQ+?biB+ KQ/2H 7Q` ?mKM 7+2
B/2MiB}+iBQMX AM, S`Q+X Q7 i?2 A111 qQ`Fb?QT QM TTHB+iBQMb Q7 *QKTmi2`
oBbBQM URNN9V- aX Rj3ĜR9k
(a6Ry) a?2M 6- aFm`B E >b2;r PX um > >X um >, M BM+`2K2MiH QMHBM2
b2KB@bmT2`pBb2/ +iBp2 H2`MBM; H;Q`Bi?K #b2/ QM b2H7@Q`;MBxBM; BM+`2@
K2MiH M2m`H M2irQ`FX AM, L2m`H *QKTmiBM; M/ TTHB+iBQMb UkyRyV
(aCye) ai2BH CXCX- q2`bBM; >X, _2+2Mi i`2M/b BM QMHBM2 H2`MBM; 7Q` +Q;MBiBp2
`Q#QiB+bX AM, S`Q+X Q7 i?2 1m`QT2M avKTQbBmK QM `iB}+BH L2m`H L2i@
rQ`Fb U1aLLV UkyyeV- aX ddĜ3d
(aG*y9) a+?mH/i- *?`BbiBM c GTi2p- ApM c *TmiQ- "`#`, _2+Q;MBxBM;
?mKM +iBQMb,  HQ+H aoJ TT`Q+?X AM, S`Q+22/BM;b Q7 i?2 Rdi? AMi2`@
MiBQMH *QM72`2M+2 QM Sii2`M _2+Q;MBiBQM j Ukyy9V- aX jkĜje
(aM2dj) aM2i?- aQFH _X SX>XX, LmK2`B+H itQMQKv, h?2 T`BM+BTH2b M/ T`+@
iB+2 Q7 MmK2`B+H +HbbB}+iBQMX RNdj

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(ai2yd) ai2BH- _Bii2` >X Eƺ`M2` 1X CX, PMHBM2 G2`MBM; Q7 P#D2+ib BM  "BQHQ;B+HHv
JQiBpi2/ oBbmH `+?Bi2+im`2X AM, AMi2`MiBQMH CQm`MH Q7 L2m`H avbi2Kb
Rd UkyydV- L`X 9- aX kRNĜkjy
(ooy8) oH2`- J c o2HbiBM- a, AMi2HHB;2Mi /Bbi`B#mi2/ bm`p2BHHM+2 bvbi2Kb, 
`2pB2rX AM, S`Q+X Q7 i?2 *QM72`2M+2 QM oBbBQM- AK;2 M/ aB;MH S`Q+2bbBM;
R8k Ukyy8V- L`X k- aX RNkĜky9
(qB3d) qBM- E2MM2i?, S?BHQbQT?v Q7 HB72HQM; 2/m+iBQMX *`QQK >2HK GQM/QM-
RN3d
(q6u>yj) qM;- >BtmM c 6M- q2B c um- S?BHBT aX c >M- CBr2B, JBMBM; +QM+2Ti@
/`B7iBM; /i bi`2Kb mbBM; 2Mb2K#H2 +HbbB}2`bX AM, S`Q+22/BM;b Q7 i?2 MBMi?
*J aA:E.. BMi2`MiBQMH +QM72`2M+2 QM EMQrH2/;2 /Bb+Qp2`v M/ /i
KBMBM; UkyyjV- aX kkeĜkj8
(qE**_ayR) q;bi77 EX  *`/B2 *X  _Q;2`b a- a+?`ƺ/H aX, *QMbi`BM2/
F@K2Mb +Hmbi2`BM; rBi? #+F;`QmM/ FMQrH2/;2X AM, S`Q+22/BM;b Q7 i?2
1B;?i22Mi? AMi2`MiBQMH *QM72`2M+2 QM J+?BM2 G2`MBM; UA*JGV UkyyRV-
aX 8ddĜ839
(qGohye) qH+?b?mbH- G2QM?`/ c GBM/H- _m/B c oQ;2H- Ei`BM c hib+?F2-
h?QKb, .2i2+iBQM Q7 `Q/ mb2`b BM 7mb2/ b2MbQ` /i bi`2Kb 7Q` +QHHBbBQM
KBiB;iBQMX AM, /pM+2/ JB+`Qbvbi2Kb 7Q` miQKQiBp2 TTHB+iBQMb kyyeX
aT`BM;2`- kyye- aX 8jĜe8
(s6>wyN) sm- u2 c 6m`Q- a?2M c >b2;r- PbKm c w?Q- CBMtB, M QMHBM2
BM+`2K2MiH H2`MBM; p2+iQ` [mMiBxiBQMX AM, /pM+2b BM EMQrH2/;2 .Bb@
+Qp2`v M/ .i JBMBM; UkyyNV- aX Ry9eĜRy8j
(u6aqRk) uM;- >M; c 6QM;- aBKQM c amM- :mM;KBM cqQM;- _vKQM/,  p2`v
7bi /2+BbBQM i`22 H;Q`Bi?K 7Q` `2H@iBK2 /i KBMBM; Q7 BKT2`72+i /i
bi`2Kb BM  /Bbi`B#mi2/ rB`2H2bb b2MbQ` M2irQ`FX AM, AMi2`MiBQMH CQm`MH
Q7 .Bbi`B#mi2/ a2MbQ` L2irQ`Fb kyRk UkyRkV
(uay8) uBHKx- HT2` c a??- Jm#`F, +iBQMb bF2i+?,  MQp2H +iBQM `2T`2b2M@
iiBQMX AM, A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QKTmi2` oBbBQM M/
Sii2`M _2+Q;MBiBQM R Ukyy8V- aX N39ĜN3N
(wFy3) wFB- > aXJX  uX aXJX  uBM,  a2KB@bmT2`pBb2/ G2`MBM; H;Q`Bi?K
7Q` :`QrBM; L2m`H :b BM 6+2 _2+Q;MBiBQMX AM, CQm`MH Q7 Ji?2KiB+H
JQ/2HHBM; M/ H;Q`Bi?Kb d Ukyy3V- L`X 9- aX 9k8Ĝ9j8
(w6ayR) w?Qm- 62M; c 62M;- Cm 6X c a?B- ZBM; uX, h2tim`2 72im`2 #b2/ QM HQ+H
6Qm`B2` i`Mb7Q`KX AM, S`Q+X Q7 i?2 AMiX *QM7X QM AK;2 S`Q+2bbBM; k UkyyRV-
aX eRyĜeRj

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(w>J+y3) w?- w?2M;@CmM c >m- sBM@a?2M; c J2B- hQ c qM;- CBM;/QM; c ZB-
:mQ@CmM c qM;- w2M;7m, CQBMi KmHiB@H#2H KmHiB@BMbiM+2 H2`MBM; 7Q`
BK;2 +HbbB}+iBQMX AM, S`Q+X Q7 i?2 AMiX *QM7X QM *QKTmi2` oBbBQM M/
Sii2`M _2+Q;MBiBQM Ukyy3V- aX RĜ3
(wJ_Rj) w2T2/@J2M/Qx- J`B2 GX c _2b2M/Bb@MiQMBQ- Pb#H/Q, >B2``+?B@
+H ;;HQK2`iBp2 *Hmbi2`BM;X UkyRjV- aX 33eĜ33d
(w_GNe) w?M;- hBM c _KF`Bb?MM- _;?m c GBpMv- JB`QM, "A_*>, M 2{@
+B2Mi /i +Hmbi2`BM; K2i?Q/ 7Q` p2`v H`;2 /i#b2bX AM, *J aA:JP.
_2+Q`/ k8 URNNeV- L`X k- aX RyjĜRR9
(wa>Rj) w?m- sB#BM c a+?H2B7- 6`MF@JB+?2H c >KK2`- "`#`, a2+m`2 a2KB@
bmT2`pBb2/ o2+iQ` ZmMiBxiBQM 7Q` .BbbBKBH`Biv .iX AM, S`Q+X Q7 i?2 AMiX
qQ`F *QM72`2M+2 QM `iB}+BH L2m`H L2irQ`Fb UkyRjV- aX j9dĜj8e

